A Lipschitz metric for the Camassa--Holm equation by Carrillo, J. A. et al.
A LIPSCHITZ METRIC FOR THE CAMASSA–HOLM EQUATION
JOSE´ ANTONIO CARRILLO, KATRIN GRUNERT, AND HELGE HOLDEN
Abstract. We analyze stability of conservative solutions of the Cauchy prob-
lem on the line for the Camassa–Holm (CH) equation. Generically, the so-
lutions of the CH equation develop singularities with steep gradients while
preserving continuity of the solution itself. In order to obtain uniqueness, one
is required to augment the equation itself by a measure that represents the
associated energy, and the breakdown of the solution is associated with a com-
plicated interplay where the measure becomes singular. The main result in
this paper is the construction of a Lipschitz metric that compares two solu-
tions of the CH equation with the respective initial data. The Lipschitz metric
is based on the use of the Wasserstein metric.
1. Introduction
We study the Cauchy problem for weak conservative solutions of the Camassa–
Holm (CH) equation, which reads
ut + uux + px = 0,(1.1a)
µt + (uµ)x = (u
3 − 2pu)x,(1.1b)
where p(t, x) is given by
(1.2) p(t, x) =
1
4
∫
R
e−|x−y|u2(t, y)dy +
1
4
∫
R
e−|x−y|dµ(t, y),
with initial data (u, µ)|t=0 = (u0, µ0). In this case, the natural solution space
consists of all pairs (u, µ) such that
u(t, · ) ∈ H1(R), µ(t, · ) ∈M+(R), and dµac = (u2 + u2x)dx,
whereM+(R) denotes the set of all positive and finite Radon measures on R. Our
main goal is to prove the existence of a metric d such that
d((u1(t), µ1(t)), (u2(t), µ2(t))) ≤ α(t)d((u1,0, µ1,0), (u2,0, µ2,0)),
for two weak conservative solutions (uj(t), µj(t)) of (1.1) with initial data (uj,0, µj,0)
j = 1, 2. Here α(t) depends on the total energy of the solutions and α(0) = 1.
The Camassa–Holm equation has been introduced in the seminal paper [10], see
also [11]. Originally derived in the context of models for shallow water, the CH
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2 J. A. CARRILLO, K. GRUNERT, AND H. HOLDEN
equation has been intensively studied due to the intricate behavior of solutions of
the Cauchy problem, which will be the focus of this paper. We will not discuss
further properties of the CH equation, e.g., the fact that the equation is completely
integrable and allows for a geometric interpretation. Several extensions and gener-
alizations exist, but we will focus on (1.1).
The intriguing aspect of solutions to the Cauchy problem is the generic devel-
opment of singularities in finite time, irrespective of the smoothness of the initial
data. A solution may develop steep gradients, but in contrast to, say, hyperbolic
conservation laws, the solution itself remains continuous. A finer analysis reveals
that the energy density u2 + u2x develops singularities, and at breakdown, which
is often referred to as wave breaking, energy concentrates on sets of measure zero.
Thus it becomes useful to introduce a measure, here denoted µ, that encodes the
energy, and away from breakdowns this measure should coincide with the energy
density u2 + u2x. In technical terms we consider a nonnegative Radon measure µ
with absolutely continuous part dµac = (u
2 + u2x)dx. This measure µ satisfies the
equation (1.1b) (and as can easily be verified, µ = u2 + u2x will satisfy the same
equation in the case of smooth solutions). An illustrating example of how intricate
the structure of the points of wave breaking may be can be found in [35]. The
behavior in the proximity of the point of wave breaking, and, in particular, the
prolongation of the solution past wave breaking, has been extensively studied. See,
e.g., [6, 7, 21, 22, 24, 27, 28, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 34]
and references therein. The key point here is that past wave breaking uniqueness
fails, and there is a continuum of distinct solutions [42], with two extreme cases
called dissipative and conservation solutions, respectively. To understand this co-
nundrum it turns out to be advantageous to rewrite the equation in a different set
of variables where the solution remains smooth.
The explicit peakon-antipeakon solution [36], which illustrates this problem, is
given by
(1.3) u(t, x) =

−α(t)ex, x ≤ −γ(t),
β(t) sinh(x), −γ(t) < x < γ(t),
α(t)e−x, γ(t) ≤ x,
where
α(t) =
E
2
sinh(
E
2
t), β(t) = E
1
sinh(E2 t)
, γ(t) = ln(cosh(
E
2
t)).
where E = ‖u(t)‖H1 for all t 6= 0. This function is a weak conservative solution
which consists of a “peak” moving to the right and an “anti-peak” moving to the
left, see Figure 3. At t = 0 the “peak” and “anti-peak” collide, and the solution
vanishes, yet the solution is highly non-trivial before and after the collision time.
Clearly the trivial solution will coincide with this solution at t = 0, yet the trivial
solution and (1.3) are very different at any other time. Thus it is not clear how to
derive a metric comparing two solutions, that is stable under the time evolution.
This is the task of the present work.
To be more precise, we are here presenting a metric d with the property that
d((u1(t), µ1(t)), (u2(t), µ2(t))) ≤ α(t)d((u1,0, µ1,0), (u2,0, µ2,0)),
for two weak conservative solutions (uj(t), µj(t)), j = 1, 2, of (1.1) with initial data
(uj,0, µj,0), j = 1, 2. Here α(t) is a continuous function with α(0) = 1, which may
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depend on the total energies involved, but not on the particular solutions. We
stress that no standard Sobolev norm nor Lebesgue space norm will work. There
exist alternative metrics for solutions of the CH equation, see [8], [37], and [38].
In [8] the periodic case is treated by approximating the solution by multi-peakons.
The metric is defined by optimizing over a class of functions. The approach in [37]
and [38] depends on a reformulation of the CH equation in terms of Lagrangian
variables. An intrinsic problem in this formulation is that of relabeling, where there
will be many different parametrizations in Lagrangian coordinates, corresponding
to one and the same solution (u(t), µ(t)) in Eulerian variables. Thus one has to
compute the distance between equivalence classes, which is not transparent. In the
present approach, the key idea is to introduce a new set of variables, where one
variable plays a role similar to a characteristic, while the remaining variables are
linked to (u, µ) with the help of the “characteristic”. As we will outline next, there
is no need to resort to equivalence classes or to optimize over classes of functions,
and in spite of this proof being longer, we consider this approach to be more natural.
Our approach is based on the fact that a natural metric for measuring distances
between Radon measures (with the same total mass) is given through the Wasser-
stein (or Monge–Kantorovich) distance dW , which in one dimension is defined with
the help of pseudo inverses, see [59]. Given a nonnegative measure µ of finite mass
M > 0, we define the cumulative distribution function associated to µ as
F (x) = µ((−∞, x)) ,
which is a nondecreasing function from R onto [0,M ], left continuous and with limit
from the right at any point x ∈ R. The pseudo inverse associated to µ denoted by
X is the function from [0,M ] onto R given by
X (η) = sup{x | F (x) < η}.
The pseudo-inverse of F is a nondecreasing function from [0,M ] onto R, left contin-
uous and with limit from the right (caglad) at any point x ∈ R. Notice the different
convention adopted here with respect to the usual one in probability theory defining
cumulative distribution functions continuous from the right and with limits from
the left (cadlag) at every point. We prefer to have caglad instead of cadlag functions
due to the use of the methods from [49] developed under the present convention.
Wasserstein distances between nonnegative measures with the same mass can be
defined via Lp-norms of the difference between their associated pseudo-inverses, see
[53, 19, 59, 20] and the references therein.
The approach of using Wasserstein distances to control the expansion of solu-
tions of evolutionary PDEs leading to curves of probability measures goes back
to the proofs of the mean-field limit of McKean–Vlasov and Vlasov equations in
the late seventies and eighties of the last century. We refer to the classical refer-
ences [25, 5, 55, 57, 56] proving these large particle limits by means of the bounded
Lipschitz distance and the coupling method. See the recent results and surveys in
[30, 12, 3, 31, 13]. The optimal transport viewpoint for one dimensional models was
developed using pseudo inverse distributions for nonlinear aggregation and diffusion
equations in [53, 19, 58, 20, 15] and the references therein, showing the contractiv-
ity of the Wasserstein distance in one dimension without the heavy machinery of
optimal transport developed for general gradient flows in [1]. More recently, these
metrics have been used with success to show uniqueness past the blow-up time for
multidimensional aggregation equations [14] using gradient flow solutions. It is also
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interesting to point out that gradient flow solutions of the aggregation equation
in one dimension with particular potentials are equivalent to entropy solutions of
the Burgers equation as proven in [4]. Another strategy using unbalanced optimal
transport tools has been recently analyzed in [29] with the objective of understand-
ing the relation between the incompressible Euler equations and the CH equations.
Finally, it is worth mentioning that there have been several works [32, 33, 17,
2, 60, 26, 54, 52, 18] making use of this change of variables to produce numerical
schemes capable of going over blow-up of solutions to nonlinear aggregations and
being able to capture the blow-up of solutions of aggregation-diffusion models in
one dimension such as toy versions of the Keller–Segel model for chemotaxis. It is
a nice avenue of research to use this approach to produce numerical schemes for
conservative solutions of the CH equation, see [23] for related particle methods.
In the present work, we will adapt this strategy of defining suitable distances
between measures to the present problem of finding good metrics for solutions of
the CH equation. Let (u(t, · ), µ(t, · )) be a weak conservative solution to the CH
equation with total energy µ(t,R) = C > 0 (which for simplicity here is assumed
to be smooth). Let
F (t, x) = µ(t, (−∞, x)) =
∫ x
−∞
dµ(t)
due to the smoothness, and introduce the basic quantity
G(t, x) =
∫ x
−∞
(2p− u2)(t, y)dy + F (t, x) = 2px(t, x) + 2F (t, x).
The key function here is the (spatial) inverse of the strictly increasing function G
for fixed time t. To that end we define
Y(t, η) = sup{x | G(t, x) < η}.
Formally we have that G(t,Y(t, η)) = η for all η ∈ (0, 2C) and Y(t, G(t, x)) = x
for all x ∈ R. Here it is important to note that the domain of Y depends on the
total energy C. Next, we want to determine the time evolution of Y. Direct formal
calculations yield that
Yt(t, G(t, x)) + Yη(t, G(t, x))Gt(t, x) = 0,(1.4a)
Yη(t, G(t, x))Gx(t, x) = 1.(1.4b)
Thus we need to compute the time evolution of G(t, x) before being able to compute
the time evolution of Y(t, η). To that end we find, after some computations, that
(1.5) Gt(t, x) + uGx(t, x) =
2
3
u3(t, x) + S(t, x),
where
(1.6) S(t, x) =
∫
R
e−|x−y|
(
2
3
u3 − uxpx − 2pu
)
(t, y)dy.
Introducing η = G(t, x), S(t, η) = S(t,Y(t, η)), and
(1.7) U(t, η) = u(t,Y(t, η)),
we find by combining (1.4) and (1.5), that
Yt(t, η) + (2
3
U3 + S)(t, η)Yη(t, η) = U(t, η),
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where we used that Y(t, G(t, x)) = x for all x ∈ R. As far as the time evolution of
U(t, η) is concerned, we find
Ut(t, η) = −Q(t, η)− (2
3
U3 + S)Uη(t, η),
where we introduced Q(t, η) = px(t,Y(t, η)). Thus, formally we end up with the
system
Yt(t, η) + (2
3
U3 + S)Yη(t, η) = U(t, η),
Ut(t, η) + (2
3
U3 + S)Uη(t, η) = −Q(t, η).
However, this system is not closed, and we need to introduce the function
(1.8) P(t, η) = p(t,Y(t, η)),
and determine its time evolution. We find, after some computations, that
Pt(t, η) + (2
3
U3 + S)Pη(t, η) = QU(t, η) +R(t, η),
where
R(t, η) = 1
4
∫ 2C
0
sign(η − θ)e−|Y(t,η)−Y(t,θ)|(2
3
U3Yη + U)(t, θ)dθ
− 1
2
∫ 2C
0
e−|Y(t,η)−Y(t,θ)|UQYη(t, θ)dθ.
To summarize, we have established the following system of differential equations
Yt(t, η) + (2
3
U3 + S)Yη(t, η) = U(t, η),(1.9a)
Ut(t, η) + (2
3
U3 + S)Uη(t, η) = −Q(t, η),(1.9b)
Pt(t, η) + (2
3
U3 + S)Pη(t, η) = QU(t, η) +R(t, η),(1.9c)
where
Q(t, η) = −1
4
∫ 2C
0
sign(η − θ)e−|Y(t,η)−Y(t,θ)|(2(U2 − P)Yη(t, θ) + 1)dθ,(1.10a)
S(t, η) =
∫ 2C
0
e−|Y(t,η)−Y(t,θ)|(
2
3
U3Yη − UηQ− 2PUYη)(t, θ)dθ,(1.10b)
R(t, η) = 1
4
∫ 2C
0
sign(η − θ)e−|Y(t,η)−Y(t,θ)|(2
3
U3Yη + U)(t, θ)dθ
− 1
2
∫ 2C
0
e−|Y(t,η)−Y(t,θ)|UQYη(t, θ)dθ.(1.10c)
Derived under assumptions of smoothness of the functions involved, the same sys-
tem is valid also in the general case of weak conservation solutions. However, that
requires considerable analysis, and Section 3 is devoted to that. The next step is to
estimate the time evolution of these quantities (Y,U ,P). It turns out that the nat-
ural functional space is the space of square integrable functions for the unknowns
(Y,U ,P1/2). For this reason we prefer to work with P1/2 rather than P. Section
3 focuses on the first qualitative properties of the time evolution of the solutions
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of (1.9) for weak conservative solutions of the CH equation (1.1) as well as the
propagation in time of the L2 norm of the unknowns.
The main aim of our work is to identify the right distance between two general
conservative solutions of the CH equation (1.1), or equivalently, between two general
L2 solutions (Y,U ,P1/2) of the system (1.9) with possibly different energies. In
order to compare solutions with different energies we need to rescale the solutions
of (1.9) in such a way that they are defined on the same interval. Since the natural
functional spaces for our unknowns (Y,U ,P1/2) was identified as the L2-functional
space, it seems natural to do a scaling conserving the L2-norms of the unknowns
(Y,U ,P1/2), but leading to the domain being independent of the total energy C.
Let us define the scaled unknowns (Y˜, U˜ , P˜1/2) associated to a conservative so-
lution (u(t), µ(t)) with energy C = µ(t,R) of the CH equation (1.1) as Y˜(t, η) =√
2C Y(t, 2Cη), U˜(t, η) = √2C U(t, 2Cη), and P˜1/2(t, η) = √2C P1/2(t, 2Cη), where
(Y,U ,P1/2) is the solution of (1.9). This scaling allows also for the zero solution
to (1.1) to be included in our considerations, as outlined in Section 4. A similar
system to (1.9) can be written for (Y˜, U˜ , P˜1/2), but this is postponed to Section
4. With this new set of unknowns in place, we can now define a metric to com-
pare two general conservative solutions (ui, µi), i = 1, 2, of (1.1) with total energy
Ci = µi(R). We define it as
d((u1, µ1), (u2, µ2)) =
∥∥∥Y˜1 − Y˜2∥∥∥
L2([0,1])
+
∥∥∥U˜1 − U˜2∥∥∥
L2([0,1])
+
∥∥∥P˜1/21 − P˜1/22 ∥∥∥
L2([0,1])
+ |
√
2C1 −
√
2C2|.
Our main result reads as follows:
Theorem 1.1. Consider initial data ui,0 ∈ H1(R), µi,0 ∈ M+(R) such that
d(µac)i,0 = (u
2
i +u
2
i,x)dx and Ci = µi(R), and let (ui, µi) for i = 1, 2 denote the cor-
responding weak conservative solutions of the Camassa–Holm equation (1.1). Then
we have that
d((u1(t), µ1(t)), (u2(t), µ2(t))) ≤ eO(1)td((u1,0, µ1,0), (u2,0, µ2,0)),
where O(1) denotes a constant depending only on maxj(Cj) remaining bounded as
maxj(Cj)→ 0.
The main core of this work lies in estimating the Lipschitz property of the
right-hand side of the equivalent system to (1.9) in the L2-sense for the unknowns
(Y˜, U˜ , P˜1/2). This is much easier in case we compare to the zero solution as it coin-
cides with the propagation of the L2 norms of the unknowns. Due to the intricate
nonlinearities of the right-hand sides of (1.9), this leads in the general case to long
detailed technical estimates that are displayed in full in Subsections 5.1, 5.2, and
5.3 in Section 5. In the case of peakon-antipeakon solutions, as the solution (1.3)
is denoted, all quantities described in this paper can be computed explicitly. The
details are to be found in Appendix B.
A notational comment is in order, we decided to denote by O(1) constants de-
pending on maxj(Cj) that may change from line to line along the proofs, but remain
bounded as maxj(Cj)→ 0. Explicit tracking of the constants could be possible but
it is highly cumbersome and avoided for the sake of the reader.
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2. Formal Ideas: Transformations with smoothness
Let us start by explaining all the mathematical details for the transformation in
the case of smooth solutions as outlined in the introduction. Let (u(t, · ), µ(t, · ))
be a weak conservative solution to the Camassa–Holm equation with total energy
µ(t,R) = C > 0. We assume that F (t, x), given by
(2.1) F (t, x) =
∫ x
−∞
dµ(t),
is increasing and smooth, and, in particular, that µ = µac = (u
2 + u2x)dx for all t.
Introduce the function
G(t, x) =
∫ x
−∞
(2p− u2)(t, y)dy + F (t, x)
= 2px(t, x) + 2F (t, x),
where we used integration by parts and (1.2). First of all note that the function
G(t, x) satisfies
lim
x→−∞G(x) = 0 and limx→∞G(x) = 2C,
since |px(t, x)| ≤ p(t, x) and p is an H1 function on the line due to (1.2). Moreover,
the function (2p − u2)(t, x) ≥ 0 for all (t, x) ∈ R2 as the following computation
shows,
(2p− u2)(t, x) = 1
2
∫
R
e−|x−y|(u2 + Fx)(t, y)dy − u2(t, x)
=
1
2
∫ x
−∞
ey−xu2(t, y)dy +
1
2
∫ ∞
x
ex−yu2(t, y)dy
+
1
2
∫
R
e−|x−y|Fx(t, y)dy − u2(t, x)
=
1
2
u2(t, x)− 1
2
∫ x
−∞
ey−x2uux(t, y)dy
+
1
2
u2(t, x) +
1
2
∫ ∞
x
ex−y2uux(t, y)dy
+
1
2
∫
R
e−|x−y|Fx(t, y)dy − u2(t, x)
≥ 1
2
∫
R
e−|x−y|
(
Fx(t, y)− 2|uux|(t, y)
)
dy
=
1
2
∫
R
e−|x−y|(|u(t, y)| − |ux(t, y)|)2dy ≥ 0.(2.2)
Thus the function G(t, x) is non-decreasing and, in our case, since the function
F (t, x) is smooth, also G(t, x) is smooth.
Remark 2.1. The estimate (2.2), that is, 2p − u2 ≥ 0, remains valid also in the
case where the functions are non-smooth.
Last, but not least, we want to make sure that G(t, x) is strictly increasing, so
that its pseudo-inverse will have no jumps. F (t, x) is constant if and only if both
dµ, u, and ux are equal to zero. Therefore assume that there exists (for fixed t)
some interval [b, c] such that dµ(t, x) = u(t, x) = ux(t, x) = 0 for all x ∈ [b, c]. Then
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the only term that can save us is p(t, x), which in general satisfies p(t, x) ≥ 0 for all
(t, x) ∈ R2. However, whenever µ(t,R) 6= 0, one has by its definition in (1.2) that
p(t, x) > 0 and the claim follows.
Thus the function G(t, x) is strictly increasing and continuous, and we can con-
sider its pseudo-inverse Y : [0, 2C]→ R, which in this case coincides with its inverse
and which is given by
(2.3) Y(t, η) = sup{x | G(t, x) < η}.
Since G(t, x) is strictly increasing and continuous, we have that G(t,Y(t, η)) = η for
all η ∈ (0, 2C) and Y(t, G(t, x)) = x for all x ∈ R. By the smoothness assumption
on F , direct calculations yield that
Yt(t, G(t, x)) + Yη(t, G(t, x))Gt(t, x) = 0,(2.4a)
Yη(t, G(t, x))Gx(t, x) = 1.(2.4b)
Thus we need to compute the time evolution of G(t, x) before being able to compute
the time evolution of Y(t, η). The following calculations are only valid in the case of
smooth solutions, but we will show in the next section how to overcome this issue for
weak conservative solutions. Since e−|x−y|/2 is the integral kernel of (−∂2x + 1)−1,
we observe from (1.2) that p is the solution to
p− pxx = 1
2
u2 +
1
2
µ
and hence
pt − ptxx = uut + 1
2
Fxt
= −u2ux − upx − 1
2
(uFx)x +
1
2
(u3)x − (pu)x
=
1
6
(u3)x − (pu)x − 1
2
(uFx)x − upx,
where we used the abbreviation µ = Fx. Thus we end up with
pt(t, x) = −1
2
∫
R
sign(x− y)e−|x−y|
(
1
6
u3 − pu− 1
2
uFx
)
(t, y)dy
− 1
2
∫
R
e−|x−y|upx(t, y)dy.
Similar calculations yield that
pxt(t, x) = −1
6
u3 + pu+
1
2
uFx +
1
2
∫
R
e−|x−y|
(
2
3
u3 − uxpx − 2pu
)
(t, y)dy.
Thus we get for the time evolution of G(t, x) that
(2.5) Gt(t, x) + uGx(t, x) =
2
3
u3(t, x) + S(t, x),
where
S(t, x) =
∫
R
e−|x−y|
(
2
3
u3 − uxpx − 2pu
)
(t, y)dy.
Combining (2.4) and (2.5), we end up with
Yt(t, G(t, x)) + (2
3
u3(t, x) + S(t, x))Yη(t, G(t, x)) = u(t, x).
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Introducing η = G(t, x), we deduce
Yt(t, η) + (2
3
u3 + S)(t,Y(t, η))Yη(t, η) = u(t,Y(t, η)),
where we used that Y(t, G(t, x)) = x for all x ∈ R. As far as the time evolution of
(2.6) U(t, η) = u(t,Y(t, η))
is concerned, we have
Ut(t, η) = ut(t,Y(t, η)) + ux(t,Y(t, η))Yt(t, η)
= ut(t,Y(t, η)) + uux(t,Y(t, η))− (2
3
u3 + S)ux(t,Y(t, η))Yn(t, η)
= −px(t,Y(t, η))− (2
3
u3 + S)ux(t,Y(t, η))Yn(t, η)
= −Q(t, η)− (2
3
U3 + S)Uη(t, η),
where we introduced Q(t, η) = px(t,Y(t, η)) and S(t, η) = S(t,Y(t, η)). Thus,
formally we end up with the system
Yt(t, η) + (2
3
U3 + S)Yη(t, η) = U(t, η),(2.7a)
Ut(t, η) + (2
3
U3 + S)Uη(t, η) = −Q(t, η),(2.7b)
where Q(t, η) and S(t, η) can be written as
Q(t, η) = −1
4
∫
R
sign(Y(t, η)− y)e−|Y(t,η)−y|(u2(t, y) + Fx(t, y))dy
= −1
4
∫
R
sign(Y(t, η)− y)e−|Y(t,η)−y|(2(u2(t, y)− p(t, y)) +Gx(t, y))dy
= −1
4
∫ 2C
0
sign(η − θ)e−|Y(t,η)−Y(t,θ)|(2(U2 − P)Yη(t, θ) + 1)dθ,
and
S(t, η) =
∫
R
e−|Y(t,η)−y|(
2
3
u3 − uxpx − 2pu)(t, y)dy
=
∫ 2C
0
e−|Y(t,η)−Y(t,θ)|(
2
3
U3Yη − UηQ− 2PUYη)(t, θ)dθ,
with
(2.8) P(t, η) = p(t,Y(t, η)).
It is then natural, in order to close the system (2.7), that besides the quantities u
and µ, also p in the new variables must be considered. One main reason being that
these three quantities turn up in the definition of G. We already computed before
that
pt(t, x) = −1
2
∫
R
sign(x− y)e−|x−y|(1
6
u3 − pu− 1
2
uFx)(t, y)dy
− 1
2
∫
R
e−|x−y|upx(t, y)dy
=
1
2
∫
R
sign(x− y)e−|x−y|(1
3
u3 +
1
2
uGx)(t, y)dy
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− 1
2
∫
R
e−|x−y|upx(t, y)dy,
where we used that
Gx(t, x) = 2p(t, x)− u2(t, x) + Fx(t, x).
Thus direct computations yield the following additional equation
Pt(t, η) + (2
3
U3 + S)Pη(t, η) = QU(t, η) +R(t, η),
where
R(t, η) = 1
4
∫
R
sign(Y(t, η)− y)e−|Y(t,η)−y|(2
3
u3 + uGx)(t, y)dy
− 1
2
∫
R
e−|Y(t,η)−y|upx(t, y)dy
=
1
4
∫ 2C
0
sign(η − θ)e−|Y(t,η)−Y(t,θ)|(2
3
U3Yη + U)(t, θ)dθ
− 1
2
∫ 2C
0
e−|Y(t,η)−Y(t,θ)|UQYη(t, θ)dθ.
We summarize the result in the following proposition.
Proposition 2.2. Let (u, µ) denote a smooth solution of (1.1). Define Y by (2.3),
U by (2.6), and P by (2.8). Then the following system of differential equations
holds
Yt(t, η) + (2
3
U3 + S)Yη(t, η) = U(t, η),(2.9a)
Ut(t, η) + (2
3
U3 + S)Uη(t, η) = −Q(t, η),(2.9b)
Pt(t, η) + (2
3
U3 + S)Pη(t, η) = QU(t, η) +R(t, η),(2.9c)
where
Q(t, η) = −1
4
∫ 2C
0
sign(η − θ)e−|Y(t,η)−Y(t,θ)|(2(U2 − P)Yη(t, θ) + 1)dθ,(2.10a)
S(t, η) =
∫ 2C
0
e−|Y(t,η)−Y(t,θ)|(
2
3
U3Yη − UηQ− 2PUYη)(t, θ)dθ,(2.10b)
R(t, η) = 1
4
∫ 2C
0
sign(η − θ)e−|Y(t,η)−Y(t,θ)|(2
3
U3Yη + U)(t, θ)dθ
− 1
2
∫ 2C
0
e−|Y(t,η)−Y(t,θ)|UQYη(t, θ)dθ.(2.10c)
In the next section we will derive this system of equations also in the general
case without assuming smoothness of the quantities involved, see (3.28).
Let us finish this section by checking some properties of the system (2.9), which
will also hold in the case of weak conservative solutions as we will see in the next
section.
The quantity 23U3+S is the velocity field of the three equations in (2.9). Instead
of applying a characteristic method to estimate the solutions to this system, we will
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perform integration by parts by which the η-derivative of this quantity will naturally
appear.
Lemma 2.3. Given (u, µ) a smooth solution of (1.1), then the solution to (2.9)
satisfies ∣∣∣∣(23U3 + S)η
∣∣∣∣ ≤ O(1).
Proof. Since G(t,Y(t, η)) = 2px(t,Y(t, η)) + 2F (t,Y(t, η)) = η, we have due to the
smoothness that
Gx(t,Y(t, η))Yη(t, η) = (2p− u2 + Fx)(t,Y(t, η))Yη(t, η) = 1.
Since (2p− u2)(t, x) ≥ 0 due to (2.2) and (Fx − u2)(t, x) ≥ 0 due to (2.1), we have
that
2PYη(t, η) ≤ (2p− u2 + Fx)(t,Y)Yη(t, η) = 1,
U2Yη(t, η) ≤ 2PYη(t, η) ≤ 1,
2|UUη(t, η)| = 2|uux(t,Y)Yη(t, η)| ≤ (u2 + u2x)(t,Y)Yη(t, η)
= Fx(t,Y)Yη(t, η) ≤ (2p− u2 + Fx)(t,Y)Yη(t, η) = 1.
We conclude that
(2.11) PYη(t, η) ≤ 1
2
, |UUη(t, η)| ≤ 1
2
, and U2Yη(t, η) ≤ 1.
From the fact that the energy is conserved, it follows that u(t) ∈ H1(R) for all
t ≥ 0 and
‖u(t, ·)‖L∞(R) ≤
√
C.
Therefore, the term U2Uη is bounded by O(1).
Furthermore, Sη(t, η) is bounded. In particular, one can establish that
Sη(t, η) ≤ O(1)PYη(t, η),
which is going to play a key role. Indeed, by definition one has
S(t, x) =
∫
R
e−|x−y|(
2
3
u3 − uxpx − 2pu)(t, y)dy,
and hence
Sx(t, x) = −
∫
R
sign(x− y)e−|x−y|(2
3
u3 − uxpx − 2pu)(t, y)dy.
Our aim is to show that
Sx(t, x) ≤ O(1)p(t, x).
First of all note that we have∣∣∣∣∫
R
sign(x− y)e−|x−y| 2
3
u3(t, y)dy
∣∣∣∣ ≤ 83 ‖u(t, · )‖L∞(R) 14
∫
R
e−|x−y|u2(t, y)dy
≤ O(1)p(t, x).
Moreover,∣∣∣∣∫
R
sign(x− y)e−|x−y|(uxpx + 2pu)(t, y)dy
∣∣∣∣ ≤ 12
∫
R
e−|x−y|(2u2 + u2x + 3p
2)(t, y)dy
≤ 2p(t, x) + 3
2
∫
R
e−|x−y|p2(t, y)dy,
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since |px(t, x)| ≤ p(t, x). Thus it remains to show that the last term can be bounded
by a multiple of p(t, x). Our reasoning will be based on integration by parts and
the fact that
p(t, x)− pxx(t, x) = 1
2
u2(t, x) +
1
2
Fx(t, x).
Indeed, first direct computations yield∫
R
e−|x−y|p2(t, y)dy =
∫
R
e−|x−y|p(
1
2
u2 +
1
2
Fx)(t, y)dy +
∫
R
e−|x−y|ppxx(t, y)dy
= I1(t, x) + I2(t, x).
Since p(t, x) ≤ 12
∫
R Fx(t, y)dy ≤ 12C, we have that
I1(t, x) ≤ ‖p(t, · )‖L∞(R)
1
2
∫
R
e−|x−y|(u2 + Fx)(t, y)dy ≤ 2 ‖p(t, x)‖L∞(R) p(t, x).
As far as I2 is concerned, we have∫ x
−∞
ey−xppxx(t, y)dy = ppx(t, x)−
∫ x
−∞
ey−x(ppx + p2x)(t, y)dy
= ppx(t, x)− 1
2
p2(t, x) +
∫ x
−∞
ey−x(
1
2
p2 − p2x)(t, y)dy,
and∫ ∞
x
ex−yppxx(t, y)dy = −ppx(t, x)−
∫ ∞
x
ex−y(p2x − ppx)(t, y)dy
= −ppx(t, x)− 1
2
p2(t, x) +
∫ ∞
x
ex−y(
1
2
p2 − p2x)(t, y)dy.
Thus
I2(t, x) = −p2(t, x) +
∫
R
e−|x−y|(
1
2
p2 − p2x)(t, y)dy
and subsequently∫
R
e−|x−y|p2(t, y)dy ≤ 2 ‖p(t, · )‖L∞(R) p(t, x)− p2(t, x) +
∫
R
e−|x−y|(
1
2
p2 − p2x)(t, y)dy
≤ 2 ‖p(t, · )‖L∞(R) p(t, x) +
∫
R
e−|x−y|(
1
2
p2 − p2x)(t, y)dy.
Reshuffling the terms, we end up with
1
2
∫
R
e−|x−y|p2(t, y)dy ≤ 1
2
∫
R
e−|x−y|(p2 + p2x)(t, y)dy
≤ 2 ‖p(t, · )‖L∞(R) p(t, x) ≤ Cp(t, x),(2.12)
showing the desired estimate. 
Next, we show that all properties seen in this section for smooth solutions remain
true for weak conservative solutions to (1.1).
METRIC FOR CH EQUATION 13
3. Rigorous Transformation: weak conservative solutions
To accommodate for the wave breaking of the solutions, it has turned out to
be advantageous to rewrite the Camassa–Holm equation from the original Eulerian
variables into Lagrangian variables, see [6, 49]. We will show that the system of
equations obtained in Proposition 2.2 holds for the weak conservative solutions in-
troduced in [49]. With this aim in mind let us start by summarizing their approach,
which uses the different adopted convention followed in this work for cumulative
distribution functions to be continuous from the left and with limit from the right
(caglad) at all points x ∈ R. Therefore, both F (t, ·) and G(t, ·) are nondecreasing
and caglad functions.
Given some initial data (u0, µ0), the corresponding initial data in Lagrangian
coordinates is then given by
y(0, ξ) = sup{x | x+ F0(x) < ξ},(3.1a)
H(0, ξ) = ξ − y(0, ξ),(3.1b)
U(0, ξ) = u(0, y(0, ξ)),(3.1c)
and (y(t, · ), U(t, · ), H(t, · )) are the solutions of
yt(t, ξ) = U(t, ξ),(3.2a)
Ut(t, ξ) = −Q(t, ξ),(3.2b)
Ht(t, ξ) = (U
3 − 2PU)(t, ξ),(3.2c)
where
P (t, ξ) =
1
4
∫
R
e−|y(t,ξ)−y(t,σ)|(U2yξ +Hξ)(t, σ)dσ,(3.3a)
Q(t, ξ) = −1
4
∫
R
sign(ξ − σ)e−|y(t,ξ)−y(t,σ)|(U2yξ +Hξ)(t, σ)dσ.(3.3b)
Moreover, the relation between P and Q is given by
Pξ(t, ξ) = Q(t, ξ)yξ(t, ξ),(3.4a)
Qξ(t, ξ) = (P − 1
2
U2)yξ(t, ξ)− 1
2
Hξ(t, ξ).(3.4b)
Introduce the function
I(t, ξ) =
∫ ξ
−∞
(2P − U2)yξ(t, σ)dσ =
∫ ξ
−∞
(2Qξ +Hξ)(t, σ)dσ
= 2Q(t, ξ) +H(t, ξ),
where we used that
lim
ξ→−∞
Q(t, ξ) = 0 = lim
ξ→−∞
H(t, ξ),
which follows from the definition of H(t, ξ). The relation between H and F is given
by
F (t, y(t, ξ)) ≤ H(t, ξ) ≤ F (t, y(t, ξ)+).
Here we have introduced the common notation
(3.5) Φ(x±) = lim
↓0
Φ(x± ).
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Notice that I(t, ξ) +H(t, ξ) is the Lagrangian counterpart to the function G(t, x).
To convince oneself that this is really the case, one should take a quick look back
first. The function G(t, x) was defined as
G(t, x) =
∫ x
−∞
(2p− u2)(t, y)dy + F (t, x).
Thus, whenever F (t, x) has a jump of height α at a point x¯, i.e., µ(t, {x¯}) = α,
then also G(t, x) has a jump of height α at x¯, since the function 2p−u2 is continu-
ous. Furthermore, the point x¯ in Eulerian coordinates is mapped to some maximal
interval [ξl, ξr] in Lagrangian coordinates, on which yξ(t, ξ) = 0 and Hξ(t, ξ) = 1
for a specific choice of a relabeling function. In fact, Hξ(t, ξ) > 0 for all ξ ∈ [ξl, ξr]
as proven in [49, Theorem 4.2] and [49, Definition 2.6]. Thus a close look at Q(t, ξ)
reveals that Q(t, ξ) = Q(t, ξl)− 12
∫ ξ
ξl
Hξ(t, σ)dσ for all ξ ∈ [ξl, ξr] and hence
I(t, ξ) = 2Q(t, ξ) +H(t, ξ)
= 2Q(t, ξl)−
∫ ξ
ξl
Hξ(t, σ)dσ +H(t, ξl) +
∫ ξ
ξl
Hξ(t, σ)dσ
= 2Q(t, ξl) +H(t, ξl) = I(t, ξl).
To put it short we have that I(t, ξ) = I(t, ξl) for all ξ ∈ [ξl, ξr]. This allows us
now to follow a similar approach as for the Hunter–Saxton (HS) equation in [9, 16].
Therefore introduce
(3.6) J(t, ξ) = I(t, ξ) +H(t, ξ) =
∫ ξ
−∞
(2P − U2)yξ(t, σ)dσ +H(t, ξ),
and observe that for all solutions except the zero solution J(t, ξ) is strictly increasing
and continuous. In more detail, one has for all solutions except the zero solution
that P (t, ξ) 6= 0 for all ξ ∈ R, since yξ + Hξ > 0 almost everywhere due to [49,
Definition 2.6]. Moreover, if Hξ(t, ξ¯) = 0 for some ξ¯ one has that U(t, ξ¯) = 0 and
yξ(t, ξ¯) 6= 0, since yξHξ(t, ξ¯) = U2yξ(t, ξ¯) + U2ξ (t, ξ¯) almost everywhere due to [49,
Definition 2.6], and hence the ξ-derivative of J(t, ξ) is strictly positive at the point
ξ¯.
Lemma 3.1. Given Y(t, η) = sup{x | G(t, x) < η}, then
(3.7) Y(t, η) = y(t, l(t, η)),
where we have introduced l(t, · ) : [0, 2C]→ R by
(3.8) l(t, η) = sup{ξ | J(t, ξ) < η}.
Proof. For each time t we have
y(t, ξ) = sup{x | x+ F (t, x) < y(t, ξ) +H(t, ξ)},
which implies that
y(t, ξ) + F (t, y(t, ξ)) ≤ y(t, ξ) +H(t, ξ) ≤ y(t, ξ) + F (t, y(t, ξ)+).
Moreover, one has that G(t, x)− F (t, x) is continuous, and, in particular,
G(t, y(t, ξ))− F (t, y(t, ξ)) =
∫ y(t,ξ)
−∞
(2p− u2)(t, y)dy
=
∫ ξ
−∞
(2P − U2)yξ(t, σ)dσ = I(t, ξ).
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Thus one has
y(t, ξ) +G(t, y(t, ξ)) ≤ y(t, ξ) + J(t, ξ) ≤ y(t, ξ) +G(t, y(t, ξ)+).
Subtracting y(t, ξ) in the above inequality, we end up with
G(t, y(t, ξ)) ≤ J(t, ξ) ≤ G(t, y(t, ξ)+) for all ξ ∈ R.
Comparing the last equation and (3.8), we have
G(t, y(t, l(t, η))) ≤ J(t, l(t, η)) = η ≤ G(t, y(t, l(t, η))+).
Since y(t, · ) is surjective and non-decreasing, we end up with
(3.9) Y(t, η) = sup{x | G(t, x) < η} = y(t, l(t, η)),
thereby proving (3.7). 
In the next step we want to establish rigorously the corresponding system of
differential equations. Hence we first have to establish that the function l(t, η) is
differentiable, both with respect to time and space.
3.1. The differentiability of Q(t, ξ). The differentiability of Q(t, ξ) with respect
to ξ has been proven in [49] and Qξ(t, ξ) is given by (3.4b). Thus it is left to
establish the differentiability with respect to time of Q(t, ξ). To be more precise,
we are going to establish the Lipschitz continuity of Q(t, ξ) with respect to time.
Let us recall that since U(t, · ) ∈ H1(R), one has in particular that U(t, · ) ∈
L∞(R). Moreover, direct calculations yield
U2(t, ξ) = U2(t, ξ)− U2(t,−∞) =
∫ ξ
−∞
2UUξ(t, σ)dσ(3.10)
≤
∫ ξ
−∞
Hξ(t, σ)dσ ≤ H(t,∞) = C,
and we end up with
‖U(t, · )‖L∞(R) ≤
√
C for all t ∈ R.
Here we used Xavier’s relation from [49] which asserts that
(3.11) U2y2ξ (t, ξ) + U
2
ξ (t, ξ) = yξHξ(t, ξ),
and hence
|Uξ(t, ξ)| ≤
√
yξHξ(t, ξ) ≤ 1
2
(yξ +Hξ)(t, ξ),(3.12a)
|Uyξ(t, ξ)| ≤
√
yξHξ(t, ξ) ≤ 1
2
(yξ +Hξ)(t, ξ),(3.12b)
|UUξ(t, ξ)| ≤ 1
2
Hξ(t, ξ).(3.12c)
Similar considerations apply for P (t, ξ). Indeed one has
0 ≤ P (t, ξ) = 1
4
∫
R
e−|y(t,σ)−y(t,ξ)|(U2yξ +Hξ)(t, σ)dσ(3.13)
≤ 1
4
∫
R
2Hξ(t, σ)dσ =
1
2
C.
Since |Q(t, ξ)| ≤ P (t, ξ), we end up with
(3.14) ‖Q(t, · )‖L∞(R) ≤
1
2
C, ‖P (t, · )‖L∞(R) ≤
1
2
C for all t ∈ R.
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Direct calculations, using (3.11) and (3.12), yield
−O(1)(yξ(t, ξ) +Hξ(t, ξ)) ≤ (yξ(t, ξ) +Hξ(t, ξ))t
= Uξ(t, ξ) + 3U
2Uξ(t, ξ)− 2QUyξ(t, ξ)− 2PUξ(t, ξ)
≤ O(1)(yξ(t, ξ) +Hξ(t, ξ)),
since U(t, ξ), P (t, ξ), and Q(t, ξ) are uniformly bounded with respect to both space
and time due to (3.10), (3.13), and (3.14). Thus, we have for s < t that
(yξ(s, ξ) +Hξ(s, ξ))e
−O(1)(t−s) ≤ yξ(t, ξ) +Hξ(t, ξ) ≤ (yξ(s, ξ) +Hξ(s, ξ))eO(1)(t−s)
or equivalently
(yξ(t, ξ) +Hξ(t, ξ))e
−O(1)(t−s) ≤ (yξ(s, ξ) +Hξ(s, ξ))
≤ (yξ(t, ξ) +Hξ(t, ξ))eO(1)(t−s).(3.15)
Recall that
Q(t, ξ) = −1
4
∫ ξ
−∞
ey(t,σ)−y(t,ξ)(U2yξ +Hξ)(t, σ)dσ
+
1
4
∫ ∞
ξ
ey(t,ξ)−y(t,σ)(U2yξ +Hξ)(t, σ)dσ
=:
1
4
Q1(t, ξ) +
1
4
Q2(t, ξ).
We are only establishing the Lipschitz continuity with respect to time for Q1(t, ξ),
since the argument for Q2(t, ξ) follows the same lines. Let t < tˆ. Then one has
|Q1(t, ξ)−Q1(tˆ, ξ)| ≤
∫ ξ
−∞
|ey(t,σ)−y(t,ξ) − ey(tˆ,σ)−y(tˆ,ξ)|(U2yξ +Hξ)(t, σ)dσ
+
∫ ξ
−∞
ey(tˆ,σ)−y(tˆ,ξ)|(U2yξ +Hξ)(t, σ)− (U2yξ +Hξ)(tˆ, σ)|dσ
=: I1 + I2.
As far as I1 is concerned, we observe, using LemmaA.1 (i), that
|ey(t,σ)−y(t,ξ) − ey(tˆ,σ)−y(tˆ,ξ)| ≤ |y(t, σ)− y(tˆ, σ)|+ |y(t, ξ)− y(tˆ, ξ)|
≤
∫ tˆ
t
(|U(s, σ)|+ |U(s, ξ)|)ds ≤ O(1)|t− tˆ|,
where we used that both ey(tˆ,σ)−y(tˆ,ξ) and ey(t,σ)−y(t,ξ) are bounded from above by
one, and that U can be uniformly bounded both with respect to space and time
due to (3.10). Thus we end up with
I1 =
∫ ξ
−∞
|ey(t,σ)−y(t,ξ) − ey(tˆ,σ)−y(tˆ,ξ)|(U2yξ +Hξ)(t, σ)dσ
≤ O(1)|t− tˆ|
∫ ξ
−∞
2Hξ(t, σ)dσ ≤ O(1)|t− tˆ|,
where we used that U2yξ ≤ Hξ.
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Thus it remains to establish a similar estimate for I2. The idea is to use a similar
strategy combined with (3.12a) and (3.15). We have
I2 =
∫ ξ
−∞
ey(tˆ,σ)−y(tˆ,ξ)|(U2yξ +Hξ)(t, σ)− (U2yξ +Hξ)(tˆ, σ)|dσ
≤
∫ ξ
−∞
ey(tˆ,σ)−y(tˆ,ξ)
∫ tˆ
t
|4U2Uξ − 4QUyξ − 2PUξ|(s, σ)dsdσ
≤
∫ ξ
−∞
ey(tˆ,σ)−y(tˆ,ξ)O(1)
∫ tˆ
t
(yξ +Hξ)(s, σ)dsdσ
≤ O(1)
∫ ξ
−∞
ey(tˆ,σ)−y(tˆ,ξ)
∫ tˆ
t
eO(1)(tˆ−s)(yξ +Hξ)(tˆ, σ)dsdσ
≤ O(1)
∫ ξ
−∞
ey(tˆ,σ)−y(tˆ,ξ)(yξ +Hξ)(tˆ, σ)
∫ tˆ
t
eO(1)(tˆ−s)dsdσ
≤ O(1)eO(1)(tˆ−t)|tˆ− t| ≤ O(1)|tˆ− t|,
under the assumption that |tˆ− t| ≤ 1 (or in general bounded). Thus we established
that
|Q1(t, ξ)−Q1(tˆ, ξ)| ≤ O(1)|tˆ− t|
for all pairs t, tˆ, such that |tˆ− t| ≤ 1. Furthermore, one has
|Q(t, ξ)−Q(tˆ, ξ)| ≤ O(1)|tˆ− t|
for all pairs t, tˆ, such that |tˆ − t| ≤ 1. Thus for fixed ξ, the function Q is lo-
cally Lipschitz with respect to time, and hence differentiable almost everywhere by
Rademacher’s theorem.
A close look at the above argument reveals that we cannot only differentiate
Q(t, ξ) with respect to time, but also that we can apply the dominated convergence
theorem, which yields
Qt(t, ξ) = −1
4
∫
R
d
dt
(
sign(ξ − σ)e−|y(t,ξ)−y(t,σ)|(U2yξ +Hξ)(t, σ)
)
dσ(3.16)
= −2
3
U3(t, ξ) + 2PU(t, ξ)
+
1
2
∫
R
e−|y(t,ξ)−y(t,σ)|(
2
3
U3yξ − 2PUyξ −QUξ)(t, σ)dσ
after some integrations by parts.
Next we want to show that Qt(t, ξ) can be uniformly bounded by a constant
O(1). Observe that (3.10) and (3.13) imply∣∣∣∣∫
R
e−|y(t,σ)−y(t,ξ)|(
2
3
U3yξ − 2PUyξ −QUyξ)(t, σ)dσ
∣∣∣∣(3.17)
≤ O(1)
(∫
R
e−|y(t,σ)−y(t,ξ)|yξ(t, σ)dσ
)
≤ O(1).
Thus recalling (3.16) and combining (3.10), (3.13), and (3.17), we finally end up
with
(3.18) ‖Qt(t, · )‖L∞(R) ≤ O(1) for all t ∈ R.
18 J. A. CARRILLO, K. GRUNERT, AND H. HOLDEN
This completes the argument regarding the differentiability of Q. Notice that a
direct application of the dominated convergence theorem using formula (3.16) shows
that Qt is a continuous function in time, under the assumption that Pt exists and
satisfies an estimate similar to (3.18).
Next we focus on the differentiability with respect to time of P . An analogous
argument to the one for Q leads to the differentiability in time of P . Let us show
that the derivative of P with respect to time exists by applying the dominated
convergence theorem to
(3.19) lim
s→t
P (t, ξ)− P (s, ξ)
t− s ,
where ξ is chosen such that y is differentiable with respect to time. Since
d
dt
(
e−|y(t,ξ)−y(t,σ)|(U2yξ +Hξ)(t, σ)
)
exists almost everywhere, it is left to show that we can find a function in L1(R),
which bounds the integrand of (3.19) uniformly in s. Therefore observe that we
can write, using (3.2), for s < t, that
P (t, ξ)− P (s, ξ) = 1
4
∫ ξ
−∞
∫ t
s
ey(l,σ)−y(l,ξ)(U(l, σ)− U(l, ξ))(U2yξ +Hξ)(l, σ)dldσ
+
1
4
∫ ∞
ξ
∫ t
s
ey(l,ξ)−y(l,σ)(U(l, ξ)− U(l, σ))(U2yξ +Hξ)(l, σ)dldσ
+
1
4
∫
R
∫ t
s
e−|y(l,σ)−y(l,ξ)|(4U2Uξ − 4UQyξ − 2PUξ)(l, σ)dldσ
= I1 + I2 + I3.
As far as the first term is concerned, observe that (3.15) implies that∣∣∣∣∫ t
s
ey(l,σ)−y(l,ξ)(U(l, σ)− U(l, ξ))(U2yξ +Hξ)(l, σ)dl
∣∣∣∣
≤ O(1)
∫ t
s
ey(l,σ)−y(l,ξ)|(U2yξ +Hξ)(l, σ)|dl
≤ O(1)eO(1)|t−s|ey(t,σ)−y(t,ξ)(yξ +Hξ)(t, σ)|t− s|
≤ O(1)ey(t,σ)−y(t,ξ)(yξ +Hξ)(t, σ)|t− s|,
if we assume that |t − s| ≤ 1 or any other fixed constant. Moreover, the function
in the last line belongs to L1(R). The remaining two terms can be bounded by a
function, which is of the same form and belongs to L1(R) uniformly in s. Thus
all assumptions of the dominated convergence theorem are fulfilled, and we end up
with
Pt(t, ξ) = UQ(t, ξ) +
1
4
∫
R
sign(ξ − σ)e−|y(t,ξ)−y(t,σ)|U(U2yξ +Hξ)(t, σ)dσ
(3.20)
+
1
4
∫
R
e−|y(t,ξ)−y(t,σ)|(4U2Uξ − 4UQyξ − 2PUξ)(t, σ)dσ
= UQ(t, ξ) +
1
2
∫
R
sign(ξ − σ)e−|y(t,ξ)−y(t,σ)|U(1
3
U2yξ +Qξ +Hξ)(t, σ)dσ
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− 1
2
∫
R
e−|y(t,ξ)−y(t,σ)|UQyξ(t, σ)dσ,
where we used integration by parts together with (3.4b) in the last step. Moreover,
we have that
|Pt(t, ξ)| ≤ |UQ(t, ξ)|+ 1
4
∫
R
e−|y(t,ξ)−y(t,σ)||U |(U2yξ +Hξ)(t, σ)dσ
+
1
4
∫
R
e−|y(t,ξ)−y(t,σ)|(4U2|Uξ|+ 4|UQ|yξ + 2P |Uξ|)(t, σ)dσ
≤ ‖U(t, · )‖L∞ P (t, ξ) + ‖U(t, · )‖L∞
1
4
∫
R
e−|y(t,ξ)−y(t,σ)|(U2yξ +Hξ)(t, σ)dσ
+
1
4
∫
R
e−|y(t,ξ)−y(t,σ)|(2U4yξ + 3Hξ + 2U2yξ + 3P 2yξ)(t, σ)dσ
≤ O(1)P (t, ξ) + 3
4
∫
R
e−|y(t,ξ)−y(t,σ)|P 2yξ(t, σ)dσ
+
1
4
∫
R
e−|y(t,ξ)−y(t,σ)|(2 ‖U(t, · )‖2L∞ U2yξ + 3Hξ + 2U2yξ)(t, σ)dσ
≤ O(1)P (t, ξ) + 3
4
∫
R
e−|y(t,ξ)−y(t,σ)|P 2yξ(t, σ)dσ
≤ O(1)
(
P (t, ξ) +
∫
R
e−|y(t,ξ)−y(t,σ)|P 2yξ(t, σ)dσ
)
due to (3.10). It remains to show that∫
R
e−|y(t,ξ)−y(t,σ)|P 2yξ(t, σ)dη ≤ O(1)P (t, ξ).
The proof follows the same lines as the one of (2.12) in Eulerian coordinates.
3.2. The differentiability of l(t, η). Finally, we can start thinking about the
differentiability with respect to space and time of l(t, η). Therefore, recall that the
function l(t, η) is defined as
l(t, η) = sup{ξ ∈ R | J(t, ξ) < η}.
Differentiability with respect to η: For every t ∈ R, the function J(t, · ) =
2Q(t, · ) + 2H(t, · ) is strictly increasing and continuous, and hence differentiable
almost everywhere with respect to ξ. Its inverse J−1(t, · ) : [0, 2C]→ R is therefore
also strictly increasing and continuous, and hence differentiable almost everywhere.
Since we have by definition that J(t, l(t, η)) = η for all η, it follows immediately
that J(t, l(t, · )) is Lipschitz continuous with Lipschitz constant one and hence
differentiable almost everywhere with respect to η. Since
J−1(t, J(t, l(t, η))) = l(t, η) for all η,
we can finally conclude that l(t, η) is differentiable almost everywhere with respect
to η. In particular, one has, cf. (3.6), that
(3.21) Jξ(t, l(t, η))lη(t, η) = 2PYη(t, η)− U2Yη(t, η) +Hη(t, η) = 1,
with
H(t, η) = H(t, l(t, η)), P(t, η) = P (t, l(t, η)), and U(t, η) = U(t, l(t, η)).
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These identities follow from equality (3.9) since P(t, η) = p(t,Y(t, η)) and P (t, ξ) =
p(t, y(t, ξ)), and analogously U(t, η) = u(t,Y(t, η)) and U(t, ξ) = u(t, y(t, ξ)).
Following the same argument as in the smooth case, see (2.11), we end up with
(3.22) 0 ≤ 2PYη(t, η) ≤ 1, 2|UUη(t, η)| ≤ 1, and 0 ≤ U2Yη(t, η) ≤ 1.
Differentiability with respect to t: As far as the differentiability of l(t, η)
with respect to time is concerned, the argument is a bit more involved. First of all
note that for any time t we have J(t, l(t, η)) = η and hence
J(t, l(t, η)) = J(t˜, l(t˜, η)) for all η and t˜.
In particular, we can conclude that
J(t, l(t, η))− J(t, l(t˜, η)) = J(t˜, l(t˜, η))− J(t, l(t˜, η))
=
∫ t˜
t
Jt(s, l(t˜, η))ds
= 2
∫ t˜
t
(
Qt(s, l(t˜, η)) +Ht(s, l(t˜, η))
)
ds.
We already showed that Qt(t, ξ) exists and is given by (3.16). However, a closer
look reveals that Qt(t, ξ) is uniformly bounded both with respect to space and time
and Qt(t, ξ) is continuous with respect to space for fixed t. The same holds for
Ht(t, ξ) = U
3(t, ξ)− 2PU(t, ξ).
Thus we have that
(3.23) lim
t˜→t
J(t, l(t, η))− J(t, l(t˜, η))
t− t˜ = limt˜→t 2
∫ t˜
t
Qt(s, l(t˜, η)) +Ht(s, l(t˜, η))
t− t˜ ds
from a formal point of view. Thus it is left to establish that the limit exists and is
finite.
Since Jt(t, ξ) = 2Qt(t, ξ) + 2Ht(t, ξ) and both Qt(t, ξ) and Ht(t, ξ) can be
bounded uniformly both in space and time by a constant only dependent on the
total energy C, it follows that there exists a constant O(1) such that
|Jt(t, ξ)| ≤ O(1) for all t and ξ.
Thus it follows that for all s ∈ [t− |t− t˜|, t+ |t− t˜|], we have
J(s, ξ) ∈ [J(t, ξ)−O(1)|t˜− t|, J(t, ξ) +O(1)|t˜− t|].
Accordingly we can conclude, since J(t, l(t, η)) = η for all η, that
J(s, l(t, η)) ∈ [η −O(1)|t˜− t|, η +O(1)|t˜− t|],
and hence
(3.24) l(t, η) = l(s, η(s)) for some η(s) ∈ [η −O(1)|t˜− t|, η +O(1)|t˜− t|],
and, in particular,
|η − η(s)| ≤ O(1)|t˜− t| for all s ∈ [t− |t− t˜|, t+ |t− t˜|].
Similar considerations yield that for all s ∈ [t˜− |t− t˜|, t˜+ |t− t˜|], we can find η˜(s)
such that
l(t˜, η) = l(s, η˜(s)) and |η − η˜(s)| ≤ O(1)|t− t˜|.
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Let us return to the integral we are actually interested in. Namely∫ t˜
t
Jt(s, l(t˜, η))ds = 2
∫ t˜
t
(
Qt(s, l(t˜, η)) +Ht(s, l(t˜, η))
)
ds
= 2
∫ t˜
t
(
Qt(s, l(t, η)) +Ht(s, l(t, η))
)
ds
+ 2
∫ t˜
t
(
(Qt(s, l(t˜, η)) +Ht(s, l(t˜, η)))
− (Qt(s, l(t, η)) +Ht(s, l(t, η)))
)
ds
= I˜1 + I˜2.
What we are hoping for, is that the second term I˜2 is of order o(|t− t˜|), and hence
plays no role when computing (3.23). Therefore observe that
Htξ(t, ξ) = 3U
2Uξ(t, ξ)− 2QUyξ(t, ξ)− 2PUξ(t, ξ),
Qtξ(t, ξ) = −2U2Uξ(t, ξ) + 2QUyξ(t, ξ) + 2PUξ(t, ξ)
− 1
2
∫
R
sign(ξ − σ)e−|y(t,ξ)−y(t,σ)|(2
3
U3yξ − 2PUyξ −QUξ)(t, σ)dσyξ(t, ξ).
Notice that the second derivative Qtξ is well-defined by a dominated convergence
argument as before for Qt. Recalling (3.24), we have
I˜2 =
∫ t˜
t
Jt(s, l(t˜, η))− Jt(s, l(t, η))ds
= 2
∫ t˜
t
(
(Qt(s, l(t˜, η)) +Ht(s, l(t˜, η)))− (Qt(s, l(t, η)) +Ht(s, l(t, η)))
)
ds
= 2
∫ t˜
t
∫ l(t˜,η)
l(t,η)
(Qt,ξ +Ht,ξ)(s, z)dzds
= 2
∫ t˜
t
∫ l(t˜,η)
l(t,η)
(
U2Uξ(s, z)
− 1
2
∫
R
sign(z − σ)e−|y(s,z)−y(s,σ)|(2
3
U3yξ − 2PUyξ −QUξ)(s, σ)dσyξ(s, z)
)
dzds
= 2
∫ t˜
t
∫ l(s,η˜(s))
l(s,η(s))
(
U2Uξ(s, z)
− 1
2
∫
R
sign(z − σ)e−|y(s,z)−y(s,σ)|(2
3
U3yξ − 2PUyξ −QUξ)(s, σ)dσyξ(s, z)
)
dzds
= 2
∫ t˜
t
∫ η˜(s)
η(s)
U2Uη(s,m)dmds−
∫ t˜
t
∫ η˜(s)
η(s)
∫ 2C
0
sign(m− n)e−|Y(s,m)−Y(s,n)|
× (2
3
U3Yη − 2PUYη −QUη)(s, n)dnYη(s,m)dmds
where η, η(s), and η˜(s) satisfy
l(t, η) = l(s, η(s)) and l(t˜, η) = l(s, η˜(s)),
22 J. A. CARRILLO, K. GRUNERT, AND H. HOLDEN
and
(3.25) |η − η(s)| ≤ O(1)|t− t˜| and |η − η˜(s)| ≤ O(1)|t− t˜|.
As far as the first term is concerned, we can apply (3.10), (3.22) and (3.25) as
follows
(3.26)
∣∣∣∣∣2
∫ t˜
t
∫ η˜(s)
η(s)
U2Uη(s,m)dmds
∣∣∣∣∣
≤
∫ t˜
t
‖U(s, · )‖L∞([0,2C]) |η(s)− η˜(s)|ds ≤ O(1)|t− t˜|2.
As far as the second and last term is concerned, we want to apply the Cauchy–
Schwarz inequality to the integral term at first. Indeed,∣∣∣∣∣
∫ η˜(s)
η(s)
∫ 2C
0
sign(m− n)e−|Y(s,m)−Y(s,n)|
×(2
3
U3Yη − 2PUYη −QUη)(s, n)dnYη(s,m)dm
∣∣∣∣
≤
∣∣∣∣∣
∫ η˜(s)
η(s)
∫ 2C
0
e−|Y(s,m)−Y(s,n)|
(2
3
U2√Yη(U2Yη)1/2
+2P√Yη(U2Yη)1/2 + P√Yη√Hη)(s, n)dnYη(s,m)dm∣∣∣
≤
∣∣∣∣∣
∫ η˜(s)
η(s)
∫ 2C
0
e−|Y(s,m)−Y(s,n)|
(2
3
U2√Yη + 3P
√Yη
)√Hη(s, n)dnYη(s,m)dm
∣∣∣∣∣
≤
∫ η˜(s)
η(s)
(∫ 2C
0
e−|Y(s,m)−Y(s,n)|
(2
3
U2 + 3P)2Yη(s, n)dn)1/2
×
(∫ 2C
0
e−|Y(s,m)−Y(s,n)|Hη(s, n)dn
)1/2
Yη(s,m)dm
≤
∫ η˜(s)
η(s)
(∫ 2C
0
e−|Y(s,m)−Y(s,n)|
(8
9
U4 + 18P2)Yη(s, n)dn)1/2
×
(∫ 2C
0
e−|Y(s,m)−Y(s,n)|Hη(s, n)dn
)1/2
Yη(s,m)dm
≤ O(1)
(∫ η˜(s)
η(s)
∫ 2C
0
e−|Y(s,m)−Y(s,n)|(U2 + P)Yη(s, n)dnYη(s,m)dm
)1/2
×
(∫ η˜(s)
η(s)
∫ 2C
0
e−|Y(s,m)−Y(s,n)|Hη(s, n)dnYη(s,m)dm
)1/2
≤ O(1)
(∫ η˜(s)
η(s)
∫ 2C
0
e−|Y(s,m)−Y(s,n)|(U2 + P)Yη(s, n)dnYη(s,m)dm
)1/2
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×
(∫ η˜(s)
η(s)
4PYη(s,m)dm
)1/2
≤ O(1)
(∫ η˜(s)
η(s)
∫ 2C
0
e−|Y(s,m)−Y(s,n)|(U2 + P)Yη(s, n)dnYη(s,m)dm
)1/2
×
√
|η(s)− η˜(s)|
≤ O(1)
(
|t− t˜|
∫ η˜(s)
η(s)
∫ 2C
0
e−|Y(s,m)−Y(s,n)|(U2 + P)Yη(s, n)dnYη(s,m)dm
)1/2
.
Thus it is left to show that∣∣∣∣∣
∫ η˜(s)
η(s)
∫ 2C
0
e−|Y(s,m)−Y(s,n)|(U2 + P)Yη(s, n)dnYη(s,m)dm
∣∣∣∣∣
is bounded uniformly with respect to both space and time. Therefore observe that,
since all the involved terms are positive, we have∣∣∣∣∣
∫ η˜(s)
η(s)
∫ 2C
0
e−|Y(s,m)−Y(s,n)|(U2 + P)Yη(s, n)dnYη(s,m)dm
∣∣∣
≤
∫ 2C
0
∫ 2C
0
e−|Y(s,m)−Y(s,n)|(U2 + P)Yη(s, n)dnYη(s,m)dm
=
∫ 2C
0
∫ 2C
0
e−|Y(s,m)−Y(s,n)|Yη(s,m)dm (U2 + P)Yη(s, n)dn
≤ 2
∫ 2C
0
(U2 + P)Yη(s, n)dn ≤ 6C,
where we used (3.22) in the last step. Thus we obtain∣∣∣ ∫ η˜(s)
η(s)
∫ 2C
0
sign(m− n)e−|Y(s,m)−Y(s,n)|
× (2
3
U3Yη − 2PUYη −QUη)(s, n)dnYη(s,m)dm
∣∣∣
≤ O(1)
(
|t− t˜|
∫ η˜(s)
η(s)
∫ 2C
0
e−|Y(s,m)−Y(s,n)|(U2 + P)Yη(s, n)dnYη(s,m)dm
)1/2
≤ O(1)|t− t˜|1/2,
and∣∣∣ ∫ t˜
t
∫ η˜(s)
η(s)
∫ 2C
0
sign(m− n)e−|Y(s,m)−Y(s,n)|
× (2
3
U3Yη − 2PUYη −QUη
)
(s, n)dnYη(s,m)dmds
∣∣∣
≤ O(1)|t− t˜|3/2.(3.27)
Combining (3.26) and (3.27), we end up with
|I˜2| = |2
∫ t˜
t
(Qt(s, l(t˜, η)) +Ht(s, l(t˜, η)))− (Qt(s, l(t, η)) +Ht(s, l(t, η)))ds|
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≤ O(1)(|t− t˜|3/2 + |t− t˜|2).
As far as I˜1 is concerned, we would like to apply the mean-value theorem. Note
therefore that we showed before that the function (Qt+Ht)(t, ξ) is continuous with
respect to time, and hence the function (Qt+Ht)(s, l(t, η)), considered as a function
of s, is continuous with respect to s. Thus we end up with
I˜1 = 2
∫ t˜
t
(Qt +Ht)(s, l(t, η))ds = 2(t˜− t)(Qt +Ht)(s˜, l(t, η))
for some s˜ between t and t˜.
Last, but not least, we therefore have
2
∫ t˜
t
(Qt +Ht)(s, l(t˜, η))ds = I˜1 + I˜2
= 2(t˜− t)(Qt +Ht)(s˜, l(t, η)) +O(1)|t˜− t|3/2
+O(1)|t˜− t|2,
for some s˜ between t and t˜, which implies, cf. (3.23), that
lim
t˜→t
J(t, l(t, η))− J(t, l(t˜, η))
t− t˜ = limt˜→t 2
∫ t˜
t
(Qt +Ht)(s, l(t˜, η))
t− t˜ ds
= 2(Qt +Ht)(t, l(t, η)).
Recalling that J(t, l(t, η)) = η for all t and η, we have that
J−1(t, J(t, l(t, η))) = l(t, η),
if we, as before, denote the inverse to J(t, · ) by J−1(t, · ). Thus we have
lt(t, η) = lim
t˜→t
l(t, η)− l(t˜, η)
t− t˜
= lim
t˜→t
J−1(t, J(t, l(t, η)))− J−1(t, J(t, l(t˜, η)))
t− t˜
= lim
t˜→t
J−1(t, J(t, l(t, η)))− J−1(t, J(t, l(t˜, η))
J(t, l(t, η))− J(t, l(t˜, η)) limt˜→t
J(t, l(t, η))− J(t, l(t˜, η))
t− t˜ .
We have established that the last limit on the right-hand side exists and the ex-
istence of the first one follows from the fact that J−1(t, · ) is differentiable almost
everywhere.
Remark 3.2. The above argument relies heavily on the fact that the function
l(t, ·) : [0, 2C]→ R is continuous and strictly increasing, the reason being that J(t, · )
is continuous and strictly increasing. This is in contrast to the HS equation in [16],
where the function H(t, · ) is increasing, but not necessarily strictly increasing and
its inverse may have jumps. In the HS equations, if H(t, · ) is constant on some
interval I, then H(s, · ) will be constant on I for any s, since H is independent of
time. Furthermore, this means that the jumps in the new coordinates might change
in height with respect to time, but never change their position. This is the essential
difference to the CH equation where the jumps would turn up and disappear again
immediately, which motivates the choice of G(t, x) and J(t, ξ).
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3.3. New system: the right quantities. Since we have shown that l(t, η) is
differentiable almost everywhere with respect to both space and time, we can now
establish rigorously the system of differential equations in our new coordinates.
Recall that J(t, l(t, η)) = η and hence direct calculations yield
Jt(t, l(t, η)) + Jξ(t, l(t, η))lt(t, η) = 0,
Jξ(t, l(t, η))lη(t, η) = 1.
According to the time evolution in Lagrangian coordinates we thus end up with
lη(t, η) =
1
Jξ(t, l(t, η))
,
lt(t, η) = −Jt(t, l(t, η))
Jξ(t, l(t, η))
= −Jt(t, l(t, η))lη(t, η).
As far as the new coordinates are concerned, we recall that
Y(t, η) = y(t, l(t, η)), U(t, η) = U(t, l(t, η)), and P(t, η) = P (t, l(t, η)),
and direct calculations using the differentiabilities proved for Q, P , and l in Sub-
sections 3.1 and 3.2 yield the following differential equations for the unknowns
(Y,U ,P).
Theorem 3.3. Let (u, µ) denote a weak conservative solution of (1.1). Define Y
by (2.3), U by (2.6), and P by (2.8). Then the following system of differential
equations holds
Yt(t, η) + (2
3
U3 + S)Yη(t, η) = U(t, η),(3.28a)
Ut(t, η) + (2
3
U3 + S)Uη(t, η) = −Q(t, η),(3.28b)
Pt(t, η) + (2
3
U3 + S)Pη(t, η) = QU(t, η) +R(t, η),(3.28c)
where
Q(t, η) = −1
4
∫ 2C
0
sign(η − θ)e−|Y(t,η)−Y(t,θ)|(2(U2 − P)Yη(t, θ) + 1)dθ,(3.29a)
S(t, η) =
∫ 2C
0
e−|Y(t,η)−Y(t,θ)|(
2
3
U3Yη − UηQ− 2PUYη)(t, θ)dθ,(3.29b)
R(t, η) = 1
4
∫ 2C
0
sign(η − θ)e−|Y(t,η)−Y(t,θ)|(2
3
U3Yη + U)(t, θ)dθ
− 1
2
∫ 2C
0
e−|Y(t,η)−Y(t,θ)|UQYη(t, θ)dθ.(3.29c)
Remark 3.4. This system is identical to the system derived in the smooth case,
cf. (2.9) as expected. We also remind the reader that Q(t, η) = Q(t, l(t, η)), S(t, η) =
Jt(t, l(t, η))− 23U3(t, η), and R(t, η) = Pt(t, l(t, η))−QU(t, η).
3.4. Functional setting: Consistency of the new coordinates. The next
main question is which functional space we should work in such that the right-hand
side of the system (3.28) can be regarded as a Lipschitz function of the chosen
unknowns. For instance, it is difficult or rather impossible to establish the Lipschitz
continuity of Q with respect to P, U , and Y. However, we will see that one can
establish that Q is Lipschitz continuous with respect to P1/2, U , and Y. At first
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sight this seems to be surprising, but on the other hand we established in Eulerian
coordinates that 2p(t, x) ≥ u2(t, x), which rewrites in our new coordinates as
(3.30) 2P(t, η) ≥ U2(t, η).
Thus it seems somehow natural that P(t, η)1/2 and |U(t, η)| will behave similarly.
The aim of this subsection is to derive the system of differential equations for
Y, U , and P1/2 and subsequently to establish that all terms turning up in this
system are well-defined by assuming that each of the new variables (Y,U ,P1/2) is
in L2([0, 2C]).
Replacing the equation for P with the corresponding one for P1/2, we find that
the system (3.28) reads
Yt + (2
3
U3 + S)Yη = U ,(3.31a)
Ut + (2
3
U3 + S)Uη = −Q,(3.31b)
(P1/2)t + (2
3
U3 + S)(P1/2)η = QU
2P1/2 +
R
2P1/2 ,(3.31c)
where Q, S, and R are given by (3.29).
Assume for the moment that P1/2, U , and Y belong to L2([0, 2C]). Then we want
to show that all terms appearing in the above system also belong to L2([0, 2C]).
Therefore it is important to keep in mind, in addition to (3.30), that
(3.32) 2PYη(t, η)− U2Yη(t, η) +Hη(t, η) = 1,
and, in particular, cf. (3.12), (3.21), and (3.22),
2|UUη(t, η)| ≤ Hη(t, η) ≤ 1,(3.33a)
U2Yη(t, η) ≤ Hη(t, η) ≤ 1,(3.33b)
2|Q|Yη(t, η) ≤ 2PYη(t, η) ≤ 1.(3.33c)
As an immediate consequence we obtain that
U3Yη(t, η) and U3Uη(t, η)
are uniformly bounded. The last term of this form can be estimated as follows
|U3(P1/2)η(t, η)| =
∣∣∣∣U3QYη2P1/2 (t, η)
∣∣∣∣ ≤ ∣∣∣∣ U32P1/2 (t, η)
∣∣∣∣ ≤ U2(t, η),
and is therefore uniformly bounded. Here we used (3.30).
As far as S is concerned, we want to establish that
|S(t, η)| ≤ O(1)P(t, η),
implying that
|SYη(t, η)| ≤ O(1)PYη(t, η) ≤ O(1),
|SUη(t, η)| ≤ S2Yη(t, η) +Hη(t, η) ≤ O(1),
|S(P1/2)η(t, η)| ≤ O(1)P3/2Yη(t, η) ≤ O(1).
Indeed, by the definition of S and since |Q| ≤ P and (cf. (3.12a))
U2η (t, η) ≤ HηYη(t, η),
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we have
|S(t, η)| =
∣∣∣∣∣
∫ 2C
0
e−|Y(t,η)−Y(t,θ)|(
2
3
U3Yη − UηQ− 2PUYη)(t, θ)dθ
∣∣∣∣∣
≤ ‖U(t, · )‖L∞([0,2C])
∫ 2C
0
e−|Y(t,η)−Y(t,θ)|U2Yη(t, θ)dθ
+ 2
(∫ 2C
0
e−|Y(t,η)−Y(t,θ)|P2Yη(t, θ)dθ
)1/2
×
(∫ 2C
0
e−|Y(t,η)−Y(t,θ)|U2Yη(t, θ)dθ
)1/2
+
(∫ 2C
0
e−|Y(t,η)−Y(t,θ)|P2Yη(t, θ)dθ
)1/2
×
(∫ 2C
0
e−|Y(t,η)−Y(t,θ)|Hη(t, θ)dθ
)1/2
≤ 4
√
C P(t, η) + 6
(∫ 2C
0
e−|Y(t,η)−Y(t,θ)|P2Yη(t, θ)dθ
)1/2
P1/2(t, η).
Thus it is left to show that
(3.34)
∫ 2C
0
e−|Y(t,η)−Y(t,θ)|P2Yη(t, θ)dθ ≤ O(1)P(t, η).
As several times before, the main tool will be integration by parts together with
P(t, η) = 1
4
∫ 2C
0
e−|Y(t,η)−Y(t,θ)|(2(U2 − P)Yη(t, θ) + 1)dθ.
Direct computations yield∫ η
0
eY(t,θ)−Y(t,η)P2Yη(t, θ)dθ = P2(t, η)−
∫ η
0
eY(t,θ)−Y(t,η)2PQYη(t, θ)dθ
= P2(t, η)− 2PQ(t, η)
+
∫ η
0
eY(t,θ)−Y(t,η)(2Q2Yη + 2PQη)(t, θ)dθ
= P2(t, η)− 2PQ(t, η)
+
∫ η
0
eY(t,θ)−Y(t,η)2(P2 +Q2)Yη(t, θ)dθ
+
∫ η
0
eY(t,θ)−Y(t,η)(2(P − U2)Yη(t, θ)− 1)P(t, θ)dθ.(3.35)
Here we have used (3.4b) and (3.32). Thus, rearranging the terms, we end up with∫ η
0
eY(t,θ)−Y(t,η)P2Yη(t, θ)dθ ≤
∫ η
0
eY(t,θ)−Y(t,η)(P2 + 2Q2)Yη(t, θ)dθ
= 2PQ(t, η)− P2(t, η)
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+
∫ η
0
eY(t,θ)−Y(t,η)(2(U2 − P)Yη(t, θ) + 1)P(t, θ)dθ
≤ 2P2(t, η) + 4 ‖P(t, · )‖L∞([0,2C]) P(t, η)(3.36)
≤ 6 ‖P(t, · )‖L∞([0,2C]) P(t, η).
Similar computations yield that∫ 2C
η
eY(t,η)−Y(t,θ)P2Yη(t, θ)dθ ≤
∫ 2C
η
eY(t,η)−Y(t,θ)(P2 + 2Q2)Yη(t, θ)dθ
= −P2(t, η)− 2PQ(t, η)
+
∫ 2C
η
eY(t,η)−Y(t,θ)
× (2(U2 − P)Yη(t, θ) + 1)P(t, θ)dθ
≤ 2P2(t, η) + 4 ‖P(t, · )‖L∞([0,2C]) P(t, η)
≤ 6 ‖P(t, · )‖L∞([0,2C]) P(t, η).
This proves (3.34) due to (3.13).
There are two terms left to investigate. Namely, the term QU/P1/2, and we
easily find that ∣∣∣∣ QU√2P1/2 (t, η)
∣∣∣∣ ≤ P(t, η),
and hence it is uniformly bounded. The last term R/P1/2 is a bit more involved.
We have
|R(t, η)| ≤
∣∣∣∣∣14
∫ 2C
0
sign(η − θ)e−|Y(t,η)−Y(t,θ)|(2
3
U3Yη + U)(t, θ)dθ
∣∣∣∣∣
+
∣∣∣∣∣12
∫ 2C
0
e−|Y(t,η)−Y(t,θ)|UQYη(t, θ)dθ
∣∣∣∣∣
≤ 1
4
∫ 2C
0
e−|Y(t,η)−Y(t,θ)|(2(U2 − P)Yη(t, θ) + 1)|U|(t, θ)dθ
+
1
4
∫ 2C
0
e−|Y(t,η)−Y(t,θ)|2P|U|Yη(t, θ)dθ
+
1
2
∫ 2C
0
e−|Y(t,η)−Y(t,θ)||UQ|Yη(t, θ)dθ
≤ ‖U(t, · )‖L∞([0,2C]) P(t, η) +
1
2
∫ 2C
0
e−|Y(t,η)−Y(t,θ)|(P2 + U2)Yη(t, θ)dθ
≤ O(1)P(t, η).(3.37)
Thus ∣∣∣∣ RP1/2(t, η)
∣∣∣∣ ≤ O(1)P1/2(t, η),
and hence belongs to L2([0, 2C]).
Later on, we will need in some of our estimates, cf. (3.3a), that
P(t, η) = 1
4
∫ 2C
0
e−|Y(t,η)−Y(t,θ)|(U2Yη +Hη)(t, θ)dθ,
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which implies the estimate
(3.38)
∫ η
0
e−(Y(t,η)−Y(t,θ))(U2Yη +Hη)(t, θ)dθ ≤ 4P(t, η).
3.5. The choice of the distance. In order to motivate the choice of the distance
between two solutions with the same energy and to outline the strategy for proving
the Lipschitz continuity, let us come back to the system (3.31). We observe that
the unknowns (Y,U ,P1/2) are advected by the same velocity field in the η variable.
Moreover, since all terms make sense under the assumption that the unknowns
belong to L2([0, 2C]), as checked in the previous subsection, we consider a toy
problem of the form
ft +A(f)fη = B(f)
where f might be a vector valued function in L2([0, 2C]). This toy problem resem-
bles our situation with the complicated operator dependencies on the unknowns.
Within this functional framework, it is natural to look at the evolution of the L2
norm of the unknown f . Given two solutions f1 and f2 to ft + A(f)fη = B(f),
direct computations yield
d
dt
‖f1 − f2‖2L2([0,2C]) = 2
∫ 2C
0
(f1 − f2)(f1,t − f2,t)(t, θ)dθ
= −2
∫ 2C
0
(A(f1)f1,η −A(f2)f2,η)(f1 − f2)(t, θ)dθ
+ 2
∫ 2C
0
(B(f1)− B(f2))(f1 − f2)(t, θ)dθ
= −2
∫ 2C
0
A(f1)(f1,η − f2,η)(f1 − f2)(t, θ)dθ
− 2
∫ 2C
0
f2,η(A(f1)−A(f2))(f1 − f2)(t, θ)dθ
+ 2
∫ 2C
0
(B(f1)− B(f2))(f1 − f2)(t, θ)dθ
= A(f1)(f1 − f2)2(t, 0)−A(f1)(f1 − f2)2(t, 2C)
+
∫ 2C
0
A′(f1)f1,η(f1 − f2)2(t, θ)dθ
− 2
∫ 2C
0
f2,η(A(f1)−A(f2))(f1 − f2)(t, θ)dθ
+ 2
∫ 2C
0
(B(f1)− B(f2))(f1 − f2)(t, θ)dθ,
where the first two terms in the last line are going to vanish if we impose the correct
boundary conditions or rather if we have a good behavior of the solutions at both
boundaries. Under this assumption, we can then use norm estimates if we know
that A′(f1)f1,η and f2,η are uniformly bounded by a constant O(1) and that A
and B are Lipschitz continuous with Lipschitz constant O(1) with respect to f to
conclude that
d
dt
‖f1 − f2‖2L2([0,2C]) ≤ O(1) ‖f1 − f2‖2L2([0,2C]) ,
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and Gronwall’s lemma then implies
‖(f1 − f2)(t)‖L2([0,2C]) ≤ ‖(f1 − f2)(0)‖L2([0,2C]) eO(1)t.
Hence the strategy consists in proving first a propagation in time for the L2-norm
of f in order to get bounds on the unknowns and check the validity of the approach.
Then the second, and the most important and technical point, is to establish the
Lipschitz estimates. We will come back to this point in Section 4, where we will also
fix the following problem in the definition of our metric: the domain of definition
of our unknowns depends on the total energy. This is unsatisfactory, if we want to
compare solutions with different total energies.
3.6. Propagation of L2 bounds: moment conditions. Given (u, µ) a weak
conservative solution of (1.1) and f = (Y,U ,P1/2), defined by (2.3), (2.6), and
(2.8), the solution to the system (3.31). We want to show that the L2-norm of f is
propagated in time. Since both U and P are bounded functions due to (3.10) and
(3.13), we are reduced to show the propagation of the L2-norm of Y. First of all
note that we have
Y(t, G(t, x)) = x for all x ∈ R,
where G(t, x) is given by
G(t, x) =
∫ x
−∞
(2p− u2)(t, y)dy + F (t, x).
Notice that the x-distributional derivative of G is a measure that we denoted by
ν(t, · ) ∈M+(R) given by
dν(t, x) = (2p− u2)(t, x) + dµ(t, x).
Since Y(t, η) is the pseudo-inverse to G(t, x), then Y pushes forward the uniform
distribution on [0, 2C] to ν, see [59], and then∫
R
x2dν =
∫ 2C
0
Y2(t, η)dη.
Thus Y ∈ L2([0, 2C]) is equivalent to ν(t, · ) having finite second moment.
Proposition 3.5. Let (u, µ) denote a weak conservative solution of (1.1), and by
f = (Y,U ,P1/2) the solution to the system (3.31), then∫ 2C
0
Y2(t, η)dη ≤ eO(1)t
(
1 +
∫ 2C
0
Y2(0, η)dη
)
.
Proof. We show the propagation of the second moment in time using the Lagrangian
coordinates. Note first that∫
R
x2dµ(t, x) =
∫
R
y2Hξ(t, ξ)dξ,∫
R
x2u2(t, x)dx =
∫
R
y2U2yξ(t, ξ)dξ,∫
R
x2p(t, x)dx =
∫
R
y2Pyξ(t, ξ)dξ.
We start by computing the derivatives of y2Hξ, y
2U2yξ, and y
2Pyξ with respect to
time. Direct computations using the formulas in subsection 3.1 then yield
|(y2Hξ)t| = |2yUHξ + y2(3U2Uξ − 2PUξ − 2QUyξ)|
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≤ y2Hξ + U2Hξ + 3y2|U |Hξ + 2y2P 2yξ + 2y2Hξ
≤ O(1)(y2Hξ + y2Pyξ +Hξ),
and
|(y2Pyξ)t| = |2yUPyξ + y2Ptyξ + y2PUξ|
≤ y2P 2yξ + U2yξ + y2|Pt|yξ + y2P (yξ +Hξ)
≤ O(1)(y2Hξ + y2Pyξ +Hξ),
where we used (3.20). Thus
d
dt
(∥∥y2Pyξ∥∥L1 + ∥∥y2Hξ∥∥L1) ≤ O(1) (∥∥y2Pyξ∥∥L1 + ∥∥y2Hξ∥∥L1 + C)
and ∫
R
(y2Pyξ + y
2Hξ)(t, ξ)dξ ≤ eO(1)t
(∫
R
(y2Pyξ + y
2Hξ)(0, ξ)dξ + C
)
.
Since y2U2yξ(t, ξ) ≤ y2Hξ(t, ξ) it follows that also∫
R
y2U2yξ(t, ξ)dξ
remains finite for all times, which proves the desired estimate since∫
R
x2dν(t, x) =
∫
R
x2(2p− u2)(t, x)dx+
∫
R
x2dµ(t, x).

The propagation of moments not only implies the feasibility of the strategy
illustrated in subsection 3.5 but also gives us a control on the “boundary terms”.
In fact, since (u2 + u2x)(t, x) ≤ dµ(t, x) and (2p− u2)(t, x) ≥ 0, the previous result
implies that
(3.39)
∫
R
x2p(t, x)dx,
∫
R
x2u2(t, x)dx,
∫
R
x2u2x(t, x)dx, and
∫
R
x2dµ(t, x)
are all finite. We show next that (3.39) implies that
(3.40) xu(t, x)→ 0 and x2p(t, x)→ 0 as x→ ±∞.
Indeed, (3.39) and u ∈ H1(R) imply that
xu(t, x) ∈ L2(R) and (xu(t, x))x = u(t, x) + xux(t, x) ∈ L2(R).
Hence xu(t, x) belongs to H1(R) for any fixed t and in particular xu(t, x) → 0 as
x→ ±∞ for any fixed t.
The argument for xp(t, x) is a bit more involved, but follows the same lines. To
be more precise, p(t, x) ∈ L2(R), |px(t, x)| ≤ p(t, x), and∫
R
x2p2(t, x)dx ≤ O(1)
∫
R
x2p(t, x)dx <∞,
imply that
xp(t, x) ∈ L2(R) and (xp(t, x))x = p(t, x) + xpx(t, x) ∈ L2(R).
Hence xp(t, x) belongs to H1(R) for any fixed t and in particular xp(t, x) → 0 as
x→ ±∞.
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Finally, it is left to show that x
√
p(t, x) → 0 as x → ±∞. Therefore note that
p(t, x) ∈ L1(R) ∩ L2(R) and
|(x
√
p(t, x))x| = |
√
p(t, x) + x
px(t, x)
2
√
p(t, x)
| ≤
√
p(t, x) + |x|
√
p(t, x),
which together with (3.39) implies that
x
√
p(t, x) ∈ L2(R) and (x
√
p(t, x))x ∈ L2(R).
Hence x
√
p(t, x) belongs to H1(R) for any fixed t and in particular x2p(t, x) → 0
as x→ ±∞. These properties will allow us carry out several integrations by parts
when deriving the anticipated Lipschitz estimate.
4. The right metric: solutions with different energies
For the remaining part of this paper, we will consider two distinct solutions
(uj , µj) for j = 1, 2 of the Camassa–Holm equation (1.1) and estimate their differ-
ence using a carefully selected norm based on our new variables (Yj ,Uj ,P1/2j ) for
j = 1, 2 that yields a Lipschitz metric. The main idea remains to a large extent the
one from the Hunter–Saxton equation in [16], where a Lipschitz metric for measur-
ing the distance between solutions with non-zero energy has been constructed.
We want to define a Lipschitz metric, which can measure the distance between
solutions with different total energy based on our new coordinates. At first sight
this seems to be impossible for two reasons:
1.: The support of the new variables depends on the total energy, since
Y,U ,P1/2 : [0, 2C]→ R.
2.: In case of the zero-solution, i.e., (u, µ) = (0, 0), the function Y is not defined
and the same applies to the new variables (Y,U ,P1/2).
The key idea is to use a rescaling. More precisely, given (Y,U ,P1/2), where
Y : [0, 2C]→ R with C 6= 0. Then we can introduce
Y˜(t, η) = AY(t, A2η), U˜(t, η) = AU(t, A2η),
P˜1/2(t, η) = AP1/2(t, A2η), H˜(t, η) = A3H(t, A2η),(4.1)
with
(4.2) A =
√
2C
for notational purposes.
This rescaling has three main properties that motivate our choice:
1.: The support of the variables (Y˜, U˜ , P˜1/2) is independent of the energy, which
allows to compare arbitrary solutions with non-zero energy.
2.: In the last section, we discussed that the natural solution space for the unknowns
(Y,U ,P1/2) is L2([0, 2C]). Since our rescaling preserves the L2-norm, the natural
solution space for the unknowns (Y˜, U˜ , P˜1/2) is L2([0, 1]).
3.: The most important property is that this rescaling allows us to set
(Y˜, U˜ , P˜1/2) = (0, 0, 0) for (u, µ) = (0, 0).
A close look at the definition of Y˜(t, η) reveals that Y˜(t, η) is the pseudo inverse to
G˜(t, x), which is given by
G˜(t, x) =
1
A2
G(t,
x
A
) for A 6= 0.
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Figure 1. An example of how the rescaling changes the graph of
a function G : R→ 14 . The picture shows the function G+ 38 (solid)
and its rescaled version G˜ (dash).
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Figure 2. Three different peakon-antipeakon solutions u (left)
with total energy 1 (dashdot), 0.5 (dash) and 0.25 (solid), respec-
tively and the corresponding functions G˜ (middle) and Y˜ (right).
If one compares G˜(t, x) withG(t, x) for smallA, then the graph ofG(t, x) is squeezed
in the x direction, but stretched in the y direction, cf. Figure 1. Taking a sequence
of functions Gn(t, x) with An tending to zero, then the corresponding sequence
of functions G˜n(t, x) tends to the Heaviside function, which has as pseudo inverse
Y˜(t, η) = 0, cf. Figure 2.
Direct calculation yield the following theorem.
Theorem 4.1. Let (u, µ) denote a weak conservative solution of (1.1). Define Y˜,
U˜ and P˜1/2 by (4.1). Then the following system of differential equations holds
Y˜t + (2
3
1
A5
U˜3 + 1
A6
S˜)Y˜η = U˜ ,(4.3a)
U˜t + (2
3
1
A5
U˜3 + 1
A6
S˜)U˜η = − 1
A2
Q˜,(4.3b)
(P˜1/2)t + (2
3
1
A5
U˜3 + 1
A6
S˜)(P˜1/2)η = 1
2A2
Q˜U˜
P˜1/2 +
1
2A3
R˜
P˜1/2 ,(4.3c)
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where
Q˜(t, η) = A3Q(t, A2η)
= −1
4
∫ 1
0
sign(η − θ)e− 1A |Y˜(t,η)−Y˜(t,θ)|(2(U˜2 − P˜)Y˜η(t, θ) +A5)dθ,(4.4a)
S˜(t, η) = A4S(t, A2η)
=
∫ 1
0
e−
1
A |Y˜(t,η)−Y˜(t,θ)|(
2
3
U˜3Y˜η − U˜ηQ˜ − 2P˜U˜Y˜η)(t, θ)dθ,(4.4b)
R˜(t, η) = A5R(t, A2η)
=
1
4
∫ 1
0
sign(η − θ)e− 1A |Y˜(t,η)−Y˜(t,θ)|(2
3
AU˜3Y˜η +A6U˜)(t, θ)
− 1
2
∫ 1
0
e−
1
A |Y˜(t,η)−Y˜(t,θ)|U˜Q˜Y˜η(t, θ)dθ.(4.4c)
Now, we can define the metric between two general conservative solutions to
(1.1). To simplify the notation we will from now on assume that all norms are on
L2([0, 1]), unless otherwise indicated, and write
‖Ψ‖ = ‖Ψ‖L2([0,1]) ,
for any function Ψ. We will not always explicitly indicate the time-dependence in
all quantities and write ‖Ψ‖ rather than ‖Ψ(t)‖.
Definition 4.2. Let (ui, µi) for i = 1, 2 denote two conservative solutions of (1.1).
We define the distance between them as
d((u1, µ1), (u2, µ2)) =
∥∥∥Y˜1 − Y˜2∥∥∥+ ∥∥∥U˜1 − U˜2∥∥∥
+
∥∥∥P˜1/21 − P˜1/22 ∥∥∥+ |A1 −A2|,
where Ai =
√
2Ci and Ci = µi(R), i = 1, 2, and (Y˜i, U˜i, P˜1/2i ) are given by (4.1).
Remark 4.3. Notice that in the case of one of the two solutions being the trivial
solution, the distance reduces to the L2 norm of the solution in the right functional
space, i.e.,
d((u, µ), (0, 0)) =
∥∥∥Y˜∥∥∥+ ∥∥∥U˜∥∥∥+ ∥∥∥P˜1/2∥∥∥+√2C,
where C = µ(R), that we already estimated in Subsection 3.6. It remains to show
that the right-hand side of the system (4.3) is Lipschitz continuous with respect to
the new unknowns (Y˜, U˜ , P˜1/2).
The main result of this work can finally be stated. The proof consists in showing
the corresponding Lipschitz estimates in each of the components of the distance
in Definition 4.2. This is done in the next section in Lemmas 5.3, 5.4 and 5.5.
Collecting these results leads to our main theorem due to Gronwall’s lemma.
Theorem 4.4. Consider initial data ui,0 ∈ H1(R), µi,0 ∈ M+(R) such that
d(µac)i,0 = (u
2
i + u
2
i,x)dx and Ci = µi(R), and let (ui, µi) for i = 1, 2 denote the
corresponding conservative solutions of the Camassa–Holm equation (1.1). Then
we have that
d((u1(t), µ1(t)), (u2(t), µ2(t))) ≤ eO(1)td((u1,0, µ1,0), (u2,0, µ2,0)),
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where O(1) denotes a constant depending only on maxj(Cj) remaining bounded as
maxj(Cj)→ 0.
Now, let us start to do some preparatory work for the next section by collecting
the main estimates we need in the new variables. Introduce
D˜(t, η) =
∫ η
0
e
1
A (Y˜(t,θ)−Y˜(t,η))((U˜2 − P˜)Y˜η(t, θ) + 1
2
A5)dθ(4.5a)
=
1
2
∫ η
0
e
1
A (Y˜(t,θ)−Y˜(t,η))(U˜2Y˜η + H˜η)(t, θ)dθ,
E˜(t, η) =
∫ 1
η
e
1
A (Y˜(t,η)−Y˜(t,θ))((U˜2 − P˜)Y˜η(t, θ) + 1
2
A5)dθ(4.5b)
=
1
2
∫ 1
η
e
1
A (Y˜(t,η)−Y˜(t,θ))(U˜2Y˜η + H˜η)(t, θ)dθ,
so that we can write
(4.6) P˜(t, η) = 1
2A
(D˜(t, η) + E˜(t, η)) and Q˜(t, η) = 1
2
(−D˜(t, η) + E˜(t, η))
and
(4.7) Q˜(t, η) = −D˜(t, η) +AP˜(t, η).
Note that both D˜(t, η) and E˜(t, η) have some very nice properties. Namely,
(4.8) 0 ≤ D˜(t, η) ≤ 2AP˜(t, η) and 0 ≤ E˜(t, η) ≤ 2AP˜(t, η),
and ∣∣∣∣ ddη D˜(t, η)
∣∣∣∣ = ∣∣∣∣(U˜2 − P˜)Y˜η(t, η) + 12A5 − 1A D˜Y˜η(t, η)
∣∣∣∣ ≤ O(1)A5,(4.9) ∣∣∣∣ ddη E˜(t, η)
∣∣∣∣ = ∣∣∣∣−(U˜2 − P˜)Y˜η(t, η)− 12A5 + 1A E˜Y˜η(t, η)
∣∣∣∣ ≤ O(1)A5.(4.10)
The scaling leads to some changes in the standard estimates. Some of the problem-
atic terms depending on 1A in the system (4.3) can be controlled since
(4.11)
2P˜Y˜η(t, η) ≤ A5, 2|U˜ U˜η(t, η)| ≤ A4, U˜2Y˜η(t, η) ≤ A5, and H˜η(t, η) ≤ A5,
from (3.33) and (4.1), as well as
(4.12) A2U˜2η (t, η) ≤ H˜ηY˜η(t, η) ≤ A5Y˜η(t, η).
In addition, the equation (3.32) becomes
(4.13) 2P˜Y˜η(t, η)− U˜2Y˜η(t, η) + H˜η(t, η) = A5.
Moreover, we can show that
4
∥∥∥P˜(t, · )∥∥∥
L∞
= 4
∥∥A2P(t, · )∥∥
L∞ ≤ A4(4.14)
2
∥∥∥U˜2(t, · )∥∥∥
L∞
= 2
∥∥A2U2(t, · )∥∥
L∞ ≤ A4.
We now collect all the estimates we will need on our solutions in the new variables
with the explicit dependence on A. This will be repeatedly used in the next section.
0 ≤ 4P˜ ≤ A4, [from (4.14) and (3.13)](4.15a)
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√
2
∣∣∣U˜∣∣∣ ≤ A2, [from (4.14) and (3.10)](4.15b) ∣∣∣Q˜∣∣∣ ≤ AP˜, [from common sense](4.15c)
U˜2 ≤ 2P˜, [from (3.30)](4.15d)
2P˜Y˜η ≤ A5, [from (4.11)](4.15e)
2
∣∣∣U˜ U˜η∣∣∣ ≤ A4, [from (4.11)](4.15f)
0 ≤ U˜2Y˜η ≤ A5, [from (4.11)](4.15g)
U˜2η ≤ A3Y˜η, [from (4.12) and (3.12a)](4.15h) √
2
∣∣∣U˜∣∣∣ P˜1/2Y˜η ≤ A5, [from (4.15e) and (4.15g)](4.15i) ∣∣∣R˜∣∣∣ ≤ O(1)A3P˜, [from (3.37)](4.15j)
0 ≤ H˜η ≤ A5, [from (4.11)](4.15k)
0 ≤ Y˜η, [from the definition](4.15l)
A2U˜2η ≤ H˜ηY˜η, [from (4.12) and (3.12a)](4.15m)
0 ≤ D˜ ≤ 2AP˜, [from (4.8)](4.15n)
0 ≤ E˜ ≤ 2AP˜, [from (4.8)](4.15o)
2
√
2P˜U˜η ≤ A6, [from (4.15a), (4.15e), and (4.15h)](4.15p)
2P˜U˜2η ≤ A8, [from (4.15e) and (4.15h)](4.15q)
4P˜U˜2η ≤ A7Y˜η, [from (4.15a) and (4.15h)].(4.15r)
In addition, we have have several integrals that appear frequently:
∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))U˜2(t, θ)dθ ≤ 6P˜(t, η), [from (4.16g)],
(4.16a)
∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))P˜2Y˜η(t, θ)dθ ≤ 3
2
A5P˜(t, η), [from (3.36) and (4.15a)],
(4.16b)
∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))U˜2Y˜η(t, θ)dθ ≤ 4AP˜(t, η), [from (3.38)],
(4.16c)
∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))H˜η(t, θ)dθ ≤ 4AP˜(t, η), [from (3.38)],
(4.16d)
∫ η
0
e−
3
2A (Y˜(t,η)−Y˜(t,θ))P˜Y˜η(t, θ)dθ ≤ 2AP˜(t, η), [from Lemma A.10],
(4.16e)
∫ η
0
e−
3
2A (Y˜(t,η)−Y˜(t,θ))H˜η(t, θ)dθ ≤ 4AP˜(t, η), [from Lemma A.10],
(4.16f)
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∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))U˜2(t, θ)dθ ≤ 6P˜(t, η), [from Lemma A.10],
(4.16g)
∫ η
0
e−
5
4A (Y˜(t,η)−Y˜(t,θ))P˜Y˜η(t, θ)dθ ≤ 4AP˜(t, η), [from Lemma A.10]
(4.16h)
∫ η
0
e−
3
2A (Y˜(t,η)−Y˜(t,θ))P˜(t, θ)dθ ≤ 7P˜(t, η), [from Lemma A.10],
(4.16i)
∫ η
0
e−
1
2A (Y˜(t,η)−Y˜(t,θ))P˜2Y˜η(t, θ)dθ ≤ AO(1)P1/2(t, η), [from Lemma A.10]
(4.16j)
∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))P˜1+βY˜η(t, θ)dθ ≤ 31 + β
β
A1+4β
4β
P˜(t, η), β > 0, [from Lemma A.10].
(4.16k)
As for derivatives of the quantity P1/2 we have∣∣∣(P˜1/2)η∣∣∣ ≤ 1
2A
P˜1/2Y˜η,(4.17a) ∣∣∣U˜(P˜1/2)η∣∣∣ ≤ 3
8
A4,(4.17b) (
(P˜1/2)η
)2 ≤ 1
8
A3Y˜η,(4.17c) (
(P˜1/2)η
)2 ≤ 1
16
A2Y˜2η .(4.17d)
5. Lipschitz estimates in the new metric
We will repeatedly use the following elementary identity and estimate.
Lemma 5.1. Let aj , bj ∈ R for j = 1, 2. Then we have
a2b2 − a1b1 = (b2 − b1)
(
a21b1<b2 + a11b1≥b2
)
+ min(b1, b2)(a2 − a1).
Here
1K =
{
1, K is true,
0, K is false.
We also use 1K to denote the characteristic (indicator) function of a set K. Fur-
thermore, we have the following estimate:
|min(a1, b1)−min(a2, b2)| ≤ max
( |a1 − a2| , |b1 − b2| ).
Lemma 5.2. Let f, g : R → R be two Lipschitz continuous functions with Lips-
chitz constant cf and cg, respectively. Then the function h : R → R defined by
h = min(f, g) is Lipschitz continuous function with Lipschitz constant bounded by
max(cf , cg).
Proof. Use the previous lemma. 
Introduce for any function Φ the functions
(5.1) Φ− = min(0,Φ), Φ+ = max(0,Φ).
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We then have
(5.2) Φ− ≤ 0 ≤ Φ+, Φ−Φ+ = 0, Φ = Φ+ + Φ−, |Φ| = Φ+ − Φ−.
For two functions Φ,Ψ we have
(5.3) |Φ± −Ψ±| ≤ |Φ−Ψ|.
Frequently we will have to estimate quantities like∫ 1
0
e−
1
A |Y˜(t,η)−Y˜(t,θ)|(· · · )(t, θ)dθ.
We will rewrite it as follows∫ 1
0
e−
1
A |Y˜(t,η)−Y˜(t,θ)|(· · · )(t, θ)dθ
=
( ∫ η
0
+
∫ 1
η
)
e−
1
A |Y˜(t,η)−Y˜(t,θ)|(· · · )(t, θ)dθ
=
∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))(· · · )(t, θ)dθ +
∫ 1
η
e
1
A (Y˜(t,η)−Y˜(t,θ))(· · · )(t, θ)dθ.(5.4)
Both integrals can be estimated in the same manner, using that the argument in
the exponential is negative in both cases. Eliminating the absolute value will allow
us to perform integration by parts.
5.1. Lipschitz estimates for Y˜. From the system of differential equations, we
have
(5.5) Y˜i,t + (2
3
1
A5i
U˜3i +
1
A6i
S˜i)Y˜i,η = U˜i,
where
P˜i(t, η) = 1
4Ai
∫ 1
0
e
− 1Ai |Y˜i(t,η)−Y˜i(t,θ)|(2(U˜2i − P˜i)Y˜i,η(t, θ) +A5i )dθ,
Q˜i(t, η) = −1
4
∫ 1
0
sign(η − θ)e− 1Ai |Y˜i(t,η)−Y˜i(t,θ)|(2(U˜2i − P˜i)Y˜i,η(t, θ) +A5i )dθ,
S˜i(t, η) =
∫ 1
0
e
− 1Ai |Y˜i(t,η)−Y˜i(t,θ)|(
2
3
U˜3i Y˜i,η − Q˜iU˜i,η − 2P˜iU˜iY˜i,η)(t, θ)dθ.
Thus we have
d
dt
∫ 1
0
(Y˜1 − Y˜2)2(t, η)dη = 2
∫ 1
0
(Y˜1 − Y˜2)(Y˜1,t − Y˜2,t)(t, η)dη
= 2
∫ 1
0
(Y˜1 − Y˜2)(U˜1 − U˜2)(t, η)dη
+
4
3
∫ 1
0
(Y˜1 − Y˜2)( 1
A52
U˜32 Y˜2,η −
1
A51
U˜31 Y˜1,η)(t, η)dη
+ 2
∫ 1
0
(Y˜1 − Y˜2)( 1
A62
S˜2Y˜2,η − 1
A61
S˜1Y˜1,η)(t, η)dη
= I1 + I2 + I3.(5.6)
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The strategy is to use integration by parts for the last two integrals I2 and I3, while
we want to use straight forward estimates for I1, which will finally yield that
d
dt
∥∥∥Y˜1 − Y˜2∥∥∥2
≤ O(1)
(∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2),
where O(1) denotes some constant which depends on A = maxj(Aj) and which
remains bounded as A→ 0 .
The first integral I1: Note that
|I1| = |2
∫ 1
0
(Y˜1 − Y˜2)(U˜1 − U˜2)(t, η)dη| ≤
∫ 1
0
((Y˜1 − Y˜2)2 + (U˜1 − U˜2)2)(t, η)dη
=
∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 .
The second integral I2: Note that
3
4
|I2| = |
∫ 1
0
(Y˜1 − Y˜2)( 1
A52
U˜32 Y˜2,η −
1
A51
U˜31 Y˜1,η)(t, η)dη|
≤ 1
(maxj(Aj))5
|
∫ 1
0
(Y˜1 − Y˜2)(U˜32 Y˜2,η − U˜31 Y˜1,η)(t, η)dη|
+
|A51 −A52|
A51A
5
2
|
∫ 1
0
(Y˜1 − Y˜2)(U˜31 Y˜1,η1A1≤A2 + U˜32 Y˜2,η1A2<A1)(t, η)dη|
≤ 1
A5
|
∫ 1
0
(Y˜1 − Y˜2)(U˜2 − U˜1)U˜22 Y˜2,η(t, η)dη|
+
1
A5
|
∫ 1
0
(Y˜1 − Y˜2)[U˜1Y˜1,η1U˜22≤U˜21 + U˜1Y˜2,η1U˜21<U˜22 ]
× (U˜2 + U˜1)(U˜2 − U˜1)(t, η)dη|
+
1
A5
|
∫ 1
0
(Y˜1 − Y˜2)U˜1 min
j
(U˜2j )(Y˜2,η − Y˜1,η)(t, η)dη|
+
|A51 −A52|
A51A
5
2
|
∫ 1
0
(Y˜1 − Y˜2)(U˜31 Y˜1,η1A1≤A2 + U˜32 Y˜2,η1A2<A1)(t, η)dη|
= J1 + J2 + J3 + J4.
We will write
(5.7) A = max
j
(Aj), a = min
j
(Aj).
We commence with J1: Since U˜2i Y˜i,η(t, η) ≤ A5i ≤ A5 for all t and η, we have
J1 =
1
A5
|
∫ 1
0
(Y˜1 − Y˜2)(U˜2 − U˜1)U˜22 Y˜2,η(t, η)dη|
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 .
Next term is J2: Using once more that U˜2i Y˜i,η(t, η) ≤ A5 for all t and η, we get
J2 =
1
A5
|
∫ 1
0
(Y˜1 − Y˜2)[U˜1Y˜1,η1U˜22≤U˜21 + U˜1Y˜2,η1U˜21<U˜22 ]
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× (U˜2 + U˜1)(U˜2 − U˜1)(t, η)dη|
≤ 1
A5
∫ 1
0
|Y˜1 − Y˜2||U˜1 − U˜2|(2U˜21 Y˜1,η1U˜22≤U˜21 + 2U˜
2
2 Y˜2,η1U˜21<U˜22 )(t, η)dη
≤ 2(
∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2).
Next, it is J3: Here integration by parts plays an essential role. Thus we have to
determine first whether or not the function η 7→ U˜1 minj(U˜2j )(t, η) is differentiable,
and, if so, if its derivative is bounded. Recall from Lemma A.2 (ii) that the function
η 7→ minj(U˜2j )(t, η) is Lipschitz continuous with Lipschitz constant at most A4.
Thus
(5.8) | d
dη
(
U˜1(t, η) min
j
(U˜2j (t, η))
)
| ≤ 3
2
A4
∥∥∥U˜1∥∥∥
L∞
≤ O(1)A6,
and integration by parts together with (3.40) yields
J3 =
1
A5
|
∫ 1
0
(Y˜1 − Y˜2)U˜1 min
j
(U˜2j )(Y˜2,η − Y˜1,η)(t, η)dη|
=
∣∣− 1
2A5
(Y˜1 − Y˜2)2U˜1 min
j
(U˜2j )(t, η)
∣∣1
η=0
+
1
2A5
∫ 1
0
(Y˜1 − Y˜2)2 d
dη
(U˜1 min
j
(U˜2j ))(t, η)dη
∣∣
=
1
2A5
|
∫ 1
0
(Y˜1 − Y˜2)2 d
dη
(U˜1 min
j
(U˜2j ))(t, η)dη|
≤ 3
4A
∥∥∥U˜1(t, · )∥∥∥
L∞
∫ 1
0
(Y˜1 − Y˜2)2(t, η)dη
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 .
Finally, we consider J4: Direct calculations yield
J4 ≤ |A
5
1 −A52|
A51A
5
2
(
1A1≤A2 |
∫ 1
0
(Y˜1 − Y˜2)U˜31 Y˜1,η(t, η)dη|
+ 1A2<A1 |
∫ 1
0
(Y˜1 − Y˜2)U˜32 Y˜2,η(t, η)dη|
)
≤ |A
5
1 −A52|
A51A
5
2
(
1A1≤A2A
7
1 + 1A2<A1A
7
2
) ∫ 1
0
|Y˜1 − Y˜2|(t, η)dη
≤ |A
5
1 −A52|
A3
∥∥∥Y˜1 − Y˜2∥∥∥
≤ 5A|A1 −A2|
∥∥∥Y˜1 − Y˜2∥∥∥
≤ O(1)
(∥∥∥Y˜1 − Y˜2∥∥∥2 + |A1 −A2|2),
where we again used that U˜2i Y˜i,η ≤ A5i and
∥∥∥U˜i∥∥∥
L∞
≤ A2i .
The third integral I3: We will consider several smaller parts of I3 by inserting
the definition of S˜i, and combine them in the end. We write
(5.9) I3 =
4
3
I31 − 4I32 − 2I33,
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where
I31 =
∫ 1
0
(Y˜1 − Y˜2)(t, η)
×
( 1
A62
Y˜2,η(t, η)
∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|U˜32 Y˜2,η(t, θ)dθ
− 1
A61
Y˜1,η(t, η)
∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|U˜31 Y˜1,η(t, θ)dθ
)
dη,
I32 =
∫ 1
0
(Y˜1 − Y˜2)(t, η)
×
( 1
A62
Y˜2,η(t, η)
∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|P˜2U˜2Y˜2,η(t, θ)dθ
− 1
A61
Y˜1,η(t, η)
∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|P˜1U˜1Y˜1,η(t, θ)dθ
)
dη,
I33 =
∫ 1
0
(Y˜1 − Y˜2)(t, η)
×
( 1
A62
Y˜2,η(t, η)
∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|Q˜2U˜2,η(t, θ)dθ
− 1
A61
Y˜1,η(t, η)
∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|Q˜1U˜1,η(t, θ)dθ
)
dη.
Recall the definitions (5.1). Then we have
I31 =
∫ 1
0
(Y˜1 − Y˜2)(t, η)
×
( 1
A62
Y˜2,η(t, η)
∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|U˜32 Y˜2,η(t, θ)dθ
− 1
A61
Y˜1,η(t, η)
∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|U˜31 Y˜1,η(t, θ)dθ
)
dη
=
∫ 1
0
(Y˜1 − Y˜2)(t, η)
×
( 1
A62
Y˜2,η(t, η)
∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|(U˜−2 )3Y˜2,η(t, θ)dθ
− 1
A61
Y˜1,η(t, η)
∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|(U˜−1 )3Y˜1,η(t, θ)dθ
)
dη
+
∫ 1
0
(Y˜1 − Y˜2)(t, η)
×
( 1
A62
Y˜2,η(t, η)
∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|(U˜+2 )3Y˜2,η(t, θ)dθ
− 1
A61
Y˜1,η(t, η)
∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|(U˜+1 )3Y˜1,η(t, θ)dθ
)
dη
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=
∫ 1
0
(Y˜1 − Y˜2)(K˜− + K˜+)(t, η)dη.
Since both integrals have the same structure, it suffices to consider the second
integral. Furthermore, applying the device described in (5.4), it suffices to study
the terms, denoted K±, with the upper limit of the inner integral replaced by η.
Therefore observe that we can write
K+(t, η)
=
1
A62
Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )3Y˜2,η(t, θ)dθ
− 1
A61
Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
=
1
(maxj(Aj))6
(
Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )3Y˜2,η(t, θ)dθ
− Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
)
+
A61 −A62
A61A
6
2
1A1≤A2Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
+
A61 −A62
A61A
6
2
1A2<A1Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )3Y˜2,η(t, θ)dθ
=
1
A6
Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))((U˜+2 )3 − (U˜+1 )3)Y˜2,η(t, θ)1U˜+1 ≤U˜+2 (t, θ)dθ
)
+
1
A6
Y˜1,η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))((U˜+2 )3 − (U˜+1 )3)Y˜1,η(t, θ)1U˜+2 <U˜+1 (t, θ)dθ
)
+
1
A6
Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜+j )3Y˜2,η(t, θ)dθ
)
− 1
A6
Y˜1,η(t, η)
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
)
+
A61 −A62
A61A
6
2
1A1≤A2Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
+
A61 −A62
A61A
6
2
1A2<A1Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )3Y˜2,η(t, θ)dθ
=
1
A6
Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
× ((U˜+2 )3 − (U˜+1 )3)Y˜2,η(t, θ)1U˜+1 ≤U˜+2 (t, θ)dθ
)
+
1
A6
Y˜1,η(t, η)
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))
× ((U˜+2 )3 − (U˜+1 )3)Y˜1,η(t, θ)1U˜+2 <U˜+1 (t, θ)dθ
)
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+
1
A6
1A1≤A2Y˜2,η(t, η)
×
(∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ))) min
j
(U˜+j )3Y˜2,η(t, θ)dθ
)
+
1
A6
1A2<A1Y˜1,η(t, η)
×
(∫ η
0
(e−
1
A2
(Y˜1(t,η)−Y˜1(t,θ)) − e− 1A1 (Y˜1(t,η)−Y˜1(t,θ))) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
)
+
1
A6
Y˜2,η(t, η)
(∫ η
0
(e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(U˜+j )3Y˜2,η(t, θ)1B(η)(t, θ)dθ
)
− 1
A6
Y˜1,η(t, η)
(∫ η
0
(e−
1
a (Y˜1(t,η)−Y˜1(t,θ)) − e− 1a (Y˜2(t,η)−Y˜2(t,θ)))
×min
j
(U˜+j )3Y˜1,η(t, θ)1Bc(η)(t, θ)dθ
)
+
1
A6
Y˜2,η(t, η)
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(U˜+j )3Y˜2,η(t, θ)dθ
)
− 1
A6
Y˜1,η(t, η)
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(U˜+j )3Y˜1,η(t, θ)dθ
)
+
A61 −A62
A61A
6
2
1A1≤A2Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
+
A61 −A62
A61A
6
2
1A2<A1Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )3Y˜2,η(t, θ)dθ
= (J1 + J2 + J3 + J4 + J5 + J6 + J7 + J8 + J9 + J10)(t, η).
(5.10)
Here
(5.11) B(η) = {(t, θ) | eY˜1(t,θ)−Y˜1(t,η) ≤ eY˜2(t,θ)−Y˜2(t,η)}
which means especially that B(η) depends heavily on η! Observe that the set B(η)
is scale invariant in the sense that (Y˜1, Y˜2) and (cY˜1, cY˜2) define the same set B(η)
for any constant c.
As far as the first two terms J1 and J2 are concerned, they have the same
structure, and hence we only consider the term J1, i.e.,∫ 1
0
J1(Y˜1 − Y˜2)(t, η)dη
=
1
A6
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))((U˜+2 )3 − (U˜+1 )3)Y˜2,η(t, θ)1U˜+1 ≤U˜+2 (t, θ)dθ
)
dη.
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The main ingredients are the following observations
|(U˜+1 )3(t, η)− (U˜+2 )3(t, η)|1U˜+1 ≤U˜+2 ≤ 3U˜
2
2 (t, η)|U˜1(t, η)− U˜2(t, η)|,
and (4.16c).
Thus we have
|
∫ 1
0
J1(Y˜1 − Y˜2)(t, η)dη|
=
1
A6
∣∣∣ ∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))((U˜+2 )3 − (U˜+1 )3)Y˜2,η(t, θ)1U˜+1 ≤U˜+2 (t, θ)dθ
)
dη
∣∣∣
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
A12
∫ 1
0
Y˜22,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))((U˜+2 )3 − (U˜+1 )3)Y˜2,η(t, θ)1U˜+1 ≤U˜+2 (t, θ)dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
9
A12
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(U˜1 − U˜2)2(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
36
A11
∫ 1
0
P˜2Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(U˜1 − U˜2)2(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
18
A6
∫ 1
0
Y˜2,η(t, η)e−
1
A2
Y˜2(t,η)
∫ η
0
e
1
A2
Y˜2(t,θ)U˜22 Y˜2,η(U˜1 − U˜2)2(t, θ)dθdη
=
∥∥∥Y˜1 − Y˜2∥∥∥2
− 18A2
A6
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(U˜1 − U˜2)2(t, θ)dθ
∣∣1
η=0
+
18A2
A6
∫ 1
0
U˜22 Y˜2,η(U˜1 − U˜2)2(t, η)dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 18 ∥∥∥U˜1 − U˜2∥∥∥2 ,
where we in the last step used (4.15b) and (4.16c), which imply that
(5.12)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(U˜1 − U˜2)2(t, θ)dθ ≤ 8A5P˜2(t, η),
and hence the left-hand side of (5.12) tends to 0 as η to 0 or 1 according to (3.40).
Thus the second term above vanishes.
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As far as the third and the fourth term J3 and J4 are concerned, they again have
the same structure, and hence we only consider the integral corresponding to J3,
i.e.,∫ 1
0
J3(Y˜1 − Y˜2)(t, η)dη
=
1
A6
1A1≤A2
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ))) min
j
(U˜+j )3Y˜2,η(t, θ)dθ
)
dη.
Recall Lemma A.1 (ii). Direct computations yield
|
∫ 1
0
J3(Y˜1 − Y˜2)(t, η)dη|
=
1
A6
1A1≤A2 |
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜+j )3Y˜2,η(t, θ)dθ
)
dη|
≤ 4|A1 −A2|
aA6e
1A1≤A2
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
e−
3
4A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜+j )3Y˜2,η(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 16|A1 −A2|2
a2A12e2
1A1≤A2
×
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
3
4A2
(Y˜2(t,η)−Y˜2(t,θ))|U˜1|U˜22 Y˜2,η(t, θ)dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
16a4|A1 −A2|2
a2A12e2
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
64|A1 −A2|2
A9e2
∫ 1
0
P˜2Y˜22,η(t, η)
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
32|A1 −A2|2
A4e2
∫ 1
0
Y˜2,η(t, η)e−
1
2A2
Y˜2(t,η)
∫ η
0
e
1
2A2
Y˜2(t,θ)U˜22 Y˜2,η(t, θ)dθdη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 64A2|A1 −A2|2
A4e2
×
(
−
∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ|1η=0 +
∫ 1
0
U˜22 Y˜2,η(t, η)dη
)
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≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 128A2
e2
|A1 −A2|2
≤ O(1)(
∥∥∥Y˜1 − Y˜2∥∥∥2 + |A1 −A2|2).
As far as the terms J5 and J6 are concerned, they again have the same structure,
and hence we only consider the integral corresponding to J5, i.e.,∫ 1
0
J5(Y˜1 − Y˜2)(t, η)dη = 1
A6
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
(e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(U˜+j )3Y˜2,η(t, θ)1B(η)(t, θ)dθ
)
dη.
The main ingredient is the following estimate
(5.13) |e− 1a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ))|
≤ 1
a
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))(|Y˜2(t, θ)− Y˜1(t, θ)|+ |Y˜2(t, η)− Y˜1(t, η)|)
for all (t, θ) ∈ B(η),
which follows from Lemma A.1 (i).
Direct computations yield
|
∫ 1
0
J5(Y˜1 − Y˜2)(t, η)dη|
=
1
A6
|
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
(∫ η
0
(e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(U˜+j )3Y˜2,η(t, θ)1B(η)(t, θ)dθ
)
dη|
≤ 1
aA6
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
(|Y˜2(t, η)− Y˜1(t, η)|+ |Y˜2(t, θ)− Y˜1(t, θ)|)
× e− 1a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜+j )3Y˜2,η(t, θ)dθ
)
dη
≤ 1
aA6
∫ 1
0
(Y˜1 − Y˜2)2Y˜2,η(t, η)
×
(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜+j )3Y˜2,η(t, θ)dθ
)
dη
+
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
a2A12
∫ 1
0
Y˜22,η(t, η)
×
(∫ η
0
|Y˜1(t, θ)− Y˜2(t, θ)|e− 1a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜+j )3Y˜2,η(t, θ)dθ
)2
dη
≤ 4
A4
∫ 1
0
(Y˜1 − Y˜2)2P˜2Y˜2,η(t, η)dη +
∥∥∥Y˜1 − Y˜2∥∥∥2
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+
1
a2A12
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
(Y˜1 − Y˜2)2(t, θ)e− 1a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜4j )Y˜2,η(t, θ)dθ
)
dη
≤ (2A+ 1)
∥∥∥Y˜1 − Y˜2∥∥∥2 + 4
a2A11
∫ 1
0
P˜2Y˜22,η(t, η)
×
(∫ η
0
(Y˜1 − Y˜2)2(t, θ)e− 1a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜4j )Y˜2,η(t, θ)dθ
)
dη
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 + 2
a2A6
∫ 1
0
Y˜2,η(t, η)
×
(∫ η
0
(Y˜1 − Y˜2)2(t, θ)e− 1a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜4j )Y˜2,η(t, θ)dθ
)
dη
= O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 + 2
a2A6
∫ 1
0
Y˜2,η(t, η)e− 1a Y˜2(t,η)
×
∫ η
0
(Y˜1 − Y˜2)2(t, θ)e 1a Y˜2(t,θ) min
j
(U˜4j )Y˜2,η(t, θ)dθdη
= O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2
− 2
aA6
∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2 min
j
(U˜4j )Y˜2,η(t, θ)dθ
∣∣∣1
η=0
+
2
aA6
∫ 1
0
(Y˜1 − Y˜2)2 min
j
(U˜4j )Y˜2,η(t, η)dη
≤ O(1)
∥∥∥Yˆ1 − Yˆ2∥∥∥2
where O(1) denotes some constant which only depends on A and which remains
bounded as A→ 0. We used, cf. (4.16c), that∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ ≤
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
≤ 4A2P˜2(t, η).
In the last step we used (4.15b), (4.15g), and finally that
|
∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2 min
j
(U˜4j )Y˜2,η(t, θ)dθ|
≤ (
∥∥∥Y˜1U˜1∥∥∥2
L∞
+
∥∥∥Y˜2U˜2∥∥∥2
L∞
)8AP˜2(t, η).
Since P˜i(t, η) tends to 0 as η tends to 0 and 1, the term on left-hand side tends to
zero as η tends to 0 and 1, respectively, cf. (3.40).
Consider next the terms J7 and J8, i.e.,
(J7 + J8)(t, η) =
1
A6
Y˜2,η(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜2,η(t, θ)dθ
)
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− 1
A6
Y˜1,η(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
)
.
Here we have to be a bit more careful. Introducing
E =
{
(t, η) |
∫ η
0
Ω(t, η, θ)Y˜2,η(t, θ)dθ ≤
∫ η
0
Ω(t, η, θ)Y˜1,η(t, θ)dθ
}
,(5.14)
with
Ω(t, η, θ) = min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3(t, θ),
we can write
(J7 + J8)(t, η)
=
1
A6
Y˜2,η(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜2,η(t, θ)dθ
)
− 1
A6
Y˜1,η(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
)
=
1
A6
(Y˜2,η − Y˜1,η)(t, η)
×min
k
[ ∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜k,η(t, θ)dθ
]
+
1
A6
Yˆ1,η(t, η)
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(U˜+j )3(Y˜2,η − Y˜1,η)(t, θ)dθ1E(t, η)
+
1
A6
Yˆ2,η(t, η)
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(U˜+j )3(Y˜2,η − Y˜1,η)(t, θ)dθ1Ec(t, η)
= (L1 + L2 + L3)(t, η).
As far as the first term L1 is concerned, the corresponding integral can be esti-
mated as follows (we use (3.40))
|
∫ 1
0
L1(Y˜1 − Y˜2)(t, η)dη|
=
1
A6
∣∣∣ ∫ 1
0
(Y˜1 − Y˜2)(Y˜2,η − Y˜1,η)(t, η)
×min
k
[ ∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜k,η(t, θ)dθ
]
dη
∣∣∣
=
∣∣∣− 1
2A6
(Y˜1 − Y˜2)2(t, η)
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×min
k
[ ∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜k,η(t, θ)dθ
]∣∣∣1
η=0
+
1
2A6
∫ 1
0
(Y˜1 − Y˜2)2(t, η)
× d
dη
min
k
[ ∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜k,η(t, θ)dθ
]
dη
∣∣∣
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 ,
where O(1) denotes some constant only depending on A, which remains bounded
as A→ 0, since the derivative
d
dη
min
k
[ ∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜k,η(t, θ)dθ
]
exists and is uniformly bounded, see Lemma A.8.
As far as the last term L3 (a similar argument works for L2) is concerned, the
corresponding integral can be estimated as follows,∫ 1
0
L3(Y˜1 − Y˜2)(t, η)dη
=
1
A6
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(U˜+j )3(Y˜2,η − Y˜1,η)(t, θ)dθ1Ec(t, η)dη
=
1
A6
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)1Ec(t, η)
×
[
(Y˜2 − Y˜1)(t, θ) min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3(t, θ)
∣∣∣η
θ=0
−
∫ η
0
(Y˜2 − Y˜1)(t, θ)
× [( d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))) min
j
(U˜+j )3(t, θ)
+ min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))(
d
dθ
min
j
(U˜+j )3)(t, θ)]dθ
]
dη
= − 1
A6
∫ 1
0
(Y˜1 − Y˜2)2 min
j
(U˜+j )3Y˜2,η(t, η)1Ec(t, η)dη
+
1
A6
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)1Ec(t, η)
×
∫ η
0
(Y˜1 − Y˜2)(t, θ)
×
[
(
d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))) min
j
(U˜+j )3(t, θ)
+ min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))(
d
dθ
min
j
(U˜+j )3)(t, θ)]dθ
]
dη
= L31 + L32.
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As far as the first term L31 is concerned, we have, since
min
j
(U˜+j )3Y˜i,η(t, η) ≤ A5 min
j
(U˜+j ) ≤
1√
2
A7,
that
|L31| ≤
∣∣ 1
A6
∫ 1
0
(Y˜1 − Y˜2)2 min
j
(U˜+j )3Y˜2,η(t, η)1Ec(t, η)dη
∣∣
≤ A√
2
∥∥∥Y˜1 − Y˜2∥∥∥2 = O(1) ∥∥∥Y˜1 − Y˜2∥∥∥2 ,
where O(1) denotes a constant, which only depends on A and which remains
bounded as A→ 0.
The second term L32, on the other hand, is a bit more demanding. We start by
considering the first part of L32. From Lemma A.2 we have that
| d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))| ≤ 1
a
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) max
j
(Y˜j,η(t, θ)).
This implies that
1
A6
|
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)1Ec(t, η)
∫ η
0
(Y˜1 − Y˜2)(t, θ)
× ( d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3(t, θ)dθdη|
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
A12
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
(Y˜1 − Y˜2)(t, θ)
× ( d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3(t, θ)dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
a2A12
∫ 1
0
Y˜22,η(t, η)
×
(∫ η
0
(Y˜1 − Y˜2)(t, θ) min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(U˜+j )3 max
j
(Y˜j,η)(t, θ)dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
a2A2
∫ 1
0
Y˜22,η(t, η)
×
(∫ η
0
(Y˜1 − Y˜2)(t, θ) min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + a2
2A2
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
(Y˜1 − Y˜2)(t, θ)
×min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
1
2
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
)
×
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))dθ
)
dη
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≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
1
2A5
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
)
×
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))(2P˜2Y˜2,η + H˜2,η)(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
1
2A5
∫ 1
0
8AP˜2Y˜22,η(t, η)
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+ 2A
∫ 1
0
Y˜2,η(t, η)e−
1
2A2
Y˜2(t,η)
∫ η
0
e
1
2A2
Y˜2(t,θ)(Y˜1 − Y˜2)2(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 4AA2(− ∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ|1η=0
+
∫ 1
0
(Y˜1 − Y˜2)2(t, η)dη
)
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 .
Here we used (4.13) and (4.16e). Furthermore, we use (4.16f).
Next, we turn to the second half of L32. Recall first (4.16g).
From Lemma A.2 we have that∣∣ d
dθ
min
j
(U˜+j )3(t, θ)
∣∣ ≤ 2A4 min
j
(U˜+j )(t, θ).
Thus we can conclude as before
1
A6
∣∣∣ ∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)1Ec(t, η)
∫ η
0
(Y˜1 − Y˜2)(t, θ) min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×
(
d
dθ
min
j
(U˜+j )3
)
(t, θ)dθ dη
∣∣∣
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
A12
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
(Y˜1 − Y˜2)(t, θ) min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×
(
d
dθ
min
j
(U˜+j )3
)
(t, θ)dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 4
A4
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
|Y˜1 − Y˜2|(t, θ)e− 1a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜+j )(t, θ)dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
4
A4
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
(Y˜1 − Y˜2)2(t, θ)e− 1a (Y˜2(t,η)−Y˜2(t,θ))dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 (t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
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+
24
A4
∫ 1
0
P˜2Y˜22,η(t, η)
(∫ η
0
(Y˜1 − Y˜2)2(t, θ)e− 1a (Y˜2(t,η)−Y˜2(t,θ))dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+ 12A
∫ 1
0
Y˜2,η(t, η)e− 1a Y˜2(t,η)
(∫ η
0
(Y˜1 − Y˜2)2(t, θ)e 1a Y˜2(t,θ)dθ
)
dη
=
∥∥∥Y˜1 − Y˜2∥∥∥2 + 12aA(− ∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
∣∣1
η=0
+
∫ 1
0
(Y˜1 − Y˜2)2(t, η)dη
)
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 .
We conclude that
|L32| ≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 .
Finally, we have a look at J9 (the argument for J10 follows the same lines). We
have
∣∣ ∫ 1
0
J9(Y˜1 − Y˜2)(t, η)dη
∣∣
=
∣∣A61 −A62
A61A
6
2
1A1≤A2
∫ 1
0
(Y˜1 − Y˜2)Y˜1,η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
)
dη
∣∣
≤ A
6
2 −A61√
2A61A
6
2
A211A1≤A2
×
∫ 1
0
|Y˜1 − Y˜2|Y˜1,η(t, η)
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜21 Y˜1,η(t, θ)dθ
)
dη
≤ 4A
6
2 −A61√
2A61A
6
2
A311A1≤A2
∫ 1
0
|Y˜1 − Y˜2|P˜1Y˜1,η(t, η)dη
≤ 2A
6
2 −A61√
2A61A
6
2
A811A1≤A2
∫ 1
0
|Y˜1 − Y˜2|(t, η)dη
≤ 6
√
2A(A2 −A1)
∥∥∥Y˜1 − Y˜2∥∥∥
≤ 6A
(∥∥∥Y˜1 − Y˜2∥∥∥2 + |A1 −A2|2).
We now turn our attention to I32, i.e.,
I32 =
∫ 1
0
(Y˜1 − Y˜2)(t, η)
( 1
A62
Y˜2,η(t, η)
∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|P˜2U˜2Y˜2,η(t, θ)dθ
− 1
A61
Y˜1,η(t, η)
∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|P˜1U˜1Y˜1,η(t, θ)dθ
)
dη.
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As before, we are only going to establish the estimates for one part of it, since the
other parts can be treated similarly. Let
I˜32 =
∫ 1
0
(Y˜1 − Y˜2)(t, η)
( 1
A62
Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜+2 Y˜2,η(t, θ)dθ
− 1
A61
Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
=
1
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
(
Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜+2 Y˜2,η(t, θ)dθ
− Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
+
( 1
A62
− 1
A61
)
1A1≤A2
∫ 1
0
(Y˜1 − Y˜2)Y˜1,η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
+
( 1
A62
− 1
A61
)
1A2<A1
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜+2 Y˜2,η(t, θ)dθ
)
dη
= K˜1 + K˜2 + K˜3.
(5.15)
Direct calculations yield for K˜2 (and similar for K˜3) that
|K˜2| ≤ A
6
2 −A61
A61A
6
2
1A1≤A2
×
∫ 1
0
|Y˜1 − Y˜2|Y˜1,η(t, η)
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
≤ A
6
2 −A61
A61A
6
2
∥∥∥Y˜1 − Y˜2∥∥∥
×
(∫ 1
0
Y˜21,η(t, η)
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜+1 Y˜1,η(t, θ)dθ
)2
dη
)1/2
≤ A
6
2 −A61
A61A
6
2
∥∥∥Y˜1 − Y˜2∥∥∥(∫ 1
0
Y˜21,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜21 Y˜1,η(t, θ)dθ
×
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜21 Y˜1,η(t, θ)dθdη
)1/2
≤
√
6
A62 −A61
A31A
6
2
∥∥∥Y˜1 − Y˜2∥∥∥(∫ 1
0
P˜21 Y˜21,η(t, η)dη
)1/2
≤
√
6
2
A62 −A61
A4
∥∥∥Y˜1 − Y˜2∥∥∥
≤ O(1)(
∥∥∥Y˜1 − Y˜2∥∥∥2 + |A2 −A1|2),
where we used (4.16b), (4.16c), and A1 ≤ A2.
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On the other hand, the term K˜1 needs to be rewritten a bit more. Namely,
K˜1 =
1
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
(
Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜+2 Y˜2,η(t, θ)dθ
− Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
=
1
A6
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜2 − P˜1)U˜+2 Y˜2,η(t, θ)1P˜1≤P˜2(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(Y˜1 − Y˜2)Y˜1,η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(P˜2 − P˜1)U˜+1 Y˜1,η(t, θ)1P˜2<P˜1(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j)(U˜+2 − U˜+1 )Y˜2,η(t, θ)1U˜+1 ≤U˜+2 (t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(Y˜1 − Y˜2)Y˜1,η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) min
j
(P˜j)(U˜+2 − U˜+1 )Y˜1,η(t, θ)1U˜+2 <U˜+1 (t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
×
(
Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
− Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
dη
= J˜1 + J˜2 + J˜3 + J˜4 + J˜5.
We start by having a close look at J˜1 (J˜2 can be handled similarly). One has
|J˜1| ≤ 1
A6
|
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜2 − P˜1)U˜+2 Y˜2,η(t, θ)1P˜1≤P˜2(t, θ)dθ
)
dη|
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
A12
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
× (P˜1/22 − P˜1/21 )(P˜1/22 + P˜1/21 )U˜+2 Y˜2,η(t, θ)1P˜1≤P˜2(t, θ)dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
A12
∫ 1
0
Y˜22,η(t, η)
×
(
2
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜1/22 − P˜1/21 )P˜1/22 U˜+2 Y˜2,η(t, θ)dθ
)2
dη
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≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 4
A12
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜1/22 − P˜1/21 )2P˜2Y˜2,η(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 16
A11
∫ 1
0
P˜2Y˜22,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜1/22 − P˜1/21 )2P˜2Y˜2,η(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 8
A6
∫ 1
0
Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜1/22 − P˜1/21 )2P˜2Y˜2,η(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 8
A6
∫ 1
0
Y˜2,η(t, η)e−
1
A2
Y˜2(t,η)
×
(∫ η
0
e
1
A2
Y˜2(t,θ)(P˜1/22 − P˜1/21 )2P˜2Y˜2,η(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
8A2
A6
(
−
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜1/22 − P˜1/21 )2P˜2Y˜2,η(t, θ)dθ|1η=0
+
∫ 1
0
(P˜1/22 − P˜1/21 )2P˜2Y˜2,η(t, η)dη
)
≤ O(1)(
∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2),
where we used that
0 ≤
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜1/22 − P˜1/21 )2P˜2Y˜2,η(t, η)dη
≤ A4
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
≤ A4
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Y˜2,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜22 Y˜2,η(t, θ)dθ
)1/2
≤ A5O(1)P˜1/22 (t, η),
where the very last term tends to 0 as η → 0, 1. In the last step we used (4.16b).
Next, we investigate J˜3 (J˜4 can be handled in a similar way). The argument is
a bit more involved and hence we start with some preliminary estimates. One has∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 − U˜+1 )2P˜2Y˜2,η(t, θ)dθ
≤ 2A4
∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
≤ 2A4
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))Y˜2,η(t, θ)dθ
)1/2
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×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜22 Y˜2,η(t, θ)dθ
)1/2
≤ A5O(1)P˜1/42 (t, η),
where the term on the right-hand side tends to 0 for η → 0, 1. In the last step we
used (4.16j), cf. (3.35) (and the derivate Q˜2,η can be found from (4.7) and (4.9)).
With these estimates in mind, we end up with, recalling (4.16e),
|J˜3| = 1
A6
|
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j)(U˜+2 − U˜+1 )Y˜2,η(t, θ)1U˜+1 ≤U˜+2 (t, θ)dθ
)
dη|
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
1
A12
∫ 1
0
Y˜22,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j)(U˜+2 − U˜+1 )Y˜2,η(t, θ)1U˜+1 ≤U˜+2 (t, θ)dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
1
A12
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 − U˜+1 )2P˜2Y˜2,η(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 2
A11
∫ 1
0
P˜2Y˜22,η(t, η)
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 − U˜+1 )2P˜2Y˜2,η(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
1
A6
∫ 1
0
Y˜2,η(t, η)e−
1
2A2
Y˜2(t,η)
(∫ η
0
e
1
2A2
Y˜2(t,θ)(U˜+2 − U˜+1 )2P˜2Y˜2,η(t, θ)dθ
)
dη
=
∥∥∥Y˜1 − Y˜2∥∥∥2
+
1
A6
(
− 2A2
∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 − U˜+1 )2P˜2Y˜2,η(t, θ)dθ|1η=0
+ 2A2
∫ 1
0
(U˜+2 − U˜+1 )2P˜2Y˜2,η(t, η)dη
)
≤ O(1)( ∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜2 − U˜1∥∥∥2 ).
As far as J˜5 is concerned, we have to rewrite it a bit more. Namely,
J˜5 =
1
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
×
(
Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
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− Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
dη
=
1
A6
1A1≤A2
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ)))
×min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
)
dη
+
1
A6
1A2<A1
∫ 1
0
(Y˜1 − Y˜2)Y˜1,η(t, η)
×
(∫ η
0
(e−
1
A2
(Y˜1(t,η)−Y˜1(t,θ)) − e− 1A1 (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
(e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ))) min
j
(P˜j)
×min
j
(U˜+j )Y˜2,η(t, θ)1B(η)(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(Y˜1 − Y˜2)Y˜1,η(t, η)
×
(∫ η
0
(e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ))) min
j
(P˜j)
×min
j
(U˜+j )Y˜1,η(t, θ)1Bc(η)(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
×
(
Y˜2,η(t, η)
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j)
×min
j
(U˜+j )Y˜2,η(t, θ)dθ
− Y˜1,η(t, η)
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j)
×min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
dη
= L˜1 + L˜2 + L˜3 + L˜4 + L˜5,
where B(η) is given by (5.11).
Both L˜1 and L˜2 can be handled in much the same way, and therefore we only
consider L˜1. One has
|L˜1| = 1
A6
1A1≤A2 |
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ)))
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×min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
)
dη|
≤ 4
aA6e
1A1≤A2
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
e−
3
4A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j) min(U˜+j )Y˜2,η(t, θ)dθ
)
dη|A1 −A2|
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 16
a2A12e2
1A1≤A2
∫ 1
0
Y˜22,η(t, η)
×
(∫ η
0
e−
3
4A2
(Y˜2(t,η)−Y˜2(t,θ))|U˜1|P˜2Y˜2,η(t, θ)dθ
)2
dη|A1 −A2|2
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 8
A10e2
∫ 1
0
Y˜22,η(t, η)
×
(∫ η
0
e−
3
4A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
)2
dη|A1 −A2|2
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 8
A10e2
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
5
4A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
4A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
)
dη|A1 −A2|2
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 32
A9e2
∫ 1
0
P˜2Y˜22,η(t, η)
×
(∫ η
0
e−
1
4A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
)
dη|A1 −A2|2
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 16
A4e2
∫ 1
0
Y˜2,η(t, η)e−
1
4A2
Y˜2(t,η)
×
∫ η
0
e
1
4A2
Y˜2(t,θ)P˜2Y˜2,η(t, θ)dθdη|A1 −A2|2
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 64
A3e2
(
−
∫ η
0
e−
1
4A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
∣∣1
η=0
+
∫ 1
0
P˜2Y˜2,η(t, η)dη
)
|A1 −A2|2
≤ O(1)(
∥∥∥Y˜1 − Y˜2∥∥∥2 + |A1 −A2|2),
where we used (4.16h).
Next we turn our attention to L˜3 and L˜4, which can be handled in much the
same way, and therefore we only consider L˜3. One has
|L˜3| = 1
A6
|
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
(e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ))) min
j
(P˜j)
×min
j
(U˜+j )Y˜2,η(t, θ)1B(η)(t, θ)dθ
)
dη|
≤ 1
aA6
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
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×
(∫ η
0
(|Y˜1(t, η)− Y˜2(t, η)|+ |Y˜1(t, θ)− Y˜2(t, θ)|)
× e− 1a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
)
dη
=
1
aA6
∫ 1
0
(Y˜1 − Y˜2)2Y˜2,η(t, η)
×
(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
)
dη
+
1
aA6
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
(∫ η
0
|Y˜1(t, θ)− Y˜2(t, θ)|
× e− 1a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
)
dη
≤ 1√
2A6
∫ 1
0
(Y˜1 − Y˜2)2Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜3/42 U˜+2 Y˜2,η(t, θ)dθ
)
dη
+
1√
2A6
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
|Y˜1(t, θ)− Y˜2(t, θ)|e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜3/42 U˜+2 Y˜2,η(t, θ)dθ
)
dη
≤ 1√
2A6
∫ 1
0
(Y˜1 − Y˜2)2Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜3/22 Y˜2,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)1/2
dη
+
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
2A12
∫ 1
0
Y˜22,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))|Y˜1 − Y˜2|P˜3/42 U˜+2 Y˜2,η(t, θ)dθ
)2
dη
≤ 3
A4
∫ 1
0
(Y˜1 − Y˜2)2P˜2Y˜2,η(t, η)dη +
∥∥∥Y˜1 − Y˜2∥∥∥2
+
1
2A12
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2P˜3/22 Y˜2,η(t, θ)dθ
)
dη
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2
+
1
A6
∫ 1
0
Y˜2,η(t, η)e−
1
A2
Y˜2(t,η)
(∫ η
0
e
1
A2
Y˜2(t,θ)(Y˜1 − Y˜2)2P˜3/22 Y˜2,η(t, θ)dθ
)
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2
+
1
A5
(
−
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2P˜3/22 Y˜2,η(t, θ)dθ
∣∣∣1
θ=0
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+
∫ 1
0
(Y˜1 − Y˜2)2P˜3/22 Y˜2,η(t, η)dη
)
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 ,
where we used (4.16k) for β = 12 .
Finally, we can turn our attention to L˜5, which we need to split into several
parts. We write
L˜5 =
1
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
×
(
Y˜2,η(t, η)
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j)
×min
j
(U˜+j )Y˜2,η(t, θ)dθ
− Y˜1,η(t, η)
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j)
×min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
dη
=
1
A6
∫ 1
0
(Y˜1 − Y˜2)(Y˜2,η − Y˜1,η)(t, η)
×min
k
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j)
×min
j
(U˜+j )Y˜k,η(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)1E˜c(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j)
× min
j
(U˜+j )(Y˜2,η − Y˜1,η)(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(Y˜1 − Y˜2)Y˜1,η(t, η)1E˜(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j)
×min
j
(U˜+j )(Y˜2,η − Y˜1,η)(t, θ)dθ
)
dη
= L˜51 + L˜52 + L˜53,
where E˜ is given by
E˜ =
{
(t, η) |
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
≤
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
}
.(5.16)
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As far as the first term L˜51 is concerned, it can be estimated as follows (we use
(3.40))
|L˜51| = 1
A6
|
∫ 1
0
(Y˜1 − Y˜2)(Y˜2,η − Y˜1,η)(t, η)
×min
k
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j)
×min
j
(U˜+j )Y˜k,η(t, θ)dθ
)
dη|
=
1
2A6
∣∣∣− (Y˜1 − Y˜2)2(t, η)
×min
k
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j)
×min
j
(U˜+j )Y˜k,η(t, θ)dθ
)∣∣∣1
η=0
+
∫ 1
0
(Y˜1 − Y˜2)2(t, η)
× d
dη
min
k
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j)
×min
j
(U˜+j )Y˜k,η(t, θ)dθ
)
dη
∣∣∣
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 ,(5.17)
where O(1) denotes some constant only depending on A, which remains boundes
as A→ 0, provided we can show that the derivative in the latter integral exists and
is uniformly bounded. In fact, from Lemma A.6 we have that
d
dη
min
k
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )Y˜k,η(t, θ)dθ
)
exists and is uniformly bounded.
As far as the term L˜52 (a similar argument works for L˜53) is concerned, the
integral can be estimated as follows,
L˜52 =
1
A6
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)1E˜c(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j)
×min
j
(U˜+j )(Y˜2,η − Y˜1,η)(t, θ)dθ
)
dη
=
1
A6
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)1E˜c(t, η)
×
[
(Y˜2 − Y˜1)(t, θ) min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j)
×min
j
(U˜+j )(t, θ)
∣∣∣η
θ=0
−
∫ η
0
(Y˜2 − Y˜1)(t, θ)
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× [( d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))) min
j
(P˜j) min
j
(U˜+j )(t, θ)
+ min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))(
d
dθ
min
j
(P˜j) min
j
(U˜+j ))(t, θ)dθ
]
dη
]
= − 1
A6
∫ 1
0
(Y˜1 − Y˜2)2 min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, η)1E˜c(t, η)dη
+
1
A6
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)1E˜c(t, η)
×
∫ η
0
(Y˜1 − Y˜2)(t, θ)
×
[
(
d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))) min
j
(P˜j) min
j
(U˜+j )(t, θ)
+ min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
( d
dθ
min
j
(P˜j) min
j
(U˜+j )
)
(t, θ)dθ
]
dη
= M1 +M2.
As far as the first term M1 is concerned, we have since
2 min
j
(P˜j) min
j
(U˜+j )Y˜i,η(t, η) ≤ A5 min
j
(U˜+j )(t, η) ≤
A7√
2
,
that
|M1| ≤ 1
A6
∫ 1
0
(Y˜1 − Y˜2)2 min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, η)dη
≤ A
2
√
2
∥∥∥Y˜1 − Y˜2∥∥∥2 = O(1)∥∥∥Y˜1 − Y˜2∥∥∥2 ,
where O(1) denotes some constant, which only depends on A and which remains
bounded as A→ 0.
The second term M2, on the other hand, is a bit more demanding. (i): First of
all recall (A.4), i.e.,
| d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))| ≤ 1
a
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) max
j
(Y˜j,η)(t, θ),
which implies that
1
A6
|
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)1E˜c(t, η)
∫ η
0
(Y˜1 − Y˜2)(t, θ)
× ( d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
)
min
j
(P˜j) min
j
(U˜+j )(t, θ)dθdη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
A12
∫ 1
0
Y˜22,η(t, η)1E˜c(t, η)
(∫ η
0
(Y˜1 − Y˜2)(t, θ)
× ( d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
)
min
j
(P˜j) min
j
(U˜+j )(t, θ)dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
4a2A2
∫ 1
0
Y˜22,η(t, η)
×
(∫ η
0
|Y˜1 − Y˜2|(t, θ)e− 1a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜+j )(t, θ)dθ
)2
dη
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≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + a2
8A2A52
∫ 1
0
Y˜22,η(t, η)
×
(∫ η
0
|Y˜1 − Y˜2|(t, θ)e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(2P˜2Y˜2,η + H˜2,η)1/2(t, θ)dθ)2dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
1
8A52
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
(Y˜1 − Y˜2)2(t, θ)e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))dθ
)
×
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))(2P˜2Y˜2,η + H˜2,η)(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
1
A42
∫ 1
0
P˜2Y˜22,η(t, η)
(∫ η
0
(Y˜1 − Y˜2)2(t, θ)e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
A
2
∫ 1
0
Y˜2,η(t, η)e−
1
2A2
Y˜2(t,η)
(∫ η
0
(Y˜1 − Y˜2)2(t, θ)e
1
2A2
Y˜2(t,θ)dθ
)
dη
=
∥∥∥Y˜1 − Y˜2∥∥∥2 −AA2 ∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
∣∣∣1
η=0
+AA2
∫ 1
0
(Y˜1 − Y˜2)2(t, η)dη
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 ,
where we used (4.16e) and (4.16f).
(ii): First of all we have to establish that minj(P˜j) minj(U˜+j )(t, θ) is Lipschitz
continuous with a uniformly bounded Lipschitz constant. More precisely, in Lemma
A.3 we show that
| d
dθ
(min
j
(P˜j) min
j
(U˜+j ))(t, θ)| ≤ 2A4(min
j
(P˜j)1/2 + |U˜2|)(t, θ).
We are now ready to establish a Lipschitz estimate for the second part of M2.
Indeed,
1
A6
|
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)1E˜c(t, η)
×
∫ η
0
(Y˜1 − Y˜2)(t, θ) min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×
(
d
dθ
min
j
(P˜j) min
j
(U˜+j )
)
(t, θ)dθdη|
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
A12
∫ 1
0
Y˜22,η(t, η)1E˜c(t, η)
×
(∫ η
0
(Y˜1 − Y˜2)(t, θ) min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
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×
(
d
dθ
min
j
(P˜j) min
j
(U˜+j )
)
(t, θ)dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 4
A4
∫ 1
0
Y˜22,η(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
× |Y˜1 − Y˜2|(min
j
(P˜j)1/2 + |U˜2|)(t, θ)dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 4(1 +√2)2
A4
∫ 1
0
Y˜22,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))|Y˜1 − Y˜2|P˜1/22 (t, θ)dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
36
A4
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2(t, θ)dθ
)
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
252
A4
∫ 1
0
P˜2Y˜22,η(t, η)
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+ 126A
∫ 1
0
Y˜2,η(t, η)e−
1
2A2
Y˜2(t,η)
(∫ η
0
e
1
2A2
Y˜2(t,θ)(Y˜1 − Y˜2)2(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+ 126A
(
− 2A2
∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
∣∣∣1
η=0
+
∫ 1
0
2A2(Y˜1 − Y˜2)2(t, η)dη
)
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 ,
where we used (4.16i). Thus we find that∣∣∣L˜52∣∣∣+ ∣∣∣L˜53∣∣∣ ≤ O(1)∥∥∥Y˜1 − Y˜2∥∥∥2 .
We now turn our attention to I33, i.e.,
I33 =
∫ 1
0
(Y˜1 − Y˜2)(t, η)
( 1
A62
Y˜2,η(t, η)
∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|Q˜2U˜2,η(t, θ)dθ
− 1
A61
Y˜1,η(t, η)
∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|Q˜1U˜1,η(t, θ)dθ
)
dη.
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As before, we apply (5.4). Thus it suffices to study the following term.
I¯33 =
∫ 1
0
(Y˜1 − Y˜2)(t, η)
( 1
A62
Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Q˜2U˜2,η(t, θ)dθ
− 1
A61
Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))Q˜1U˜1,η(t, θ)dθ
)
dη
=
1
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
(
Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Q˜2U˜2,η(t, θ)dθ
− Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))Q˜1U˜1,η(t, θ)dθ
)
dη
+
(
1
A62
− 1
A61
)
1A1≤A2
∫ 1
0
(Y˜1 − Y˜2)Y˜1,η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))Q˜1U˜1,η(t, θ)dθ
)
dη
+
(
1
A62
− 1
A61
)
1A2<A1
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Q˜2U˜2,η(t, θ)dθ
)
dη
= K¯1 + K¯2 + K¯3.
Direct calculations yield for K¯2 (and similar for K¯3) that
|K¯2| ≤ A
6
2 −A61
A51A
6
2
∫ 1
0
|Y˜1 − Y˜2|Y˜1,η(t, η)
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1|U˜1,η|(t, θ)dθ
)
dη
≤ A
6
2 −A61
A51A
6
2
∥∥∥Y˜1 − Y˜2∥∥∥
×
(∫ 1
0
Y˜21,η(t, η)
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1|U˜1,η|(t, θ)dθ
)2
dη
)1/2
≤ A
6
2 −A61
A61A
6
2
∥∥∥Y˜1 − Y˜2∥∥∥(∫ 1
0
Y˜21,η(t, η)
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜21 Y˜1,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))H˜1,η(t, θ)dθ
)
dη
)1/2
≤
√
6
A62 −A61
A31A
6
2
∥∥∥Y˜1 − Y˜2∥∥∥(∫ 1
0
P˜21 Y˜21,η(t, η)dη
)1/2
≤
√
6
2
A62 −A61
A4
∥∥∥Y˜1 − Y˜2∥∥∥
≤ O(1)
(∥∥∥Y˜1 − Y˜2∥∥∥2 + |A1 −A2|2).
Here we used (4.15m), (4.16b), and (4.16d).
K¯1, on the other hand, needs to be rewritten a bit more. Recall (4.7). Then we
can write
K¯1 =
1
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
(
Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Q˜2U˜2,η(t, θ)dθ
(5.18)
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− Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))Q˜1U˜1,η(t, θ)dθ
)
dη
=
1
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
(
A2Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜2,η(t, θ)dθ
−A1Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜1,η(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
(
Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))D˜1U˜1,η(t, θ)dθ
− Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))D˜2U˜2,η(t, θ)dθ
)
dη.
In the next step we are applying integration by parts, so that we get rid of U˜j,η(t, θ)
in the integrands and hence can therefore have a splitting into positive and negative
parts. Therefore note that for i = 1, 2, we have∫ η
0
e
− 1Ai (Y˜i(t,η)−Y˜i(t,θ))P˜iU˜i,η(t, θ)dθ
= e
− 1Ai (Y˜i(t,η)−Y˜i(t,θ))P˜iU˜i(t, θ)
∣∣∣η
θ=0
−
∫ η
0
e
− 1Ai (Y˜i(t,η)−Y˜i(t,θ))(
1
Ai
P˜i + 1
A2i
Q˜i)U˜iY˜i,η(t, θ)dθ
= P˜iU˜i(t, η)
−
∫ η
0
e
− 1Ai (Y˜i(t,η)−Y˜i(t,θ))(
2
Ai
P˜i − 1
A2i
D˜i)U˜iY˜i,η(t, θ)dθ
= P˜iU˜i(t, η)
− 2
Ai
∫ η
0
e
− 1Ai (Y˜i(t,η)−Y˜i(t,θ))P˜iU˜iY˜i,η(t, θ)dθ
+
1
A2i
∫ η
0
e
− 1Ai (Y˜i(t,η)−Y˜i(t,θ))D˜iU˜iY˜i,η(t, θ)dθ,
and∫ η
0
e
− 1Ai (Y˜i(t,η)−Y˜i(t,θ))D˜iU˜i,η(t, θ)dθ
=
∫ η
0
e
− 1Ai (Y˜i(t,η)−Y˜i(t,θ))
×
(∫ θ
0
e
− 1Ai (Y˜i(t,θ)−Y˜i(t,l))((U˜2i − P˜i)Y˜i,η(t, l) +
1
2
A5i )dl
)
U˜i,η(t, θ)dθ
=
∫ η
0
(∫ θ
0
e
− 1Ai (Y˜i(t,η)−Y˜i(t,l))((U˜2i − P˜i)Y˜i,η(t, l) +
1
2
A5i )dl
)
U˜i,η(t, θ)dθ
=
(∫ θ
0
e
− 1Ai (Y˜i(t,η)−Y˜i(t,l))((U˜2i − P˜i)Y˜i,η(t, l) +
1
2
A5i )dl
)
U˜i(t, θ)
∣∣∣η
θ=0
−
∫ η
0
e
− 1Ai (Y˜i(t,η)−Y˜i(t,θ))((U˜2i − P˜i)Y˜i,η(t, θ) +
1
2
A5i )U˜i(t, θ)dθ
= D˜iU˜i(t, η)
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−
∫ η
0
e
− 1Ai (Y˜i(t,η)−Y˜i(t,θ))((U˜2i − P˜i)Y˜i,η(t, θ) +
1
2
A5i )U˜i(t, θ)dθ.
Here we used that for θ ≤ η,
0 ≤
∫ θ
0
e
− 1Ai (Y˜i(t,η)−Y˜i(t,l))((U˜2i − P˜i)Y˜i,η(t, l) +
1
2
A5i )dl
≤
∫ η
0
e
− 1Ai (Y˜i(t,η)−Y˜i(t,l))((U˜2i − P˜i)Y˜i,η(t, l) +
1
2
A5i )dl ≤ D˜i(t, η) ≤ 2AiP˜i(t, η).
We finally end up with
K¯1 =
1
A6
∫ 1
0
(Y˜1 − Y˜2)(A2P˜2U˜2Y˜2,η −A1P˜1U˜1Y˜1,η)(t, η)dη
(5.19)
+
1
A6
∫ 1
0
(Y˜1 − Y˜2)(D˜1U˜1Y˜1,η − D˜2U˜2Y˜2,η)(t, η)dη
+
1
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
×
(
Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) 1
A2
D˜2U˜2Y˜2,η(t, θ)dθ
− Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) 1
A1
D˜1U˜1Y˜1,η(t, θ)dθ
)
dη
+
3
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
(
Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜1Y˜1,η(t, θ)dθ
− Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜2Y˜2,η(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
(
Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜32 Y˜2,η(t, θ)dθ
− Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜31 Y˜1,η(t, θ)dθ
)
dη
+
1
2A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
(
Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))A52U˜2(t, θ)dθ
− Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))A51U˜1(t, θ)dθ
)
dη
= K¯11 + K¯12 + K¯13 + K¯14 + K¯15 + K¯16.
We start by considering K¯11, which can be further split into
K¯11 =
1
A6
∫ 1
0
(Y˜1 − Y˜2)(A2P˜2U˜2Y˜2,η −A1P˜1U˜1Y˜1,η)(t, η)dη
=
1
A6
1A1≤A2(A2 −A1)
∫ 1
0
(Y˜1 − Y˜2)P˜2U˜2Y˜2,η(t, η)dη
+
1
A6
1A2<A1(A2 −A1)
∫ 1
0
(Y˜1 − Y˜2)P˜1U˜1Y˜1,η(t, η)dη
+
a
A6
∫ 1
0
(Y˜1 − Y˜2)(P˜2 − P˜1)U˜2Y˜2,η1P˜1≤P˜2(t, η)dη
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+
a
A6
∫ 1
0
(Y˜1 − Y˜2)(P˜2 − P˜1)U˜1Y˜1,η1P˜2<P˜1(t, η)dη
+
a
A6
∫ 1
0
(Y˜1 − Y˜2)(Y˜2,η − Y˜1,η) min
j
(P˜j)U˜2(t, η)dη
+
a
A6
∫ 1
0
(Y˜1 − Y˜2)(U˜2 − U˜1) min
j
(P˜j)Y˜1,η(t, η)dη
= B¯11 + B¯12 + B¯13 + B¯14 + B¯15 + B¯16.
For B¯11 we have (and similarly for B12) that
|B¯11| = 1
A6
1A1≤A2(A2 −A1)|
∫ 1
0
(Y˜1 − Y˜2)P˜2U˜2Y˜2,η(t, η)dη|
≤ A
2
√
2
|A1 −A2|
∫ 1
0
|Y˜1 − Y˜2|(t, η)dη
≤ O(1)(
∥∥∥Y˜1 − Y˜2∥∥∥2 + |A1 −A2|).
Recalling (4.15i), we have for B¯13 (and similarly for B¯14) that
|B¯13| = a
A6
|
∫ 1
0
(Y˜1 − Y˜2)(P˜2 − P˜1)U˜2Y˜2,η1P˜1≤P˜2(t, η)dη|
≤ 2
A5
∫ 1
0
|Y˜1 − Y˜2| |P˜1/22 − P˜1/21 |P˜1/22 |U˜2|Y˜2,η(t, η)dη
≤
√
2
∫ 1
0
|Y˜1 − Y˜2| |P˜1/22 − P˜1/21 |(t, η)dη
≤ O(1)
(∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥P˜1/22 − P˜1/21 ∥∥∥2 ).
As far as B¯15 is concerned, we want to use integration by parts. Therefore it is
important to recall (3.40), and Lemma A.3(ii), which imply that
|B¯15| = a
A6
|
∫ 1
0
(Y˜1 − Y˜2)(Y˜1,η − Y˜2,η) min
j
(P˜j)U˜2(t, η)dη|(5.20)
=
a
2A6
|(Y˜1 − Y˜2)2 min
j
(P˜j)U˜2(t, η)
∣∣∣1
η=0
−
∫ 1
0
(Y˜1 − Y˜2)2 d
dη
(min
j
(P˜j)U˜2)(t, η)dη|
=
a
2A6
|
∫ 1
0
(Y˜1 − Y˜2)2 d
dη
(min
j
(P˜j)U˜2)(t, η)dη|
≤ A
2
√
2
∥∥∥Y˜1 − Y˜2∥∥∥2 .
B¯16 is straightforward. Indeed, one has using (4.15e) that
|B¯16| = a
A6
|
∫ 1
0
(Y˜1 − Y˜2)(U˜1 − U˜2) min
j
(P˜j)Y˜1,η(t, η)dη|
≤ 1
2
∫ 1
0
|Y˜1 − Y˜2||U˜1 − U˜2|(t, η)dη
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≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥ .
We continue with K¯12. We can split K¯12 as follows
K¯12 =
1
A6
∫ 1
0
(Y˜1 − Y˜2)(D˜1U˜1Y˜1,η − D˜2U˜2Y˜2,η)(t, η)dη
=
1
A6
∫ 1
0
(Y˜1 − Y˜2)(D˜1 − D˜2)U˜1Y˜1,η1D˜2≤D˜1(t, η)dη
+
1
A6
∫ 1
0
(Y˜1 − Y˜2)(D˜1 − D˜2)U˜2Y˜2,η1D˜1<D˜2(t, η)dη
+
1
A6
∫ 1
0
(Y˜1 − Y˜2)(U˜1 − U˜2) min
j
(D˜j)Y˜1,η(t, η)dη
+
1
A6
∫ 1
0
(Y˜1 − Y˜2)(Y˜1,η − Y˜2,η) min
j
(D˜j)U˜2(t, η)dη
= B¯21 + B¯22 + B¯23 + B¯24.
As a first step we need to establish an estimate for (D˜1 − D˜2)(t, η). Note that
|U˜iY˜i,η(t, η)| ≤ A5/2
√
Y˜i,η(t, η), and hence it is in general unbounded. Thus our
estimate for (D˜1 − D˜2)(t, η) must take care of this problem.
Applying Lemma A.9 finally yields
|B¯21| ≤ 1
A6
∫ 1
0
|Y˜1 − Y˜2| |D˜1 − D˜2| |U˜1|Y˜1,η(t, η)1D˜2≤D˜1(t, η)dη
≤ 2
A9/2
∫ 1
0
(Y˜1 − Y˜2)2D˜1/21 |U˜1|Y˜1,η(t, η)dη
+
1
A6
∫ 1
0
(Y˜1 − Y˜2)2(U˜21 + P˜1)|U˜1|Y˜1,η(t, η)dη
+
2
√
2
A9/2
∥∥∥Y˜1 − Y˜2∥∥∥∫ 1
0
|Y˜1 − Y˜2|D˜1/21 |U˜1|Y˜1,η(t, η)dη
+
4
A3
∫ 1
0
|Y˜1 − Y˜2|(t, η)
×
(∫ η
0
e−
1
A (Y˜1(t,η)−Y˜1(t,θ))(U˜1 − U˜2)2(t, θ)dθ
)1/2
|U˜1|Y˜1,η(t, η)dη
+
2
√
2
A3
∫ 1
0
|Y˜1 − Y˜2|(t, η)
×
(∫ η
0
e−
1
A (Y˜1(t,η)−Y˜1(t,θ))(P˜1/21 − P˜1/22 )2(t, θ)dθ
)1/2
|U˜1|Y˜1,η(t, η)dη
+
3√
2A2
∫ 1
0
|Y˜1 − Y˜2|(t, η)
×
(∫ η
0
e−
1
a (Y˜1(t,η)−Y˜1(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
)1/2
|U˜1|Y˜1,η(t, η)dη
+
12
√
2√
3eA2
|A1 −A2|
∫ 1
0
|Y˜1 − Y˜2|(t, η)
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×
(∫ η
0
e−
3
4A (Y˜1(t,η)−Y˜1(t,θ))dθ
)1/2
|U˜1|Y˜1,η(t, η)dη
+
3
2A2
∫ 1
0
|Y˜1 − Y˜2|(t, η)
×
(∫ η
0
e−
1
a (Y˜1(t,η)−Y˜1(t,θ))|Y˜1 − Y˜2|(t, θ)dθ
)
|U˜1|Y˜1,η(t, η)dη
+
6
A2
|A1 −A2|
∫ 1
0
|Y˜1 − Y˜2|(t, η)
×
(∫ η
0
e−
3
4A (Y˜1(t,η)−Y˜1(t,θ))dθ
)
|U˜1|Y˜1,η(t, η)dη
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 + 16
A
∫ 1
0
Y˜1,η(t, η)e− 1A Y˜1(t,η)
×
(∫ η
0
e
1
A Y˜1(t,θ)((U˜1 − U˜2)2 + (P˜1/21 − P˜1/22 )2 +A(Y˜1 − Y˜2)2)(t, θ)dθ
)
dη
+ 12A1/2|A1 −A2|
∥∥∥Y˜1 − Y˜2∥∥∥
×
(∫ 1
0
Y˜1,η(t, η)e− 34A Y˜1(t,η)
(∫ η
0
e
3
4A Y˜1(t,θ)dθ
)
dη
)1/2
+
3A1/2
2
(∫ 1
0
Y˜1,η(t, η)e− 2a Y˜1(t,η)
(∫ η
0
e
2
a Y˜1(t,θ)dθ
)
dη
)1/2 ∥∥∥Y˜1 − Y˜2∥∥∥2
+ 6A1/2|A1 −A2|
∥∥∥Y˜1 − Y˜2∥∥∥
×
(∫ 1
0
Y˜1,η(t, η)e− 34A Y˜1(t,η)
(∫ η
0
e
3
4A Y˜1(t,θ)dθ
)
dη
)1/2
≤ O(1)(
∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2).
Following the same lines, one obtains
|B¯22| ≤ O(1)
(∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2).
The estimate for B¯23 is straightforward. Namely,
|B¯23| ≤ 2
A5
∫ 1
0
|Y˜1 − Y˜2||U˜1 − U˜2|P˜1Y˜1,η(t, η)dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 .
As far as B¯24 is concerned, recall from Lemma A.4 (ii) that
| d
dη
(
min
j
(D˜j)U˜2(t, η)
)| ≤ O(1)A7,
which yields, together with (3.40), that
|B¯24| = 1
A6
|
∫ 1
0
(Y˜1 − Y˜2)(Y˜1,η − Y˜2,η) min
j
(D˜j)U˜2(t, η)dη|
=
1
2A6
|(Y˜1 − Y˜2)2 min
j
(D˜j)U˜2(t, η)
∣∣∣1
η=0
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−
∫ 1
0
(Y˜1 − Y˜2)2(t, η) d
dη
(min
j
(D˜j)U˜2)(t, η)dη|
=
1
2A6
|
∫ 1
0
(Y˜1 − Y˜2)2(t, η) d
dη
(min
j
(D˜j)U˜2)(t, η)dη|
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 .
Next, we have a look at K¯13, which can be rewritten as follows
K¯13 =
1
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
×
(
Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) 1
A2
D˜2U˜2Y˜2,η(t, θ)dθ
− Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) 1
A1
D˜1U˜1Y˜1,η(t, θ)dθ
)
dη
=
1
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
×
(
Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) 1
A2
D˜2U˜+2 Y˜2,η(t, θ)dθ
− Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) 1
A1
D˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
×
(
Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) 1
A2
D˜2U˜−2 Y˜2,η(t, θ)dθ
− Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) 1
A1
D˜1U˜−1 Y˜1,η(t, θ)dθ
)
dη
= K¯+13 + K¯
−
13.
Note that both K¯+13 and K¯
−
13 have the same structure and hence we are only going
to present the details for K¯+13, which needs to be rewritten a bit more. Namely,
K¯+13 =
1
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
(
Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) 1
A2
D˜2U˜+2 Y˜2,η(t, θ)dθ
− Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) 1
A1
D˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
= 1A1≤A2
1
A6
( 1
A2
− 1
A1
)∫ 1
0
(Y˜1 − Y˜2)Y˜1,η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))D˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
+ 1A2<A1
1
A6
( 1
A2
− 1
A1
)∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))D˜2U˜+2 Y˜2,η(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
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×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(D˜2 − D˜1)U˜+2 Y˜2,η1D˜1≤D˜2(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(Y˜1 − Y˜2)Y˜1,η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(D˜2 − D˜1)U˜+1 Y˜1,η1D˜2<D˜1(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(D˜j)(U˜+2 − U˜+1 )Y˜2,η1U˜+1 ≤U˜+2 (t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(Y˜1 − Y˜2)Y˜1,η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) min
j
(D˜j)(U˜+2 − U˜+1 )Y˜1,η1U˜+2 <U˜+1 (t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A2 (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )Y˜2,η1B(η)(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(Y˜1 − Y˜2)Y˜1,η(t, η)
×
(∫ η
0
(e−
1
A1
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )Y˜1,η1B(η)c(t, θ)dθ
)
dη
+ 1A1≤A2
1
A7
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
(min
j
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))−min
j
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ))))
×min
j
(D˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
)
dη
+ 1A2<A1
1
A7
∫ 1
0
(Y˜1 − Y˜2)Y˜1,η(t, η)
×
(∫ η
0
(min
j
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))−min
j
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ))))
×min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(Y˜1 − Y˜2)(Y˜2,η − Y˜1,η)(t, η)
×min
k
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )Y˜k,η(t, θ)dθ
)
dη
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+
1
A7
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η1Dc(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )(Y˜2,η − Y˜1,η)(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(Y˜1 − Y˜2)Y˜1,η1D(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )(Y˜2,η − Y˜1,η)(t, θ)dθ
)
dη
= Bˆ31 + Bˆ32 + B¯31 + B¯32 + B¯33 + B¯34
+ B¯35 + B¯36 + Bˆ35 + Bˆ36 + B¯37 + B¯38 + B¯39,
where B(η) by (5.11) and
(5.21) D =
{
(t, η) |
∫ η
0
Υ (t, η, θ)Y˜2,η(t, θ)dθ ≤
∫ η
0
Υ (t, η, θ)Y˜1,η(t, θ)dθ
}
,
where
Υ (t, η, θ) = min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j ).
We start by estimating Bˆ31 (a similar argument works for Bˆ32. Direct calculations
yield
|Bˆ31| = 1A1≤A2
1
aA7
|A2 −A1|
∫ 1
0
|Y˜1 − Y˜2|Y˜1,η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))D˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
≤ 2
A7
|A1 −A2|
∫ 1
0
|Y˜1 − Y˜2|Y˜1,η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
≤ 2
A7
|A1 −A2|
∫ 1
0
|Y˜1 − Y˜2|Y˜1,η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜21 Y˜1,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜21 Y˜1,η(t, θ)dθ
)1/2
dη
≤ 2
√
6
A4
|A1 −A2|
∫ 1
0
|Y˜1 − Y˜2|P˜1Y˜1,η(t, η)dη
≤
√
6A|A1 −A2|
∫ 1
0
|Y˜1 − Y˜2|(t, η)dη
≤ O(1)( ∥∥∥Y˜1 − Y˜2∥∥∥2 + |A1 −A2|2).
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For B¯31 (a similar argument works for B¯32) we would like to apply some of the
estimates established when investigating K¯1. Thus we split B¯31 into even smaller
parts, i.e.,
|B¯31| ≤ 1
A7
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(d¯11 + d¯12)U˜+2 Y˜2,η1D˜1≤D˜2(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))T¯1U˜+2 Y˜2,η1D˜1≤D˜2(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))T¯2U˜+2 Y˜2,η1D˜1≤D˜2(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))T¯3U˜+2 Y˜2,η1D˜1≤D˜2(t, θ)dθ
)
dη
= B311 +B312 +B313 +B314.
By (A.12) and (A.13), we have that
(d¯11 + d¯12)(t, θ) ≤ 2A3/2D˜1/22 |Y˜1 − Y˜2|(t, θ) + 2
√
2A3/2D˜1/22 (t, θ)
∥∥∥Y˜1 − Y˜2∥∥∥ ,
and hence
B311 ≤ 2
A11/2
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))|Y˜1 − Y˜2|D˜1/22 U˜+2 Y˜2,η(t, θ)dθ
)
dη
+
2
√
2
A11/2
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))D˜1/22 U˜+2 Y˜2,η(t, θ)dθ
)
dη
∥∥∥Y˜1 − Y˜2∥∥∥
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
4
A11
∫ 1
0
Y˜22,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))|Y˜1 − Y˜2|D˜1/22 U˜+2 Y˜2,η(t, θ)dθ
)2
dη
+
2
√
2
A11/2
∥∥∥Y˜1 − Y˜2∥∥∥2
×
(∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))D˜1/22 U˜+2 Y˜2,η(t, θ)dθ
)2
dη
)1/2
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≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
4
A11
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2D˜2Y˜2,η(t, θ)dθ
)
dη
+
2
√
2
A11/2
∥∥∥Y˜1 − Y˜2∥∥∥2 (∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))D˜2Y˜2,η(t, θ)dθ
)
dη
)1/2
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
8
A5
∫ 1
0
Y˜2,η(t, η)e−
1
A2
Y˜2(t,η)
(∫ η
0
e
1
A2
Y˜2(t,θ)(Y˜1 − Y˜2)2D˜2Y˜2,η(t, θ)dθ
)
dη
+
4
A5/2
∥∥∥Y˜1 − Y˜2∥∥∥2
×
(∫ 1
0
Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))D˜2Y˜2,η(t, θ)dθ
)
dη
)1/2
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
8A2
A5
[
−
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2D˜2Y˜2,η(t, θ)dθ
∣∣∣1
η=0
+
∫ 1
0
(Y˜1 − Y˜2)2D˜2Y˜2,η(t, η)dη
]
+ 4A1/2
∥∥∥Y˜1 − Y˜2∥∥∥2 (∫ 1
0
Y˜2,η(t, η)e−
1
A2
Y˜2(t,η)
(∫ η
0
e
1
A2
Y˜2(t,θ)dθ
)
dη
)1/2
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 .
Recalling the estimate for T¯1, we have that
B312 ≤ 1
A7
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))|Y˜1 − Y˜2||U˜2|3Y˜2,η(t, θ)dθ
)
dη
+
4
A4
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
A (Y˜2(t,θ)−Y˜2(t,l))(U˜1 − U˜2)2(t, l)dl
)1/2
U˜+2 Y˜2,η(t, θ)dθ
)
dη
+
√
2
A3
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))(Y˜1 − Y˜2)2(t, l)dl
)1/2
U˜+2 Y˜2,η(t, θ)dθ
)
dη
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+
1
A3
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))|Y˜1 − Y˜2|(t, l)dl
)
U˜+2 Y˜2,η(t, θ)dθ
)
dη
+
8
√
2√
3eA3
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)1/2
U˜+2 Y˜2,η(t, θ)dθ
)
dη|A1 −A2|
≤ 5
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
A14
∫ 1
0
Y˜22,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))|Y˜1 − Y˜2| |U˜2|3Y˜2,η(t, θ)dθ
)2
dη
+
16
A8
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
A (Y˜2(t,θ)−Y˜2(t,l))(U˜1 − U˜2)2(t, l)dl
)1/2
U˜+2 Y˜2,η(t, θ)dθ
)2
dη
+
2
A6
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))(Y˜1 − Y˜2)2(t, l)dl
)1/2
U˜+2 Y˜2,η(t, θ)dθ
)2
dη
+
1
A6
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))|Y˜1 − Y˜2|(t, l)dl
)
U˜+2 Y˜2,η(t, θ)dθ
)2
dη
+
128
3e2A6
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)1/2
U˜+2 Y˜2,η(t, θ)dθ
)2
dη|A1 −A2|2
≤ 5
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
A14
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜42 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2U˜22 Y˜2,η(t, θ)dθ
)
dη
+
16
A8
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
A (Y˜2(t,θ)−Y˜2(t,l))(U˜1 − U˜2)2(t, l)dl
)
Y˜2,η(t, θ)dθ
)
dη
+
2
A6
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
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×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))(Y˜1 − Y˜2)2(t, l)dl
)
Y˜2,η(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))|Y˜1 − Y˜2|(t, l)dl
)2
Y˜2,η(t, θ)dθ
)
dη
+
128
3e2A6
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l)dl
)
Y˜2,η(t, θ)dθ
)
dη|A1 −A2|2
≤ 5
∥∥∥Y˜1 − Y˜2∥∥∥2
+
2
A4
∫ 1
0
P˜2Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
)
dη
+
64
A7
∫ 1
0
P˜2Y˜22,η(t, η)
(∫ η
0
e−
1
2A (Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
A (Y˜2(t,θ)−Y˜2(t,l))(U˜1 − U˜2)2(t, l)dl
)
Y˜2,η(t, θ)dθ
)
dη
+
8
A5
∫ 1
0
P˜2Y˜22,η(t, η)
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
A2
(Y˜2(t,θ)−Y˜2(t,l))(Y˜1 − Y˜2)2(t, l)dl
)
Y˜2,η(t, θ)dθ
)
dη
+
4
A5
∫ 1
0
P˜2Y˜22,η(t, η)
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))
(∫ θ
0
e−
1
A2
(Y˜2(t,θ)−Y˜2(t,l))dl
)
×
(∫ θ
0
e−
1
A2
(Y˜2(t,θ)−Y˜2(t,l))(Y˜1 − Y˜2)2(t, l)dl
)
Y˜2,η(t, θ)dθ
)
dη
+
512
3e2A5
∫ 1
0
P˜2Y˜22,η(t, η)
(∫ η
0
e−
1
2A (Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)
Y˜2,η(t, θ)dθ
)
dη|A1 −A2|2
≤ 5
∥∥∥Y˜1 − Y˜2∥∥∥2
+A
∫ 1
0
Y˜2,η(t, η)e−
1
A2
Y˜2(t,η)
(∫ η
0
e
1
A2
Y˜2(t,θ)(Y˜1 − Y˜2)2(t, θ)dθ
)
dη
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+
32
A2
∫ 1
0
Y˜2,η(t, η)
(∫ η
0
Y˜2,η(t, θ)e− 12A Y˜2(t,θ)
×
(∫ θ
0
e−(
1
2A Y˜2(t,η)− 1A Y˜2(t,l))(U˜1 − U˜2)2(t, l)dl
)
dθ
)
dη
+ 4
∫ 1
0
Y˜2,η(t, η)
(∫ η
0
Y˜2,η(t, θ)e−
1
2A2
Y˜2(t,θ)
×
(∫ θ
0
e−(
1
2A2
Y˜2(t,η)− 1A2 Y˜2(t,l))(Y˜1 − Y˜2)2(t, l)dl
)
dθ
)
dη
+ 2
∫ 1
0
Y˜2,η(t, η)
(∫ η
0
Y˜2,η(t, θ)e−
1
2A2
Y˜2(t,θ)
×
(∫ θ
0
e−(
1
2A2
Y˜2(t,η)− 1A2 Y˜2(t,l))dl
)
dθ
)
dη
∥∥∥Y˜1 − Y˜2∥∥∥2
+
256
3e2
∫ 1
0
Y˜2,η(t, η)
(∫ η
0
Y˜2,η(t, θ)e− 14A Y˜2(t,θ)
×
(∫ θ
0
e−(
1
2A Y˜2(t,η)− 34A Y˜2(t,l))dl
)
dθ
)
dη|A1 −A2|2
≤ 5
∥∥∥Y˜1 − Y˜2∥∥∥2 +A[−A2 ∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
∣∣∣1
η=0
+
∫ 1
0
(Y˜1 − Y˜2)2(t, η)dη
]
+
32
A
∫ 1
0
Y˜2,η(t, η)
[
− 2
∫ θ
0
e
1
A Y˜2(t,l)− 12A (Y˜2(t,η)+Y˜2(t,θ))(U˜1 − U˜2)2(t, l)dl
∣∣∣η
θ=0
+ 2
∫ η
0
e
1
2A (Y˜2(t,θ)−Y˜2(t,η))(U˜1 − U˜2)2(t, θ)dθ
]
dη
+ 4A2
∫ 1
0
Y˜2,η(t, η)
×
[
− 2
∫ θ
0
e
1
A2
Y˜2(t,l)− 12A2 (Y˜2(t,η)+Y˜2(t,θ))(Y˜1 − Y˜2)2(t, l)dl
∣∣∣η
θ=0
+ 2
∫ η
0
e
1
2A2
(Y˜2(t,θ)−Y˜2(t,η))(Y˜1 − Y˜2)2(t, θ)dθ
]
dη
+ 2A2
∫ 1
0
Y˜2,η(t, η)
[
− 2
∫ θ
0
e
1
A2
Y˜2(t,l)− 12A2 (Y˜2(t,θ)+Y˜2(t,η))dl
∣∣∣η
θ=0
+ 2
∫ η
0
e
1
2A2
(Y˜2(t,θ)−Y˜2(t,η))dθ
]
dη
∥∥∥Y˜1 − Y˜2∥∥∥2
+
256A
3e2
∫ 1
0
Y˜2,η(t, η)
[
− 4
∫ θ
0
e
3
4A Y˜2(t,l)−( 14A Y˜2(t,θ)+ 12A Y˜2(t,η))
∣∣∣η
θ=0
+ 4
∫ η
0
e
1
2A (Y˜2(t,θ)−Y˜2(t,η))dθ
]
dη|A1 −A2|2
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2
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+
64
A
∫ 1
0
Y˜2,η(t, η)e− 12A Y˜2(t,η)
(∫ η
0
e
1
2A Y˜2(t,θ)(U˜1 − U˜2)2(t, θ)dθ
)
dη
+ 8A
∫ 1
0
Y˜2,η(t, η)e−
1
2A2
Y˜2(t,η)
(∫ η
0
e
1
2A2
Y˜2(t,θ)(Y˜1 − Y˜2)2(t, θ)dθ
)
dη
+ 4A
∫ 1
0
Y˜2,η(t, η)e−
1
2A2
Y˜2(t,η)
(∫ η
0
e
1
2A2
Y˜2(t,θ)dθ
)
dη
∥∥∥Y˜1 − Y˜2∥∥∥2
+
1024A
3e2
∫ 1
0
Y˜2,η(t, η)e− 12A Y˜2(t,η)
(∫ η
0
e
1
2A Y˜2(t,θ)dθ
)
dη|A1 −A2|2
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2
+ 64
[
− 2
∫ η
0
e
1
2A (Y˜2(t,θ)−Y˜2(t,η))(U˜1 − U˜2)2(t, θ)dθ
∣∣∣1
η=0
+ 2
∫ 1
0
(U˜1 − U˜2)2(t, η)dη
]
+ 8AA2
[
− 2
∫ η
0
e
1
2A2
(Y˜2(t,θ)−Y˜2(t,η))(Y˜1 − Y˜2)2(t, θ)dθ
∣∣∣1
η=0
+ 2
∫ 1
0
(Y˜1 − Y˜2)2(t, η)dη
]
+ 4AA2
[
− 2
∫ η
0
e
1
2A2
(Y˜2(t,θ)−Y˜2(t,η))dθ
∣∣∣1
η=0
+ 2
∫ 1
0
dη
] ∥∥∥Y˜1 − Y˜2∥∥∥2
+
1024A2
3e2
[
− 2
∫ η
0
e
1
2A (Y˜2(t,θ)−Y˜2(t,η))dθ
∣∣∣1
η=0
+ 2
∫ 1
0
dη
]
|A1 −A2|2
≤ O(1)(
∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 + |A1 −A2|2).
Similar calculations yield for B313,
B313 ≤ 1
A7
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))|Y˜1 − Y˜2|P˜2|U˜2|Y˜2,η(t, θ)dθ
)
dη
+
2
√
2
A4
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
A (Y˜2(t,θ)−Y˜2(t,l))(P˜1/21 − P˜1/22 )2(t, l)dl
)1/2
U˜+2 Y˜2,η(t, θ)dθ
)
dη
+
1√
2A3
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))(Y˜1 − Y˜2)2(t, l)dl
)1/2
U˜+2 Y˜2,η(t, θ)dθ
)
dη
+
1
2A3
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))|Y˜1 − Y˜2|(t, l)dl
)
U˜+2 Y˜2,η(t, θ)dθ
)
dη
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+
4
√
2√
3eA3
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)1/2
U˜+2 Y˜2,η(t, θ)dθ
)
dη|A1 −A2|
≤ 5
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
A14
∫ 1
0
Y˜22,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))|Y˜1 − Y˜2| P˜2|U˜2|Y˜2,η(t, θ)dθ
)2
dη
+
8
A8
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
A (Y˜2(t,θ)−Y˜2(t,l))(P˜1/21 − P˜1/22 )2(t, l)dl
)1/2
U˜+2 Y˜2,η(t, θ)dθ
)2
dη
+
1
2A6
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))(Y˜1 − Y˜2)2(t, l)dl
)1/2
U˜+2 Y˜2,η(t, θ)dθ
)2
dη
+
1
4A6
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))|Y˜1 − Y˜2|(t, l)dl
)
U˜+2 Y˜2,η(t, θ)dθ
)2
dη
+
32
3e2A6
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)1/2
U˜+2 Y˜2,η(t, θ)dθ
)2
dη|A1 −A2|2
≤ 5
∥∥∥Y˜1 − Y˜2∥∥∥2
+
1
A14
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2P˜22 Y˜2,η(t, θ)dθ
)
dη
+
8
A8
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
A (Y˜2(t,θ)−Y˜2(t,l))(P˜1/21 − P˜1/22 )2(t, l)dl
)
Y˜2,η(t, θ)dθ
)
dη
+
1
2A6
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
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×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))(Y˜1 − Y˜2)2(t, l)dl
)
Y˜2,η(t, θ)dθ
)
dη
+
1
4A6
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))|Y˜1 − Y˜2|(t, l)dl
)2
Y˜2,η(t, θ)dθ
)
dη
+
32
3e2A6
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l)dl
)
Y˜2,η(t, θ)dθ
)
dη|A1 −A2|2
≤ 5
∥∥∥Y˜1 − Y˜2∥∥∥2
+
1
2A4
∫ 1
0
P˜2Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
)
dη
+
32
A7
∫ 1
0
P˜2Y˜22,η(t, η)
(∫ η
0
e−
1
2A (Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
A (Y˜2(t,θ)−Y˜2(t,l))(P˜1/21 − P˜1/22 )2(t, l)dl
)
Y˜2,η(t, θ)dθ
)
dη
+
2
A5
∫ 1
0
P˜2Y˜22,η(t, η)
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
A2
(Y˜2(t,θ)−Y˜2(t,l))(Y˜1 − Y˜2)2(t, l)dl
)
Y˜2,η(t, θ)dθ
)
dη
+
1
A5
∫ 1
0
P˜2Y˜22,η(t, η)
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))
(∫ θ
0
e−
1
A2
(Y˜2(t,θ)−Y˜2(t,l))dl
)
×
(∫ θ
0
e−
1
A2
(Y˜2(t,θ)−Y˜2(t,l))(Y˜1 − Y˜2)2(t, l)dl
)
Y˜2,η(t, θ)dθ
)
dη
+
128
3e2A5
∫ 1
0
P˜2Y˜22,η(t, η)
(∫ η
0
e−
1
2A (Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)
Y˜2,η(t, θ)dθ
)
dη|A1 −A2|2
≤ 5
∥∥∥Y˜1 − Y˜2∥∥∥2
+
A
4
∫ 1
0
Y˜2,η(t, η)e−
1
A2
Y˜2(t,η)
(∫ η
0
e
1
A2
Y˜2(t,θ)(Y˜1 − Y˜2)2(t, θ)dθ
)
dη
+
16
A2
∫ 1
0
Y˜2,η(t, η)
(∫ η
0
Y˜2,η(t, θ)e− 12A Y˜2(t,θ)
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×
(∫ θ
0
e−(
1
2A Y˜2(t,η)− 1A Y˜2(t,l))(P˜1/21 − P˜1/22 )2(t, l)dl
)
dθ
)
dη
+
∫ 1
0
Y˜2,η(t, η)
(∫ η
0
Y˜2,η(t, θ)e−
1
2A2
Y˜2(t,θ)
×
(∫ θ
0
e−(
1
2A2
Y˜2(t,η)− 1A2 Y˜2(t,l))(Y˜1 − Y˜2)2(t, l)dl
)
dθ
)
dη
+
1
2
∫ 1
0
Y˜2,η(t, η)
(∫ η
0
Y˜2,η(t, θ)e−
1
2A2
Y˜2(t,θ)
×
(∫ θ
0
e−(
1
2A2
Y˜2(t,η)− 1A2 Y˜2(t,l))dl
)
dθ
)
dη
∥∥∥Y˜1 − Y˜2∥∥∥2
+
64
3e2
∫ 1
0
Y˜2,η(t, η)
(∫ η
0
Y˜2,η(t, θ)e− 14A Y˜2(t,θ)
×
(∫ θ
0
e−(
1
2A Y˜2(t,η)− 34A Y˜2(t,l))dl
)
dθ
)
dη|A1 −A2|2
≤ 5
∥∥∥Y˜1 − Y˜2∥∥∥2 + A
4
[
−A2
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
∣∣∣1
η=0
+
∫ 1
0
(Y˜1 − Y˜2)2(t, η)dη
]
+
16
A
∫ 1
0
Y˜2,η(t, η)
×
[
− 2
∫ θ
0
e
1
A Y˜2(t,l)− 12A (Y˜2(t,η)+Y˜2(t,θ))(P˜1/21 − P˜1/22 )2(t, l)dl
∣∣∣η
θ=0
+ 2
∫ η
0
e
1
2A (Y˜2(t,θ)−Y˜2(t,η))(P˜1/21 − P˜1/22 )2(t, θ)dθ
]
dη
+A2
∫ 1
0
Y˜2,η(t, η)
×
[
− 2
∫ θ
0
e
1
A2
Y˜2(t,l)− 12A2 (Y˜2(t,η)+Y˜2(t,θ))(Y˜1 − Y˜2)2(t, l)dl
∣∣∣η
θ=0
+ 2
∫ η
0
e
1
2A2
(Y˜2(t,θ)−Y˜2(t,η))(Y˜1 − Y˜2)2(t, θ)dθ
]
dη
+
A2
2
∫ 1
0
Y˜2,η(t, η)
[
− 2
∫ θ
0
e
1
A2
Y˜2(t,l)− 12A2 (Y˜2(t,θ)+Y˜2(t,η))dl
∣∣∣η
θ=0
+ 2
∫ η
0
e
1
2A2
(Y˜2(t,θ)−Y˜2(t,η))dθ
]
dη
∥∥∥Y˜1 − Y˜2∥∥∥2
+
64A
3e2
∫ 1
0
Y˜2,η(t, η)
[
− 4
∫ θ
0
e
3
4A Y˜2(t,l)−( 14A Y˜2(t,θ)+ 12A Y˜2(t,η))
∣∣∣η
θ=0
+ 4
∫ η
0
e
1
2A (Y˜2(t,θ)−Y˜2(t,η))dθ
]
dη|A1 −A2|2
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2
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+
32
A
∫ 1
0
Y˜2,η(t, η)e− 12A Y˜2(t,η)
(∫ η
0
e
1
2A Y˜2(t,θ)(P˜1/21 − P˜1/22 )2(t, θ)dθ
)
dη
+ 2A
∫ 1
0
Y˜2,η(t, η)e−
1
2A2
Y˜2(t,η)
(∫ η
0
e
1
2A2
Y˜2(t,θ)(Y˜1 − Y˜2)2(t, θ)dθ
)
dη
+A
∫ 1
0
Y˜2,η(t, η)e−
1
2A2
Y˜2(t,η)
(∫ η
0
e
1
2A2
Y˜2(t,θ)dθ
)
dη
∥∥∥Y˜1 − Y˜2∥∥∥2
+
256A
3e2
∫ 1
0
Y˜2,η(t, η)e− 12A Y˜2(t,η)
(∫ η
0
e
1
2A Y˜2(t,θ)dθ
)
dη|A1 −A2|2
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2
+ 32
[
− 2
∫ η
0
e
1
2A (Y˜2(t,θ)−Y˜2(t,η))(P˜1/21 − P˜1/22 )2(t, θ)dθ
∣∣∣1
η=0
+ 2
∫ 1
0
(P˜1/21 − P˜1/22 )2(t, η)dη
]
+ 2AA2
[
− 2
∫ η
0
e
1
2A2
(Y˜2(t,θ)−Y˜2(t,η))(Y˜1 − Y˜2)2(t, θ)dθ
∣∣∣1
η=0
+ 2
∫ 1
0
(Y˜1 − Y˜2)2(t, η)dη
]
+AA2
[
− 2
∫ η
0
e
1
2A2
(Y˜2(t,θ)−Y˜2(t,η))dθ
∣∣∣1
η=0
+ 2
∫ 1
0
dη
] ∥∥∥Y˜1 − Y˜2∥∥∥2
+
256A2
3e2
[
− 2
∫ η
0
e
1
2A (Y˜2(t,θ)−Y˜2(t,η))dθ
∣∣∣1
η=0
+ 2
∫ 1
0
dη
]
|A1 −A2|2
≤ O(1)(
∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2).
Last, but not least, direct calculations for B314 yield
B314 ≤ 6
A3
|A1 −A2|
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)
U˜+2 Y˜2,η(t, θ)dθ
)
dη
≤ 6
A3
|A1 −A2|
∥∥∥Y˜1 − Y˜2∥∥∥
×
(∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)
U˜+2 Y˜2,η(t, θ)dθ
)2
dη
)1/2
≤ 6
A3
|A1 −A2|
∥∥∥Y˜1 − Y˜2∥∥∥
×
(∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)2
Y˜2,η(t, θ)dθ
)
dη
)1/2
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≤ 12
A5/2
|A1 −A2|
∥∥∥Y˜1 − Y˜2∥∥∥
×
(∫ 1
0
P˜2Y˜22,η(t, η)
(∫ η
0
e−
1
2A (Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)
Y˜2,η(t, θ)dθ
)
dη
)1/2
≤ 6
√
2|A1 −A2|
∥∥∥Y˜1 − Y˜2∥∥∥
×
(∫ 1
0
Y˜2,η(t, η)
(∫ η
0
Y˜2,η(t, θ)e− 14A Y˜2(t,θ)
×
(∫ θ
0
e
3
4A Y˜2(t,l)− 12A Y˜2(t,η)dl
)
dθ
)
dη
)1/2
≤ O(1)|A1 −A2|
∥∥∥Y˜1 − Y˜2∥∥∥ .
Collecting the estimates we have obtained, we conclude
|B¯31| ≤ O(1)
( ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2 ).
Recalling (4.16e) direct computation yield for B¯33 (and in much the same way
for B¯34) that
|B¯33| ≤ 1
A7
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(D˜j)|U˜1 − U˜2|Y˜2,η(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
A14
∫ 1
0
Y˜22,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(D˜j)Y˜2,η|U˜1 − U˜2|(t, θ)dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
4
A12
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(U˜1 − U˜2)2(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
4
A6
∫ 1
0
P˜2Y˜22,η(t, η)
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜1 − U˜2)2(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
2
A
∫ 1
0
Y˜2,η(t, η)e−
1
2A2
Y˜2(t,η)
(∫ η
0
e
1
2A2
Y˜2(t,θ)(U˜1 − U˜2)2(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
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+
2A2
A
[
− 2
∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜1 − U˜2)2(t, θ)dθ
∣∣∣1
η=0
+ 2
∫ 1
0
(U˜1 − U˜2)2(t, η)dη
]
≤ O(1)
(∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 ).
Direct calculations yield for B¯35 (and in much the same way for B¯36) that
|B¯35| ≤ 1
A7
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A2 (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )Y˜2,η1B(η)(t, θ)dθ
)
dη
≤ 1
A7A2
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
(∫ η
0
(|Y˜1 − Y˜2|(t, η) + |Y˜1 − Y˜2|(t, θ))
× e− 1A2 (Y˜2(t,η)−Y˜2(t,θ))D˜2U˜+2 Y˜2,η(t, θ)dθ
)
dη
≤ 1
A7A2
∫ 1
0
(Y˜1 − Y˜2)2Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))D˜2U˜+2 Y˜2,η(t, θ)dθ
)
dη
+
1
A7A2
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))D˜2U˜+2 Y˜2,η|Y˜1 − Y˜2|(t, θ)dθ
)
dη
≤ 2
A7
∫ 1
0
(Y˜1 − Y˜2)2Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜22 Y˜2,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)1/2
dη
+
∥∥∥Y˜1 − Y˜2∥∥∥2
+
4
A14
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜22 Y˜2,η(Y˜1 − Y˜2)2(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 2√6
A4
∫ 1
0
(Y˜1 − Y˜2)2P˜2Y˜2,η(t, η)dη
+
16
A13
∫ 1
0
P˜2Y˜22,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜22 Y˜2,η(Y˜1 − Y˜2)2(t, θ)dθ
)
dη
≤ (1 +
√
6A)
∥∥∥Y˜1 − Y˜2∥∥∥2
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+A
∫ 1
0
Y˜2,η(t, η)e−
1
A2
Y˜2(t,η)
(∫ η
0
e
1
A2
Y˜2(t,θ)(Y˜1 − Y˜2)2(t, θ)dθ
)
dη
= (1 +
√
6A)
∥∥∥Y˜1 − Y˜2∥∥∥2
+AA2
[
−
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
∣∣∣1
η=0
+
∫ 1
0
(Y˜1 − Y˜2)2(t, η)dη
]
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 .(5.22)
Direct calculations yield for Bˆ35 (and much in the same way for Bˆ36) that
|Bˆ35| ≤ 1A1≤A2
4|A1 −A2|
aA7e
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
min
j
(e−
3
4A (Y˜j(t,η)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
)
dη
≤ 8
aA6e
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜1P˜2Y˜2,η(t, θ)dθ
)1/2
dη|A1 −A2|
≤ 16
aA11/2e
∫ 1
0
|Y˜1 − Y˜2|P˜1/22 Y˜2,η(t, η)
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜1P˜2Y˜2,η(t, θ)dθ
)1/2
dη|A1 −A2|
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
256
a2A11e2
∫ 1
0
P˜2Y˜22,η(t, η)
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜1P˜2Y˜2,η(t, θ)dθ
)
dη|A1 −A2|2
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
16A
e2
∫ 1
0
Y˜2,η(t, η)e−
1
2A2
Y˜2(t,η)
(∫ η
0
e
1
2A2
Y˜2(t,θ)dθ
)
dη|A1 −A2|2
≤ O(1)(
∥∥∥Y˜1 − Y˜2∥∥∥2 + |A1 −A2|2).
As far as the term B¯37 is concerned it can be estimated as follows (we use (3.40))
|B¯37| = 1
A7
|
∫ 1
0
(Y˜1 − Y˜2)(Y˜1,η − Y˜2,η)(t, η)
×min
k
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
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×min
j
(D˜j) min
j
(U˜+j )Y˜k,η(t, θ)dθ
)
dη|
=
1
2A7
|(Y˜1 − Y˜2)2(t, η) min
k
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )Y˜k,η(t, θ)dθ
)∣∣∣1
η=0
−
∫ 1
0
(Y˜1 − Y˜2)2(t, η) d
dη
min
k
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )Y˜k,η(t, θ)dθ
)
dη|
=
1
2A7
|
∫ 1
0
(Y˜1 − Y˜2)2(t, η) d
dη
min
k
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )Y˜k,η(t, θ)dθ
)
dη|
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 ,(5.23)
where O(1) denotes some constant only depending on A, which remains bounded
as A→ 0, provided we can show that the derivative in the latter integral exists and
is uniformly bounded, see Lemma A.7.
As far as the term B¯38 (a similar argument works for B¯39) is concerned, the
integral can be estimated as follows,
B¯38 =
1
A7
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η1Dc(t, η)
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )(Y˜2,η − Y˜1,η)(t, θ)dθ
)
dη
=
1
A7
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η1Dc(t, η)
[
(Y˜2 − Y˜1)(t, θ) min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )(t, θ)
∣∣∣η
θ=0
−
∫ η
0
(Y˜2 − Y˜1)(t, θ)
[
(
d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))))
×min
j
(D˜j) min
j
(U˜+j )(t, θ)
+ min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
( d
dθ
min
j
(D˜j) min
j
(U˜+j )
)
(t, θ)dθ
]
dη
]
= − 1
A7
∫ 1
0
(Y˜1 − Y˜2)2 min
j
(D˜j) min
j
(U˜+j )Y˜2,η1Dc(t, η)dη
+
1
A7
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)1Dc(t, η)
×
∫ η
0
(Y˜1 − Y˜2)(t, θ)
[( d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
)
×min
j
(D˜j) min
j
(U˜+j )(t, θ)
+ min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
( d
dθ
min
j
(D˜j) min
j
(U˜+j )
)
(t, θ)dθ
]
dη
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= M¯1 + M¯2.
As far as the first term M¯1 is concerned, we have since
min
j
(D˜j) min
j
(U˜+j )Y˜i,η(t, η) ≤ 2 min
j
(AjP˜j) min
j
(U˜+j )Y˜i,η(t, η)
≤ A6 min
j
(U˜+j )(t, η) ≤
A8√
2
,
that
|M¯1| ≤ 1
A7
∫ 1
0
(Y˜1 − Y˜2)2 min
j
(D˜j) min
j
(U˜+j )Y˜2,η(t, η)dη
≤ A√
2
∥∥∥Y˜1 − Y˜2∥∥∥2 = O(1)∥∥∥Y˜1 − Y˜2∥∥∥2 ,
where O(1) denotes some constant, which only depends on A and which remains
bounded as A→ 0.
The second term M¯2, on the other hand, is a bit more demanding.
(i): First of all recall (A.4), i.e.,
| d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))| ≤ 1
a
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) max
j
(Y˜j,η)(t, θ),
which implies that
1
A7
|
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)1Dc(t, η)
∫ η
0
(Y˜1 − Y˜2)(t, θ)
× ( d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))) min
j
(D˜j) min
j
(U˜+j )(t, θ)dθdη|
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
A14
∫ 1
0
Y˜22,η(t, η)1Dc(t, η)
×
(∫ η
0
(Y˜1 − Y˜2)(t, θ)( d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))))
×min
j
(D˜j) min
j
(U˜+j )(t, θ)dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
a2A2
∫ 1
0
Y˜22,η(t, η)
×
(∫ η
0
|Y˜1 − Y˜2|(t, θ)e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜+j )(t, θ)dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
a2
2A2
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
|Y˜1 − Y˜2|(t, θ)e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
1
2
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
(Y˜1 − Y˜2)2(t, θ)e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))dθ
)
×
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))dθ
)
dη
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≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
1
A52
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
(Y˜1 − Y˜2)2(t, θ)e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))dθ
)
×
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜2Y˜2,η + H˜2,η)(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
6
A42
∫ 1
0
P˜2Y˜22,η(t, η)
(∫ η
0
(Y˜1 − Y˜2)2(t, θ)e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+ 3A
∫ 1
0
Y˜2,η(t, η)e−
1
2A2
Y˜2(t,η)
(∫ η
0
(Y˜1 − Y˜2)2(t, θ)e
1
2A2
Y˜2(t,θ)dθ
)
dη
=
∥∥∥Y˜1 − Y˜2∥∥∥2 − 6AA2 ∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
∣∣∣1
η=0
+ 6AA2
∫ 1
0
(Y˜1 − Y˜2)2(t, η)dη
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 ,
where we used (4.13), (4.16e), and (4.16f). Again, O(1) denotes some constant only
depending on A, which remains bounded as A→ 0.
(ii): First of all we have to establish that minj(D˜j) minj(U˜+j )(t, θ) is Lipschitz
continuous with a uniformly bounded Lipschitz constant. More precisely, in Lemma
A.4 we show that
| d
dθ
(min
j
(D˜j) min
j
(U˜+j ))(t, θ)| ≤ O(1)
√
AA4(min
j
(D˜j)1/2 + |U˜2|)(t, θ).
We are now ready to establish a Lipschitz estimate for the second part of M¯2.
Indeed,
1
A7
|
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η1Dc(t, η)
∫ η
0
(Y˜1 − Y˜2)(t, θ) min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×
(
d
dθ
min
j
(D˜j) min
j
(U˜+j )
)
(t, θ)dθdη|
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
A14
∫ 1
0
Y˜22,η1Dc(t, η)
×
(∫ η
0
(Y˜1 − Y˜2)(t, θ) min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×
(
d
dθ
min
j
(D˜j) min
j
(U˜+j )
)
(t, θ)dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+O(1) 1
A5
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))|Y˜1 − Y˜2|
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× (min
j
(D˜j)1/2 + |U˜2|
)
(t, θ)dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+O(1) 1
A5
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))|Y˜1 − Y˜2|P˜1/22 (t, θ)dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+O(1) 1
A5
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2(t, θ)dθ
)
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+O(1) 1
A5
∫ 1
0
P˜2Y˜22,η(t, η)
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+O(1)
∫ 1
0
Y˜2,η(t, η)e−
1
2A2
Y˜2(t,η)
(∫ η
0
e
1
2A2
Y˜2(t,θ)(Y˜1 − Y˜2)2(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+O(1)A2
(
− 2
∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
∣∣∣1
η=0
+
∫ 1
0
2(Y˜1 − Y˜2)2(t, η)dη
)
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 ,
where we used (4.16i). Thus we conclude that
∣∣B¯38∣∣+ ∣∣B¯39∣∣ ≤ O(1)∥∥∥Y˜1 − Y˜2∥∥∥2 .
Next we have a look at K¯14, which can be rewritten as follows
K¯14 =
3
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
(
Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜1Y˜1,η(t, θ)dθ
− Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜2Y˜2,η(t, θ)dθ
)
dη
=
3
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
(
Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜+1 Y˜1,η(t, θ)dθ
− Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜+2 Y˜2,η(t, θ)dθ
)
dη
+
3
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
(
Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜−1 Y˜1,η(t, θ)dθ
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− Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜−2 Y˜2,η(t, θ)dθ
)
dη
= K¯+14 + K¯
−
14.
Note that both K¯+14 and K¯
−
14 have the same structure. Moreover, having a closer
look at K¯+14 one has
K¯+14 = −3K˜1,
where K˜1 is defined in (5.15). Thus we can immediately conclude that
|K¯+14| ≤ O(1)
(∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|) .
Next, we have a look at K¯15, which can be rewritten as follows
K¯15 =
1
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
(
Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜32 Y˜2,η(t, θ)dθ
− Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜31 Y˜1,η(t, θ)dθ
)
dη
=
1
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
(
Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )3Y˜2,η(t, θ)dθ
− Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
(
Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜−2 )3Y˜2,η(t, θ)dθ
− Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜−1 )3Y˜1,η(t, θ)dθ
)
dη
= K¯+15 + K¯
−
15.
Note that both K¯+15 and K¯
−
15 have the same structure. Having a close look at K¯
+
15
one has
K¯+15 =
∫ 1
0
(Y˜1 − Y˜2)(J1 + J2 + J3 + J4 + J5 + J6 + J7 + J8)(t, η)dη,
where J1, . . . , J8 are defined in (5.10). Thus we can conclude immediately that
|K¯+15| ≤ O(1)
(∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2
+
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2).
Finally, we have a look at K¯16, which can be rewritten as follows
K¯16 =
1
2A6
∫ 1
0
(Y˜1 − Y˜2)(t, η)
(
Y˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))A52U˜2(t, θ)dθ
− Y˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))A51U˜1(t, θ)dθ
)
dη
=
A52 −A51
2A6
1A1≤A2
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜2(t, θ)dθ
)
dη
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+
A52 −A51
2A6
1A2<A1
∫ 1
0
(Y˜1 − Y˜2)Y˜1,η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜1(t, θ)dθ
)
dη
+
a5
2A6
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A2 (Y˜1(t,η)−Y˜1(t,θ)))U˜21B(η)(t, θ)dθ
)
dη
+
a5
2A6
∫ 1
0
(Y˜1 − Y˜2)Y˜1,η(t, η)
×
(∫ η
0
(e−
1
A1
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜1(t,η)−Y˜1(t,θ)))U˜11B(η)c(t, θ)dθ
)
dη
+ 1A1≤A2
a5
2A6
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
(∫ η
0
(
min
j
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))
−min
j
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ)))
)U˜2(t, θ)dθ)dη
+ 1A2<A1
a5
2A6
∫ 1
0
(Y˜1 − Y˜2)Y˜1,η(t, η)
(∫ η
0
(
min
j
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))
−min
j
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ)))
)U˜1(t, θ)dθ)dη
+
a5
2A6
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))(U˜+2 − U˜+1 )1U˜+1 ≤U˜+2 (t, θ)dθ
)
dη
+
a5
2A6
∫ 1
0
(Y˜1 − Y˜2)Y˜2,η(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))(U˜−2 − U˜−1 )1U˜−2 ≤U˜−1 (t, θ)dθ
)
dη
+
a5
2A6
∫ 1
0
(Y˜1 − Y˜2)Y˜1,η(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))(U˜+2 − U˜+1 )1U˜+2 ≤U˜+1 (t, θ)dθ
)
dη
+
a5
2A6
∫ 1
0
(Y˜1 − Y˜2)Y˜1,η(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))(U˜−2 − U˜−1 )1U˜−1 ≤U˜−2 (t, θ)dθ
)
dη
+
a5
2A6
∫ 1
0
(Y˜1 − Y˜2)(Y˜2,η − Y˜1,η)(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)dθ
)
dη
+
a5
2A6
∫ 1
0
(Y˜1 − Y˜2)(Y˜2,η − Y˜1,η)(t, η)
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×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) max
j
(U˜−j )(t, θ)dθ
)
dη
= B¯61 + B¯62 + B¯63 + B¯64 + B¯65 + B¯66
+ B¯+67 + B¯
−
67 + B¯
+
68 + B¯
−
68 + B¯
+
69 + B¯
−
69.
The key observation, which rescues the whole paper, is again
A5i ≤ 2(P˜iY˜i,η(t, η) + H˜i,η)(t, η),
which yields for B¯61 (and similar for B¯62) that
|B¯61| ≤ A
5
2 −A51
2A11
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))A52|U˜2|(t, θ)dθ
)
dη
≤ 5
2A7
|A2 −A1|
∥∥∥Y˜1 − Y˜2∥∥∥
×
(∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))A52|U˜2|(t, θ)
)2
dη
)1/2
≤ 10
A7
|A2 −A1|
∥∥∥Y˜1 − Y˜2∥∥∥
×
(∫ 1
0
Y˜22,η(t, η)
[( ∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2|U˜2|Y˜2,η(t, θ)dθ
)2
+
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))|U˜2|H˜2,η(t, θ)dθ
)2]
dη
)1/2
≤ 10
A7
|A2 −A1|
∥∥∥Y˜1 − Y˜2∥∥∥(∫ 1
0
Y˜22,η(t, η)
×
[( ∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜22 Y˜2,η(t, θ)dθ
)
+
∥∥∥U˜2(t, · )∥∥∥2
L∞
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))H˜2,η(t, θ)dθ
)2]
dη
)1/2
≤ 10
A7
|A2 −A1|
∥∥∥Y˜1 − Y˜2∥∥∥
×
(∫ 1
0
(6A6 + 16A2
∥∥∥U˜2(t, · )∥∥∥2
L∞
)P˜22 Y˜22,η(t, η)dη
)1/2
≤ O(1)(
∥∥∥Y˜1 − Y˜2∥∥∥2 + |A2 −A1|2).
Next we have a closer look at B¯63 (and similar for B¯64). Recalling the definition
of B(η) (5.11), we have
|B¯63| ≤ a
5
2A6A2
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
(∫ η
0
(|Y˜1 − Y˜2|(t, η) + |Y˜1 − Y˜2|(t, θ))
× e− 1A2 (Y˜2(t,η)−Y˜2(t,θ))|U˜2|(t, θ)dθ
)
dη
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≤ a
5
2A6A2
∫ 1
0
(Y˜1 − Y˜2)2Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))|U˜2|(t, θ)dθ
)
dη
+
a5
2A6A2
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
|Y˜1 − Y˜2|(t, θ)e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))|U˜2|(t, θ)dθ
)
dη
≤ a
5
A6A62
∫ 1
0
(Y˜1 − Y˜2)2Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜2Y˜2,η + H˜2,η)|U˜2|(t, θ)dθ
)
dη
+
a5
A6A62
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
|Y˜1 − Y˜2|(t, θ)e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜2Y˜2,η + H˜2,η)|U˜2|(t, θ)dθ
)
dη
≤ 1
A6A2
∫ 1
0
(Y˜1 − Y˜2)2Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
× ( 1
A2
P˜22 Y˜2,η +A2U˜22 Y˜2,η +
∥∥∥U˜2(t, · )∥∥∥
L∞
H˜2,η
)
(t, θ)dθ
)
dη
+
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
A12A22
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
|Y˜1 − Y˜2|(t, θ)e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
× (P˜2Y˜2,η + H˜2,η)|U˜2|(t, θ)dθ)2dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 +O(1) 1
A5
∫ 1
0
(Y˜1 − Y˜2)2P˜2Y˜2,η(t, η)dη + 2
A12A22
∫ 1
0
Y˜22,η(t, η)
×
[( ∫ η
0
|Y˜1 − Y˜2|(t, θ)e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2|U˜2|Y˜2,η(t, θ)dθ
)2
+
(∫ η
0
|Y˜1 − Y˜2|(t, θ)e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))|U˜2|H˜2,η(t, θ)dθ
)2]
dη
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 + 2
A12A22
∫ 1
0
Y˜22,η(t, η)
×
[( ∫ η
0
(Y˜1 − Y˜2)2(t, θ)e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
+
(∫ η
0
(Y˜1 − Y˜2)2(t, θ)e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 H˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))H˜2,η(t, θ)dθ
)]
dη
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2
+
8
A12A2
∫ 1
0
P˜2Y˜22,η(t, η)
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×
(∫ η
0
(Y˜1 − Y˜2)2(t, θ)e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜22 Y˜2,η + U˜22 H˜2,η)(t, θ)dθ
)
dη
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 + 4
A8
∫ 1
0
Y˜2,η(t, η)e−
1
A2
Y˜2(t,η)
×
(∫ η
0
(Y˜1 − Y˜2)2e
1
A2
Y˜2(t,θ)(P˜22 Y˜2,η + U˜22 H˜2,η)(t, θ)dθ
)
dη
= O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 + 4A2
A8
(
−
∫ η
0
(Y˜1 − Y˜2)2(t, θ)e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
× (P˜22 Y˜2,η + U˜22 H˜2,η)(t, θ)dθ∣∣∣1
η=0
+
∫ 1
0
(Y˜1 − Y˜2)2(P˜22 Y˜2,η + U˜22 H˜2,η)(t, η)dη
)
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥2 .
Next, we have a look at B¯65 (a similar argument works for B¯66). Direct calcula-
tions yield
|B¯65| ≤ a
5
2A6
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
( 4
ae
∫ η
0
min
j
(e−
3
4A2
(Y˜j(t,η)−Y˜j(t,θ)))|U˜2|(t, θ)dθ
)
dη|A1 −A2|
≤ 2
A2e
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
e−
3
4A2
(Y˜2(t,η)−Y˜2(t,θ))|U˜2|(t, θ)dθ
)
dη|A1 −A2|
≤ 4
A2A52e
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
×
(∫ η
0
e−
3
4A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜2Y˜2,η + H˜2,η)|U˜2|(t, θ)dθ
)
dη|A1 −A2|
≤ |A1 −A2|2 + 32
A4A102 e
2
∥∥∥Y˜1 − Y˜2∥∥∥2 ∫ 1
0
Y˜22,η(t, η)
×
[( ∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
+
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 H˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))H˜2,η(t, θ)dθ
)]
dη
≤ |A1 −A2|2 + 128
A4A92e
2
∥∥∥Y˜1 − Y˜2∥∥∥2 ∫ 1
0
P˜2Y˜22,η(t, η)
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜22 Y˜2,η + U˜22 H˜2,η)(t, θ)dθ
)
dη
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≤ |A1 −A2|2 + 64
A4A42e
2
∥∥∥Y˜1 − Y˜2∥∥∥2
×
∫ 1
0
Y˜2,η(t, η)e−
1
2A2
Y˜2(t,η)
(∫ η
0
e
1
2A2
Y˜2(t,θ)(P˜22 Y˜2,η + U˜22 H˜2,η)(t, θ)dθ
)
dη
≤ |A1 −A2|2 + 128
A4A32e
2
∥∥∥Y˜1 − Y˜2∥∥∥2
×
[
−
∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜22 Y˜2,η + U˜22 H˜2,η)(t, θ)dθ
∣∣∣1
η=0
+
∫ 1
0
(P˜22 Y˜2,η + U˜22 H˜2,η)(t, η)dη
]
≤ O(1)(
∥∥∥Y˜1 − Y˜2∥∥∥2 + |A1 −A2|2)
Next, we have a look at B¯+67 (a similar argument works for B¯
−
67 and B¯
±
68). Direct
calculations yield
|B¯+67| ≤
a5
2A6
∫ 1
0
|Y˜1 − Y˜2|Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))|U˜+2 − U˜+1 |(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
A52
4A7
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))|U˜2 − U˜1|(t, θ)dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
2A7
∫ 1
0
Y˜22,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜2Y˜2,η + H˜2,η)|U˜2 − U˜1|(t, θ)dθ
)2
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
1
A7
∫ 1
0
Y˜22,η(t, η)
[( ∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η|U˜2 − U˜1|(t, θ)dθ
)2
+
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))H˜2,η|U˜2 − U˜1|(t, θ)dθ
)2]
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2 + 1
A7
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜2 − U˜1)2P˜2Y˜2,η(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
Y˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))H˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜1 − U˜2)2H˜2,η(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
2
A6
∫ 1
0
Y˜2,η(t, η)e−
1
2A2
Y˜2(t,η)
(∫ η
0
e
1
2A2
Y˜2(t,θ)(U˜1 − U˜2)2P˜2Y˜2η(t, θ)dθ
)
dη
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+
4
A6
∫ 1
0
Y˜2,η(t, η)e−
1
A2
Y˜2(t,η)
(∫ η
0
e
1
A2
Y˜2(t,θ)(U˜1 − U˜2)2H˜2,η(t, θ)dθ
)
dη
≤
∥∥∥Y˜1 − Y˜2∥∥∥2
+
2A2
A6
(
− 2
∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜1 − U˜2)2P˜2Y˜2,η(t, θ)dθ
∣∣∣1
η=0
+ 2
∫ 1
0
(U˜1 − U˜2)2P˜2Y˜2,η(t, η)dη
)
+
4A2
A6
(
−
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜1 − U˜2)2H˜2,η(t, θ)dθ
∣∣∣1
η=0
+
∫ 1
0
(U˜1 − U˜2)2H˜2,η(t, η)dη
)
≤ O(1)
(∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 ).
(5.24)
Finally, we consider B¯+69 (a similar argument works for B¯
−
69). Here integration
by parts will play the main role. Indeed, we have
|B¯+69| =
a5
2A6
|
∫ 1
0
(Y˜1 − Y˜2)(Y˜1,η − Y˜2,η)(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)dθ
)
dη|
=
a5
4A6
|(Y˜1 − Y˜2)2(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)dθ
)∣∣∣1
η=0
−
∫ 1
0
(Y˜1 − Y˜2)2(t, η)
× d
dη
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)dθ
)
dη|
≤ a
5
4A6
|
∫ 1
0
(Y˜1 − Y˜2)2(t, η)
× d
dη
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)dθ
)
dη|
≤ O(1)
∥∥∥Y˜1 − Y˜2∥∥∥(5.25)
where O(1) denotes some constant depending on A, which remains bounded as
A→ 0, provided that we can show that both
a5
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)dθ ≤ O(1)A2 min
j
(P˜j)(t, η)
and the derivative
(5.26) a
d
dη
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)dθ
)
exist and are uniformly bounded.
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Direct computations yield
a5
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)dθ
≤
∫ η
0
e
− 1Ai (Y˜i(t,η)−Y˜i(t,θ))A5i |U˜i|(t, θ)dθ
≤ 2
∫ η
0
e
− 1Ai (Y˜i(t,η)−Y˜i(t,θ))(P˜iY˜i,η + H˜i,η)|U˜i|(t, θ)dθ
≤ 2
∫ η
0
e
− 1Ai (Y˜i(t,η)−Y˜i(t,θ))(
1
Ai
P˜2i Y˜i,η +AiU˜2i Y˜i,η +
∥∥∥U˜i(t, · )∥∥∥
L∞
H˜i,η)(t, θ)dθ
≤ O(1)A2i P˜i(t, η).
The result for (5.26) is contained in Lemma A.5.
Lemma 5.3. Let Y˜i denote two solutions of (5.5). Then we have
d
dt
∥∥∥Y˜1 − Y˜2∥∥∥2 ≤ O(1)(∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2
+
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2),(5.27)
where O(1) denotes some constant which depends on A = maxj(Aj), which remains
bounded as A→ 0.
5.2. Lipschitz estimates for U˜ . From the system of differential equations, we
have
(5.28) U˜i,t + (2
3
1
A5i
U˜3i +
1
A6i
S˜i)U˜i,η = − 1
A2i
Q˜i,
where
Q˜i(t, η) = −1
4
∫ 1
0
sign(η − θ)e− 1Ai |Y˜i(t,η)−Y˜i(t,θ)|(2(U˜2i − P˜i)Y˜i,η(t, θ) +A5i )dθ,
S˜i(t, η) =
∫ 1
0
e
− 1Ai |Y˜i(t,η)−Y˜i(t,θ)|(
2
3
U˜3i Y˜i,η − Q˜iU˜i,η − 2P˜iU˜iY˜i,η)(t, θ)dθ.
Thus we have
d
dt
∫ 1
0
(U˜1 − U˜2)2(t, η)dη = 2
∫ 1
0
(U˜1 − U˜2)(U˜1,t − U˜2,t)(t, η)dη
= 2
∫ 1
0
(U˜1 − U˜2)( 1
A22
Q˜2 − 1
A21
Q˜1)(t, η)dη
+
4
3
∫ 1
0
(U˜1 − U˜2)( 1
A52
U˜32 U˜2,η −
1
A51
U˜31 U˜1,η)(t, η)dη
+ 2
∫ 1
0
(U˜1 − U˜2)( 1
A62
S˜2U˜2,η − 1
A61
S˜1U˜1,η)(t, η)dη
= I1 + I2 + I3.
The strategy is to use integration by parts for the last two integrals I2 and I3, while
we want to use straight forward estimates for I1, which will finally yield that
d
dt
∥∥∥U˜1 − U˜2∥∥∥2
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≤ O(1)
(∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2),
where O(1) denotes some constant which only depends on A = maxj(Aj) and which
remains bounded as A→ 0.
The first integral I1: Note that we can split I1 as follows
I1 = 1A1≤A22
A21 −A22
A21A
2
2
∫ 1
0
(U˜1 − U˜2)Q˜1(t, η)dη
+ 1A2<A12
A21 −A22
A21A
2
2
∫ 1
0
(U˜1 − U˜2)Q˜2(t, η)dη
+ 2
1
A2
∫ 1
0
(U˜1 − U˜2)(Q˜2 − Q˜1)(t, η)dη
= I11 + I12 + I13.
As far as I11 is concerned (a similar argument works for I12), we have
|I11| ≤ 1A1≤A24
|A1 −A2|
A1A2
∫ 1
0
|U˜1 − U˜2|P˜1(t, η)dη
≤ A2|A1 −A2|
∫ 1
0
|U˜1 − U˜2|(t, η)dη
≤ O(1)(
∥∥∥U˜1 − U˜2∥∥∥2 + |A1 −A2|2).
Note that
|I13| = |2 1
A2
∫ 1
0
(U˜1 − U˜2)(Q˜1 − Q˜2)(t, η)dη|
≤
∫ 1
0
((U˜1 − U˜2)2 + 1
A4
(Q˜1 − Q˜2)2)(t, η)dη,
and hence it suffices to show that∥∥∥Q˜1 − Q˜2∥∥∥ ≤ O(1)A2(∥∥∥Y˜1 − Y˜2∥∥∥+ ∥∥∥U˜1 − U˜2∥∥∥
+
∥∥∥P˜1/21 − P˜1/22 ∥∥∥+ |A1 −A2|),(5.29)
which is equivalent to∥∥∥Q˜1 − Q˜2∥∥∥2 ≤ O(1)A4(∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2
+
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2).
To begin with, we observe that we can write
(Q˜1 − Q˜2)(t, η) = (A1P˜1 −A2P˜2)(t, η)
+ (D˜2 − D˜1)(t, η)
= (A1 −A2)P˜1
+A2
(P˜1/21 + P˜1/22 )(P˜1/21 − P˜1/22 )(t, η)
+ (D˜2 − D˜1)(t, η)
= K1(t, η) +K2(t, η) +K3(t, η).
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As far as K1(t, η) is concerned, we have
|A1 −A2|
∥∥∥P˜1∥∥∥
L∞
≤ A
4
4
|A1 −A2|.
As far as K2(t, η) is concerned, we have∥∥∥P˜1 − P˜2∥∥∥ ≤ A2 ∥∥∥P˜1/21 − P˜1/22 ∥∥∥ ,
since
∥∥∥P˜1/2i ∥∥∥
L∞
can be bounded by a constant, which only depends on A.
As far as K3(t, η) is concerned, Lemma A.9 implies immediately that∥∥∥D˜1 − D˜2∥∥∥ ≤ O(1)A2(∥∥∥Y˜1 − Y˜2∥∥∥+ ∥∥∥U˜1 − U˜2∥∥∥
+
∥∥∥P˜1/21 − P˜1/22 ∥∥∥+ |A1 −A2|).
This finishes the proof of (5.29).
The second integral I2: Note that we can write
3
4
I2 =
∫ 1
0
(U˜1 − U˜2)( 1
A52
U˜32 U˜2,η −
1
A51
U˜31 U˜1,η)(t, η)dη
=
1
A5
∫ 1
0
(U˜1 − U˜2)(U˜32 U˜2,η − U˜31 U˜1,η)(t, η)dη
+
A51 −A52
A51A
5
2
∫ 1
0
(U˜1 − U˜2)(U˜31 U˜1,η1A1≤A2 + U˜32 U˜2,η1A2<A1)(t, η)dη
=
1
A5
∫ 1
0
(U˜1 − U˜2)(U˜2 − U˜1)U˜22 U˜2,η(t, η)dη
+
1
A5
∫ 1
0
(U˜1 − U˜2)(U˜22 U˜2,η − U˜21 U˜1,η)U˜1(t, η)dη
+
A51 −A52
A51A
5
2
∫ 1
0
(U˜1 − U˜2)(U˜31 U˜1,η1A1≤A2 + U˜32 U˜2,η1A2<A1)(t, η)dη
=
1
A5
∫ 1
0
(U˜1 − U˜2)(U˜2 − U˜1)U˜22 U˜2,η(t, η)dη
+
1
A5
∫ 1
0
(U˜1 − U˜2)(U˜22 − U˜21 )U˜2,ηU˜1(t, η)1U˜21≤U˜22 (t, η)dη
+
1
A5
∫ 1
0
(U˜1 − U˜2)(U˜22 − U˜21 )U˜1U˜1,η(t, η)1U˜22<U˜21 (t, η)dη
+
1
A5
∫ 1
0
(U˜1 − U˜2)(U˜2,η − U˜1,η)U˜1 min
j
(U˜2j )(t, η)dη
+
A51 −A52
A51A
5
2
∫ 1
0
(U˜1 − U˜2)(U˜31 U˜1,η1A1≤A2 + U˜32 U˜2,η1A2<A1)(t, η)dη
=
1
A5
∫ 1
0
(U˜1 − U˜2)(U˜2 − U˜1)U˜22 U˜2,η(t, η)dη
+
1
A5
∫ 1
0
(U˜1 − U˜2)(U˜22 − U˜21 )U˜2,ηU˜1(t, η)1U˜21≤U˜22 (t, η)dη
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+
1
A5
∫ 1
0
(U˜1 − U˜2)(U˜22 − U˜21 )U˜1U˜1,η(t, η)1U˜22<U˜21 (t, η)dη
+
1
2A5
∫ 1
0
(U˜1 − U˜2)2 d
dη
(U˜1 min
j
(U˜2j ))(t, η)dη
+
A51 −A52
A51A
5
2
∫ 1
0
(U˜1 − U˜2)(U˜31 U˜1,η1A1≤A2 + U˜32 U˜2,η1A2<A1)(t, η)dη,
where we used integration by parts in the last step together with U˜i(t, η) → 0 as
η → 0, 1. As far as the derivative in the last integral is concerned, observe that
(5.30) |U˜1,η min
j
(U˜2j )(t, η)| ≤ |U˜21 U˜1,η(t, η)| ≤
A4
2
∥∥∥U˜1∥∥∥
L∞
≤ A
6
2
√
2
,
since 2|U˜iU˜i,η(t, η)| ≤ A4i ≤ A4 for all t and η. Furthermore, we established before
that the function θ 7→ minj(U˜2j (t, η)) is Lipschitz continuous with Lipschitz constant
at most A4, see (5.8). Thus
(5.31) | d
dη
U˜1 min
j
(U˜2j )(t, η)| ≤
3
2
A4
∥∥∥U˜1∥∥∥
L∞
≤ 3
2
√
2
A6,
and
| 1
A51A
5
2
U˜3i U˜i,n1Ai=a| ≤
1
A51A
5
2
1
4
A8i1Ai=a ≤
1
A2
.
Finally, we get that
3
4
|I2| = |
∫ 1
0
(U˜1 − U˜2)( 1
A52
U˜32 U˜2,η −
1
A51
U˜31 U˜1,η)(t, η)dη|
≤ O(1)
∥∥∥U˜1 − U˜2∥∥∥2 + 2
A2
|A51 −A52|
∫ 1
0
|U˜1 − U˜2|(t, η)dη
≤ O(1)( ∥∥∥U˜1 − U˜2∥∥∥2 + |A1 −A2|2).
The third integral I3: We will split I3 in several terms that we treat separately,
and combine them in the end.
Recall that we introduced the functions U˜−i = min(0, U˜i) and U˜+i = max(0, U˜i)
with properties (5.2) and (5.3). We write
I3 =
4
3
I31 − 4I32 − 2I33,
where
I31 =
∫ 1
0
(U˜1 − U˜2)(t, η)
( 1
A62
U˜2,η(t, η)
∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|U˜32 Y˜2,η(t, θ)dθ
− 1
A61
U˜1,η(t, η)
∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|U˜31 Y˜1,η(t, θ)dθ
)
dη,
(5.32a)
I32 =
∫ 1
0
(U˜1 − U˜2)(t, η)
( 1
A62
U˜2,η(t, η)
∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|P˜2U˜2Y˜2,η(t, θ)dθ
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− 1
A61
U˜1,η(t, η)
∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|P˜1U˜1Y˜1,η(t, θ)dθ
)
dη,
(5.32b)
I33 =
∫ 1
0
(U˜1 − U˜2)(t, η)
( 1
A62
U˜2,η(t, η)
∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|Q˜2U˜2,η(t, θ)dθ
− 1
A61
U˜1,η(t, η)
∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|Q˜1U˜1,η(t, θ)dθ
)
dη.
(5.32c)
Thus we have
I31 =
∫ 1
0
(U˜1 − U˜2)(t, η)
×
( 1
A62
U˜2,η(t, η)
∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|U˜32 Y˜2,η(t, θ)dθ
− 1
A61
U˜1,η(t, η)
∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|U˜31 Y˜1,η(t, θ)dθ
)
dη
=
∫ 1
0
(U˜1 − U˜2)(t, η)
×
( 1
A62
U˜2,η(t, η)
∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|(U˜−2 )3Y˜2,η(t, θ)dθ
− 1
A61
U˜1,η(t, η)
∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|(U˜−1 )3Y˜1,η(t, θ)dθ
)
dη
+
∫ 1
0
(U˜1 − U˜2)(t, η)
×
( 1
A62
U˜2,η(t, η)
∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|(U˜+2 )3Y˜2,η(t, θ)dθ
− 1
A61
U˜1,η(t, η)
∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|(U˜+1 )3Y˜1,η(t, θ)dθ
)
dη.
Since both inner integrals have the same structure, it suffices to consider the second
integral. Recall the rewrite (5.4). Thus we need to estimate the following term:
1
A62
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )3Y˜2,η(t, θ)dθ
− 1
A61
U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
=
1
A6
(
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )3Y˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
)
+ 1A1≤A2(
1
A62
− 1
A61
)
(
U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
)
+ 1A2<A1(
1
A62
− 1
A61
)
(
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )3Y˜2,η(t, θ)dθ
)
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=
1
A6
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))((U˜+2 )3 − (U˜+1 )3)Y˜2,η(t, θ)1U˜+1 ≤U˜+2 (t, θ)dθ
+
1
A6
U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))((U˜+2 )3 − (U˜+1 )3)Y˜1,η(t, θ)1U˜+2 <U˜+1 (t, θ)dθ
+
1
A6
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜+j )3Y˜2,η(t, θ)dθ
− 1
A6
U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
+ 1A1≤A2(
1
A62
− 1
A61
)
(
U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
)
+ 1A2<A1(
1
A62
− 1
A61
)
(
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )3Y˜2,η(t, θ)dθ
)
=
1
A6
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))((U˜+2 )3 − (U˜+1 )3)Y˜2,η(t, θ)1U˜+1 ≤U˜+2 (t, θ)dθ
+
1
A6
U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))((U˜+2 )3 − (U˜+1 )3)Y˜1,η(t, θ)1U˜+2 <U˜+1 (t, θ)dθ
+
1
A6
1A1≤A2 U˜2,η(t, η)
∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ)))
×min
j
(U˜+j )3Y˜2,η(t, θ)dθ
+
1
A6
1A2<A1 U˜1,η(t, η)
∫ η
0
(e−
1
A2
(Y˜1(t,η)−Y˜1(t,θ)) − e− 1A1 (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(U˜+j )Y˜1,η(t, θ)dθ
+
1
A6
U˜2,η(t, η)
∫ η
0
(e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(U˜+j )3Y˜2,η(t, θ)1B(η)(t, θ)dθ
− 1
A6
U˜1,η(t, η)
∫ η
0
(e−
1
a (Y˜1(t,η)−Y˜1(t,θ)) − e− 1a (Y˜2(t,η)−Y˜2(t,θ))
×min
j
(U˜+j )3Y˜1,η(t, θ)1Bc(η)(t, θ)dθ)
+
1
A6
U˜2,η(t, η)
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜2,η(t, θ)dθ
− 1
A6
U˜1,η(t, η)
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
+ 1A1≤A2(
1
A62
− 1
A61
)
(
U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
)
+ 1A2<A1(
1
A62
− 1
A61
)
(
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )3Yˆ2,η(t, θ)dθ
)
= (J1 + J2 + J3 + J4 + J5 + J6 + J7 + J8 + J9 + J10)(t, η),
(5.33)
where B(η) is given by (5.11).
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As far as the integral which contains J1 (a similar argument works for J2) is
concerned we have
|
∫ 1
0
J1(U˜1 − U˜2)(t, η)dη|
≤
∥∥∥U˜1 − U˜2∥∥∥2 + ∫ 1
0
J21 (t, η)dη
≤
∥∥∥U˜1 − U˜2∥∥∥2
L2
+
1
A12
∫ 1
0
U˜22,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))((U˜+2 )3 − (U˜+1 )3)Y˜2,η(t, θ)1U˜+1 ≤U˜+2 (t, θ)dθ
)2
dη
≤
∥∥∥U˜1 − U˜2∥∥∥2
+
1
A9
∫ 1
0
Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))3(U˜+2 )2|U˜+2 − U˜+1 |Y˜2,η(t, θ)dθ
)2
dη
≤
∥∥∥U˜1 − U˜2∥∥∥2
+
9
A4
∫ 1
0
Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
dη
∥∥∥U˜1 − U˜2∥∥∥2
≤ (1 + 36
A3
∫ 1
0
P˜2Y˜2,η(t, η)dη
) ∥∥∥U˜1 − U˜2∥∥∥2
≤ O(1)
∥∥∥U˜1 − U˜2∥∥∥2 ,
(5.34)
where we used (4.15e), (4.15g), and (4.15h).
As far as the third and the fourth term J3 and J4 are concerned, they again have
the same structure, and hence we only consider the integral corresponding to J3.
|
∫ 1
0
J3(U˜1 − U˜2)(t, η)dη|
= 1A1≤A2
1
A6
|
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ))) min
j
(U˜+j )3Y˜2,η(t, θ)dθdη|
≤ 2
√
2a
A6e
∫ 1
0
(U˜1 − U˜2)|U˜2,η|(t, η)
×
∫ η
0
e−
3
4A2
(Y˜2(t,η)−Y˜2(t,θ))|U˜22 Y˜2,η(t, θ)dθdη|A1 −A2|
≤
∥∥∥U˜1 − U˜2∥∥∥2 + 8
A10e2
∫ 1
0
U˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
dη|A1 −A2|2
≤
∥∥∥U˜1 − U˜2∥∥∥2 + 32
Ae2
∫ 1
0
P˜2Y˜2,η(t, η)dη|A1 −A2|2
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≤ O(1)(
∥∥∥U˜1 − U˜2∥∥∥2 + |A1 −A2|2).
As far as the third and the fourth term J5 and J6 are concerned, they again have
the same structure, and hence we only consider the integral corresponding to J5.
Thus, using (5.13),
|
∫ 1
0
J5(U˜1 − U˜2)(t, η)dη|
=
1
A6
|
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
(∫ η
0
(e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(U˜+j )3Y˜2,η(t, θ)1B(η)(t, θ)dθ
)
dη|
≤ 1
aA6
∫ 1
0
|U˜1 − U˜2||U˜2,η|(t, η)
×
(∫ η
0
(|Y˜2(t, η)− Y˜1(t, η)|+ |Y˜2(t, θ)− Y˜1(t, θ)|)
× e− 1a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜+j )3Y˜2,η(t, θ)dθ
)
dη
≤ 1
aA6
∫ 1
0
|U˜1 − U˜2||Y˜1 − Y˜2||U˜2,η|(t, η)
×
∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜+j )3Y˜2,η(t, θ)dθdη
+
∥∥∥U˜1 − U˜2∥∥∥2 + 1
a2A12
∫ 1
0
U˜22,η(t, η)
×
(∫ η
0
|Y˜1(t, θ)− Y˜2(t, θ)|e− 1a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜+j )3Y˜2,η(t, θ)dθ
)2
dη
≤ 4a
A5
∫ 1
0
|U˜1 − U˜2||Y˜1 − Y˜2|P˜2|U˜2,η|(t, η)dη +
∥∥∥U˜1 − U˜2∥∥∥2
+
1
a2A9
∫ 1
0
Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
(Y˜1 − Y˜2)2(t, θ)e− 1a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜4j )Y˜2,η(t, θ)dθ
)
dη
≤ (
√
2A2 + 1)(
∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2) + 2
A6
∫ 1
0
P˜2Y˜2,η(t, η)
×
(∫ η
0
(Y˜1 − Y˜2)2(t, θ)e− 1a (Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
dη
≤ O(1)(
∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2).
(5.35)
Next are the terms J7 and J8. Therefore recall (5.14), which implies
J7 + J8 =
1
A6
U˜2,η(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜2,η(t, θ)dθ
)
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− 1
A6
U˜1,η(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
)
=
1
A6
(U˜2,η − U˜1,η)(t, η)
×min
k
[ ∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜k,η(t, θ)dθ
]
+
1
A6
U˜1,η(t, η)
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(U˜+j )3(Y˜2,η − Y˜1,η)(t, θ)dθ1E(t, η)
+
1
A6
U˜2,η(t, η)
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(U˜+j )3(Y˜2,η − Y˜1,η)(t, θ)dθ1Ec(t, η)
= L1 + L2 + L3.
As far as the first term L1 is concerned, the corresponding integral can be esti-
mates as follows, using (A.11),
|
∫ 1
0
L1(U˜1 − U˜2)(t, η)dη|
=
1
A6
∣∣∣ ∫ 1
0
(U˜1 − U˜2)(U˜2,η − U˜1,η)(t, η)
×min
k
[ ∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜k,η(t, θ)dθ
]
dη
∣∣∣
=
∣∣∣− 1
2A6
(U˜1 − U˜2)2(t, η)
×min
k
[ ∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜k,η(t, θ)dθ
]∣∣∣1
η=0
+
1
2A6
∫ 1
0
(U˜1 − U˜2)2(t, η)
× d
dη
min
k
[ ∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜k,η(t, θ)dθ
]
dη
∣∣∣
≤ O(1)
∥∥∥U˜1 − U˜2∥∥∥2 ,(5.36)
where O(1) denotes some constant only depending on A, which remains bounded
as A→ 0.
As far as the last term L3 (a similar argument works for L2) is concerned, the
corresponding integral can be estimated as follows
|
∫ 1
0
L3(U˜1 − U˜2)(t, η)dη|
=
1
A6
|
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(U˜+j )3(Y˜2,η − Y˜1,η)(t, θ)dθ1Ec(t, η)dη|
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=
1
A6
|
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)1Ec(t, η)
×
[
(Y˜2 − Y˜1)(t, θ) min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3(t, θ)
∣∣∣η
θ=0
−
∫ η
0
(Y˜2 − Y˜1)(t, θ)
[
(
d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))) min
j
(U˜+j )3(t, θ)
+ min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))(
d
dθ
min
j
(U˜+j )3)(t, θ)
]
dθ
]
1Ec(t, η)dη|
=
1
A6
| −
∫ 1
0
(U˜1 − U˜2)(Y˜1 − Y˜2) min
j
(U˜+j )3U˜2,η(t, η)1Ec(t, η)dη
+
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)1Ec(t, η)
×
∫ η
0
(Y˜1 − Y˜2)(t, θ)
[
(
d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))) min
j
(U˜+j )3(t, θ)
+ min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))(
d
dθ
min
j
(U˜+j )3)(t, θ)
]
dθdη|
≤ O(1)(
∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2) + 1
A12
∫ 1
0
U˜22,η(t, η)
(∫ η
0
|Y˜1 − Y˜2|(t, θ)
× [1
a
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3 max
j
(Y˜j,η)(t, θ)
+ 2A4 min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)
]
dθ
)2
dη
≤ O(1)(
∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2) + 54
A
∫ 1
0
P˜2Y˜2,η(t, η)dη
∥∥∥Y˜1 − Y˜2∥∥∥2
≤ O(1)(
∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2),
(5.37)
where we used (A.4), (4.16a), and (A.6).
Finally, we have a look at the integral, which contains J9 (a similar argument
works for J10), where we can assume A1 ≤ A2. Thus
|
∫ 1
0
J9(U˜1 − U˜2)(t, η)dη|
=
(
1
A61
− 1
A62
)
|
∫ 1
0
(U˜1 − U˜2)U˜1,η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
)
dη|
=
A62 −A61
A61A
6
2
|
∫ 1
0
(U˜1 − U˜2)U˜1,η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
)
dη|
≤ 3A2 −A1
A21A2
|
∫ 1
0
(U˜1 − U˜2)U˜1,η(t, η)
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜+1 Y˜1,η(t, θ)dθ
)
dη|
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≤ |A1 −A2|2 + 9
A41A
2
2
∫ 1
0
(U˜2 − U˜1)2U˜21,η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜+1 Y˜1,η(t, θ)dθ
)2
dη
≤ |A1 −A2|2 + 9
A1A22
∫ 1
0
(U˜1 − U˜2)2Y˜1,η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))Y˜1,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )2Y˜1,η(t, θ)dθ
)
dη
≤ |A1 −A2|2 + 9
A22
∫ 1
0
(U˜1 − U˜2)2Y˜1,η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜21 Y˜1,η(t, θ)dθ
)
dη
≤ |A1 −A2|2 + 36
A
∫ 1
0
(U˜1 − U˜2)2P˜1Y˜1,η(t, η)dη
≤ |A1 −A2|2 + 18A4
∥∥∥U˜1 − U˜2∥∥∥2 .
(5.38)
We now turn to the integral I32. Recall equation (5.32b), namely
I32 =
∫ 1
0
(U˜1 − U˜2)(t, η)
( 1
A62
U˜2,η(t, η)
∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|P˜2U˜2Y˜2,η(t, θ)dθ
− 1
A61
U˜1,η(t, η)
∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|P˜1U˜1Y˜1,η(t, θ)dθ
)
dη.
By first using the decomposition U˜j = U˜+j + U˜−j , and then involving (5.4), we need
to estimate terms of the type
I˜32 =
∫ 1
0
(U˜1 − U˜2)(t, η)
( 1
A62
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜+2 Y˜2,η(t, θ)dθ
− 1
A61
U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη.
We invoke Lemma 5.1 and find
I˜32 =
1
A6
∫ 1
0
(U˜1 − U˜2)(t, η)
(
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜+2 Y˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
+
A61 −A62
A61A
6
2
1A2≤A1
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜+2 Y˜2,η(t, θ)dθ
)
dη
+
A61 −A62
A61A
6
2
1A1<A2
∫ 1
0
(U˜1 − U˜2)U˜1,η(t, η)
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×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
= N1 +N2 +N3.
We consider first N1 where we get
N1 =
1
A6
∫ 1
0
(U˜1 − U˜2)(t, η)
[
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜+2 Y˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜+1 Y˜1,η(t, θ)dθ
]
dη
=
1
A6
∫ 1
0
(U˜1 − U˜2)(t, η)
×
[
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜2 − P˜1)U˜+2 Y˜2,η1P˜1≤P˜2(t, θ)dθ
+ U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(P˜2 − P˜1)U˜+1 Y˜1,η1P˜2<P˜1(t, θ)dθ
+ U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j)(U˜+2 − U˜+1 )Y˜2,η1U˜+1 ≤U˜+2 (t, θ)dθ
+ U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) min
j
(P˜j)(U˜+2 − U˜+1 )Y˜1,η1U˜+2 <U˜+1 (t, θ)dθ
+ U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
]
dη
= N11 +N12 +N13 +N14 +N15 +N16.
(5.39)
The terms N11 and N12 can be treated similarly. To that end we find
|N11| = 1
A6
|
∫ 1
0
(U˜1 − U˜2)(t, η)
×
[
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜2 − P˜1)U˜+2 Y˜2,η1P˜1≤P˜2(t, θ)dθ
]
dη|
≤
∥∥∥U˜1 − U˜2∥∥∥2 + 1
A12
∫ 1
0
U˜22,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜2 − P˜1)U˜+2 Y˜2,η1P˜1≤P˜2(t, θ)dθ
)2
dη
≤
∥∥∥U˜1 − U˜2∥∥∥2
+
4
A9
∫ 1
0
Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )2Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))|P˜1/22 − P˜1/21 |2P˜2Y˜2,η(t, θ)dθ
)
dη
≤
∥∥∥U˜1 − U˜2∥∥∥2 + 16
A8
∫ 1
0
P˜2Y˜2,η(t, η)
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×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))|P˜1/22 − P˜1/21 |2P˜2Y˜2,η(t, θ)dθ
)
dη
≤ O(1)( ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 ),
where we have used (4.15e), (4.15h), and (4.16c).
The terms N13 and N14 follow the same estimates. More precisely,
|N13| = 1
A6
|
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j)(U˜+2 − U˜+1 )Y˜2,η1U˜+1 ≤U˜+2 (t, θ)dθdη|
≤ 1
A6
∫ 1
0
|U˜1 − U˜2| |U˜2,η|(t, η)
×
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j)|U˜+2 − U˜+1 |Y˜2,η1U˜+1 ≤U˜+2 (t, θ)dθdη
≤
∥∥∥U˜1 − U˜2∥∥∥2 + 1
A12
∫ 1
0
U˜22,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j)|U˜+2 − U˜+1 |Y˜2,η1U˜+1 ≤U˜+2 (t, θ)dθ
)2
dη
≤
∥∥∥U˜1 − U˜2∥∥∥2
+
1
A12
∫ 1
0
U˜22,η(t, η)
( ∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
)
× ( ∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 − U˜+1 )2P˜2Y˜2,η(t, θ)dθ
)
dη
≤
∥∥∥U˜1 − U˜2∥∥∥2 + 2
A11
∫ 1
0
P˜2U˜22,η(t, η)
× ( ∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜2 − U˜1)2P˜2Y˜2,η(t, θ)dθ
)
dη
≤ O(1)
∥∥∥U˜2 − U˜1∥∥∥2 ,
by applying (4.16e), (4.15e), and (4.15q).
The term N15 +N16 can be estimated as follows:
N15 +N16 =
1
A6
∫ 1
0
(U˜1 − U˜2)(t, η)
×
[
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
]
dη
=
1
A6
1A1≤A2
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
(∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ)))
METRIC FOR CH EQUATION 111
×min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
)
dη
+
1
A6
1A2<A1
∫ 1
0
(U˜1 − U˜2)U˜1,η(t, η)
×
(∫ η
0
(e−
1
A2
(Y˜1(t,η)−Y˜1(t,θ)) − e− 1A1 (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ))))
×min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)1B(η)(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(U˜1 − U˜2)U˜1,η(t, η)
×
∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)1Bc(η)(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(U˜1 − U˜2)(t, η)
[
U˜2,η(t, η)
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
]
dη
= N151 +N152 +N153 +N154 +N155,
which, unfortunately, each need a special treatment.
The terms N151 and N152 can be handled as follows:
|N151| = 1
A6
1A1≤A2 |
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
(∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ)))
×min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
)
dη|
≤ 4
A6A1e
∫ 1
0
|U˜1 − U˜2||U˜2,η(t, η)
×
(∫ η
0
e−
3
4A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
)
dη|A1 −A2|
≤
∥∥∥U˜1 − U˜2∥∥∥2 + 16
A12A21e
2
∫ 1
0
U˜22,η(t, η)
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×
(∫ η
0
e−
3
4A2
(Y˜2(t,η)−Y˜2(t,θ))|U˜1|P˜2Y˜2,η(t, θ)dθ
)2
dη|A1 −A2|2
≤
∥∥∥U˜1 − U˜2∥∥∥2 + 8
A4e2
∫ 1
0
P˜2U˜22,η(t, η)dη|A1 −A2|2
≤ O(1)(
∥∥∥U˜1 − U˜2∥∥∥2 + |A1 −A2|2),
where we used (4.16e).
The terms N153 and N154 can be handled as follow:
|N153| = 1
A6
|
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)1B(η)(t, θ)dθdη|
≤ 1
A6a
∫ 1
0
|U˜1 − U˜2||U˜2,η|(t, η)
×
∫ η
0
(|Y˜2(t, η)− Y˜1(t, η)|+ |Y˜2(t, θ)− Y˜1(t, θ)|)e− 1a (Y˜2(t,η)−Y˜2(t,θ))
×min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθdη
=
1
A6a
∫ 1
0
|U˜1 − U˜2| |Y˜2 − Y˜1||U˜2,η|(t, η)
×
∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθdη
+
1
A6a
∫ 1
0
|U˜1 − U˜2||U˜2,η|(t, η)
×
∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))|Y˜2 − Y˜1|min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθdη
≤ 1
A6a
∫ 1
0
|U˜1 − U˜2| |Y˜2 − Y˜1||U˜2,η|(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜22 Y˜2,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜+j )2Y˜2,η(t, θ)dθ
)1/2
dη
+
∥∥∥U˜1 − U˜2∥∥∥2 + 1
A12a2
∫ 1
0
U˜22,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))|Y˜2 − Y˜1|P˜2 min
j
(U˜+j )Y˜2,η(t, θ)dθ
)2
dη
≤
√
3
2A2
∫ 1
0
|U˜1 − U˜2| |Y˜2 − Y˜1|P˜1/22 |U˜2,η|(t, η)dη +
∥∥∥U˜1 − U˜2∥∥∥2
+
9
4A4
∫ 1
0
P˜2U˜22,η(t, η)dη
∥∥∥Y˜1 − Y˜2∥∥∥2
METRIC FOR CH EQUATION 113
≤ O(1)( ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 ),
where we used (4.16k). We consider now N155:
N155 =
1
A6
∫ 1
0
(U˜1 − U˜2)(t, η)
×
[
U˜2,η(t, η)
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
]
dη
=
1
A6
∫ 1
0
(U˜1 − U˜2)(U˜2 − U˜1)η(t, η)
×min
k
[ ∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )Y˜k,η(t, θ)dθ
]
dη
+
1
A6
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)1E˜c(t, η)
× ( ∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )(Y˜2 − Y˜1)ηdθ
)
dη
+
1
A6
∫ 1
0
(U˜1 − U˜2)U˜1,η(t, η)1E˜(t, η)
× ( ∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )(Y˜2 − Y˜1)ηdθ
)
dη
= N1551 +N1552 +N1553,
which, yet again, requires separate treatment. Here E˜ is defined in (5.16).
The term N1551 can be handled as the term L˜31, cf. (5.17),
|N1551| ≤ O(1)
∥∥∥U˜1 − U˜2∥∥∥2 .
The terms N1552 and N1553 can be treated in the same manner:
|N1552| ≤ 1
A6
|
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)1E˜c(t, η)
× ( ∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )(Y˜2 − Y˜1)ηdθ
)
dη|
≤ 1
A6
∫ 1
0
|U˜1 − U˜2| |Y˜1 − Y˜2|min
j
(P˜j) min
j
(U˜+j )|U˜2,η|1E˜c(t, η)dη
+
1
A6
|
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)1E˜c(t, η)
×
∫ η
0
(Y˜1 − Y˜2)
[ d
dθ
(
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
)
min
j
(P˜j) min
j
(U˜+j )
+ min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
d
dθ
(
min
j
(P˜j) min
j
(U˜+j )
)]
(t, η)dη|
≤ O(1)( ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 ).
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The terms N2 (and also N3) can be treated as follows, keeping in mind that
A2 ≤ A1.
|N2| ≤ A
6
1 −A62
A61A
6
2
∫ 1
0
|U˜1 − U˜2||U˜2,η|(t, η)
( ∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜22 Y˜2,η(t, θ)dθ
)1/2
× ( ∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)1/2
dη
≤
√
6
A61 −A62
A6A32
∫ 1
0
|U˜1 − U˜2|P˜2|U˜2,η|(t, η)dη
≤ 3
√
3A2|A1 −A2|
∫ 1
0
|U˜2 − U˜1|(t, η)dη
≤ O(1)(
∥∥∥U˜1 − U˜2∥∥∥2 + |A1 −A2|2).
Finally, we now turn to the integral I33. Recall equation (5.32c), namely
I33 =
∫ 1
0
(U˜1 − U˜2)(t, η)
( 1
A62
U˜2,η(t, η)
∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|Q˜2U˜2,η(t, θ)dθ
− 1
A61
U˜1,η(t, η)
∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|Q˜1U˜1,η(t, θ)dθ
)
dη.
By first involving (5.4) and then Lemma 5.1, we see that it suffices to estimate
I˜33 =
∫ 1
0
(U˜1 − U˜2)(t, η)
( 1
A62
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Q˜2U˜2,η(t, θ)dθ
− 1
A61
U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))Q˜1U˜1,η(t, θ)dθ
)
dη
=
1
A6
∫ 1
0
(U˜1 − U˜2)(t, η)
(
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Q˜2U˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))Q˜1U˜1,η(t, θ)dθ
)
dη
+ 1A2≤A1
( 1
A62
− 1
A61
) ∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Q˜2U˜2,η(t, θ)dθdη
+ 1A1<A2
( 1
A62
− 1
A61
) ∫ 1
0
(U˜1 − U˜2)U˜1,η(t, η)
×
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))Q˜1U˜1,η(t, θ)dθdη
= M1 +M2 +M3.
To our dismay, the estimate for M1 is rather involved. We estimate, using first
that Q˜i = AiP˜i − D˜i (cf. (4.7)):
M1 =
1
A6
∫ 1
0
(U˜1 − U˜2)(t, η)
(
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Q˜2U˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))Q˜1U˜1,η(t, θ)dθ
)
dη
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=
1
A6
∫ 1
0
(U˜1 − U˜2)(t, η)
(
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))A2P˜2U˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))A1P˜1U˜1,η(t, θ)dθ
)
dη
− 1
A6
∫ 1
0
(U˜1 − U˜2)(t, η)
(
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))D˜2U˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))D˜1U˜1,η(t, θ)dθ
)
dη
=
1
A6
∫ 1
0
(U˜1 − U˜2)(A2P˜2U˜2U˜2,η −A1P˜1U˜1U˜1,η)(t, η)dη
− 1
A6
∫ 1
0
(U˜1 − U˜2)(D˜2U˜2U˜2,η − D˜1U˜1U˜1,η)(t, η)dη
+
1
A6
∫ 1
0
(U˜1 − U˜2)(t, η)
×
(
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) 1
A2
D˜2U˜2Y˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) 1
A1
D˜1U˜1Y˜1,η(t, θ)dθ
)
dη
− 3
A6
∫ 1
0
(U˜1 − U˜2)(t, η)
(
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜2Y˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜1Y˜1,η(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(U˜1 − U˜2)(t, η)
(
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜32 Y˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜31 Y˜1,η(t, θ)dθ
)
dη
+
1
2A6
∫ 1
0
(U˜1 − U˜2)(t, η)
(
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))A52U˜2(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))A51U˜1(t, θ)dθ
)
dη
= W1 +W2 +W3 +W4 +W5 +W6.
Here we have used the rewrite employed when manipulating the term K¯1 from the
expression (5.18) to (5.19). We start by considering the term W1:
W1 =
1
A6
∫ 1
0
(U˜1 − U˜2)(A2P˜2U˜2U˜2,η −A1P˜1U˜1U˜1,η)(t, η)dη
=
1
A6
1A1≤A2(A2 −A1)
∫ 1
0
(U˜1 − U˜2)P˜2U˜2U˜2,η(t, η)dη
+
1
A6
1A2<A1(A2 −A1)
∫ 1
0
(U˜1 − U˜2)P˜1U˜1U˜1,η(t, η)dη
+
a
A6
∫ 1
0
(U˜1 − U˜2)(P˜2 − P˜1)U˜2U˜2,η(t, η)1P˜1≤P˜2(t, η)dη
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+
a
A6
∫ 1
0
(U˜1 − U˜2)(P˜2 − P˜1)U˜1U˜1,η(t, η)1P˜2<P˜1(t, η)dη
+
a
A6
∫ 1
0
(U˜1 − U˜2)(U˜2,η − U˜1,η) min
j
(P˜j)U˜2(t, η)dη
− a
A6
∫ 1
0
(U˜1 − U˜2)2 min
j
(P˜j)U˜1,η(t, η)dη
= W11 +W12 +W13 +W14 +W15 +W16.
For W11 we have (and similar for W12) that
|W11| ≤ A
2
8
|A1 −A2|
∫ 1
0
|U˜1 − U˜2|(t, η)dη
≤ O(1)(
∥∥∥U˜1 − U˜2∥∥∥2 + |A1 −A2|2)
The terms W13 and W14 are similar:
|W11| = a
A6
|
∫ 1
0
(U˜1 − U˜2)(P˜2 − P˜1)U˜2U˜2,η(t, η)1P˜1≤P˜2(t, η)dη|
≤ 2a
A6
∫ 1
0
|U˜1 − U˜2| |P˜1/22 − P˜1/21 |P˜1/22 |U˜2U˜2,η|(t, η)dη
≤ A
2
∫ 1
0
|U˜1 − U˜2| |P˜1/22 − P˜1/21 |dη
≤ O(1)( ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥P˜1/22 − P˜1/21 ∥∥∥2 ),
using (4.15a) and (4.15f).
The term W15 goes as follows:
|W15| = a
A6
|
∫ 1
0
(U˜1 − U˜2)(U˜2,η − U˜1,η) min
j
(P˜j)U˜2(t, η)dη|
= | a
2A6
(U˜1 − U˜2)2 min
j
(P˜j)U˜2(t, η)
∣∣1
0
− a
2A6
∫ 1
0
(U˜1 − U˜2
)2 d
dη
(
min
j
(P˜j)U˜2
)
(t, η)dη|
≤ a
2A6
∫ 1
0
(U˜1 − U˜2
)2| d
dη
(
min
j
(P˜j)U˜2
)|(t, η)dη
≤ O(1)
∥∥∥U˜1 − U˜2∥∥∥2 ,
see the estimates for B¯15, cf. (5.20). As for the term W16 we get:
|W16| = a
A6
∫ 1
0
(U˜1 − U˜2)2 min
j
(P˜j)|U˜1,η|(t, η)dη
≤ O(1)
∥∥∥U˜1 − U˜2∥∥∥2 ,
using (4.15p).
As for the term W2 we find
−W2 = 1
A6
∫ 1
0
(U˜1 − U˜2)(D˜2U˜2U˜2,η − D˜1U˜1U˜1,η)(t, η)dη
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=
1
A6
∫ 1
0
(U˜1 − U˜2)(D˜2 − D˜1)U˜1U˜1,η(t, η)1D˜2≤D˜1(t, η)dη
+
1
A6
∫ 1
0
(U˜1 − U˜2)(D˜2 − D˜1)U˜2U˜2,η(t, η)1D˜1<D˜2(t, η)dη
+
1
A6
∫ 1
0
(U˜1 − U˜2)(U˜2,η − U˜1,η) min
j
(D˜j)U˜2(t, η)dη
− 1
A6
∫ 1
0
(U˜1 − U˜2)2 min
j
(D˜j)U˜1,η(t, η)dη
= W21 +W22 +W23 +W24.
The terms W21 and W22 can be treated similarly. We need to estimate D˜2 − D˜1.
Applying Lemma A.9, we have
|W21| = 1
A6
|
∫ 1
0
(U˜1 − U˜2)(D˜2 − D˜1)U˜1U˜1,η(t, η)1D˜2≤D˜1(t, η)dη|
≤ 2
A9/2
∫ 1
0
|U˜1 − U˜2| |Y˜1 − Y˜2|D˜1/21 |U˜1U˜1,η|(t, η)dη
+
1
A6
∫ 1
0
|U˜1 − U˜2| |Y˜1 − Y˜2|(U˜21 + P˜1)|U˜1U˜1,η|(t, η)dη
+
2
√
2
A9/2
∥∥∥Y˜1 − Y˜2∥∥∥∫ 1
0
|U˜1 − U˜2|D˜1/21 |U˜1U˜1,η|(t, η)dη
+
4
A3
∫ 1
0
|U˜1 − U˜2|
×
(∫ η
0
e−
1
A (Y˜1(t,η)−Y˜1(t,θ))(U˜1 − U˜2)2(t, θ)dθ
)1/2
|U˜1U˜1,η|(t, η)dη
+
2
√
2
A3
∫ 1
0
|U˜1 − U˜2|
×
(∫ η
0
e−
1
A (Y˜1(t,η)−Y˜1(t,θ))(P˜1/21 − P˜1/22 )2(t, θ)dθ
)1/2
|U˜1U˜1,η|(t, η)dη
+
3√
2A2
∫ 1
0
|U˜1 − U˜2|
×
(∫ η
0
e−
1
a (Y˜1(t,η)−Y˜1(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
)1/2
|U˜1U˜1,η|(t, η)dη
+
12
√
2√
3eA2
∫ 1
0
|U˜1 − U˜2|
×
(∫ η
0
e−
3
4A (Y˜1(t,η)−Y˜1(t,θ))dθ
)1/2
|U˜1U˜1,η|(t, η)dη|A1 −A2|
+
3
2A2
∫ 1
0
|U˜1 − U˜2|
×
(∫ η
0
e−
1
a (Y˜1(t,η)−Y˜1(t,θ))|Y˜1 − Y˜2|(t, θ)dθ
)
|U˜1U˜1,η|(t, η)dη
+
6
A2
|A1 −A2|
∫ 1
0
|U˜1 − U˜2|
(∫ η
0
e−
3
4A (Y˜1(t,η)−Y˜1(t,θ))dθ
)
|U˜1U˜1,η|(t, η)dη
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≤ 2
A9/2
∫ 1
0
|U˜1 − U˜2| |Y˜1 − Y˜2|(t, η)A
13/2
2
√
2
dη
+
1
A6
∫ 1
0
|U˜1 − U˜2| |Y˜1 − Y˜2|(t, η)3A
8
8
dη
+
2
√
2
A9/2
∥∥∥Y˜1 − Y˜2∥∥∥∫ 1
0
|U˜1 − U˜2|(t, η)A
13/2
2
√
2
dη
+
4
A3
∫ 1
0
|U˜1 − U˜2|(t, η)
(∫ η
0
(U˜1 − U˜2)2(t, θ)dθ
)1/2A4
2
dη
+
2
√
2
A3
∫ 1
0
|U˜1 − U˜2|(t, η)
(∫ η
0
(P˜1/21 − P˜1/22 )2(t, θ)dθ
)1/2A4
2
dη
+
3√
2A2
∫ 1
0
|U˜1 − U˜2|(t, η)
(∫ η
0
(Y˜1 − Y˜2)2(t, θ)dθ
)1/2A4
2
dη
+
12
√
2√
3eA2
∫ 1
0
|U˜1 − U˜2|A
4
2
dη|A1 −A2|
+
3
2A2
∫ 1
0
|U˜1 − U˜2|(t, η)
(∫ η
0
|Y˜1 − Y˜2|(t, θ)dθ
)A4
2
dη
+
6
A2
|A1 −A2|
∫ 1
0
|U˜1 − U˜2|(t, η)A
4
2
dη
≤ O(1)( ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 + |A1 −A2|2 ),
where we have used estimates (4.15a), (4.15b), (4.15f), and (4.15n). The term W23
goes as follows:
|W23| = 1
A6
|
∫ 1
0
(U˜1 − U˜2)(U˜2,η − U˜1,η) min
j
(D˜j)U˜2(t, η)dη|
≤ | 1
2A6
(U˜1 − U˜2)2 min
j
(D˜j)U˜2(t, η)
∣∣∣1
0
− 1
2A6
∫ 1
0
(U˜1 − U˜2)2 d
dθ
(
min
j
(D˜j)U˜2
)
(t, η)dη|
≤ 1
2A6
∫ 1
0
(U˜1 − U˜2)2| d
dθ
(
min
j
(D˜j)U˜2
)|(t, η)dη
≤ O(1)
∥∥∥U˜1 − U˜2∥∥∥2 ,
by applying Lemma A.4 (ii).
The term W24 goes as follows:
|W24| ≤ 1
A6
∫ 1
0
(U˜1 − U˜2)2 min
j
(D˜j)|U˜1,η|(t, η)dη
≤ O(1)
∥∥∥U˜1 − U˜2∥∥∥2 ,
using
min
j
(D˜j)|U˜1,η| ≤ 2A1P˜1|U˜1,η| ≤ A
7
√
2
,
from (4.15n) and (4.15p).
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Next, we turn to the term W3:
W3 =
1
A6
∫ 1
0
(U˜1 − U˜2)(t, η)
(
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) 1
A2
D˜2U˜2Y˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) 1
A1
D˜1U˜1Y˜1,η(t, θ)dθ
)
dη
=
1
A6
∫ 1
0
(U˜1 − U˜2)(t, η)
(
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) 1
A2
D˜2U˜+2 Y˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) 1
A1
D˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(U˜1 − U˜2)(t, η)
×
(
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) 1
A2
D˜2U˜−2 Y˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) 1
A1
D˜1U˜−1 Y˜1,η(t, θ)dθ
)
dη
= W31 +W32;
these terms can be treated similarly:
W31 =
1
A6
∫ 1
0
(U˜1 − U˜2)(t, η)
(
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) 1
A2
D˜2U˜+2 Y˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) 1
A1
D˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
= 1A1≤A2
1
A6
( 1
A2
− 1
A1
)∫ 1
0
(U˜1 − U˜2)U˜1,η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))D˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
+ 1A2<A1
1
A6
( 1
A2
− 1
A1
)∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))D˜2U˜+2 Y˜2,η(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(D˜2 − D˜1)U˜+2 Y˜2,η1D˜1≤D˜2(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(U˜1 − U˜2)U˜1,η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(D˜2 − D˜1)U˜+1 Y˜1,η1D˜2<D˜1(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 − U˜+1 ) min
j
(D˜j)Y˜2,η1U˜+1 ≤U˜+2 (t, θ)dθ
)
dη
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+
1
A7
∫ 1
0
(U˜1 − U˜2)U˜1,η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+2 − U˜+1 ) min
j
(D˜j)Y˜1,η1U˜+2 <U˜+1 (t, θ)dθ
)
dη
+
1
A7
1A1≤A2
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
(∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
)
dη
+
1
A7
1A2<A1
∫ 1
0
(U˜1 − U˜2)U˜1,η(t, η)
×
(∫ η
0
(e−
1
A2
(Y˜1(t,η)−Y˜1(t,θ)) − e− 1A1 (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
(∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )Y˜2,η1B(η)(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(U˜1 − U˜2)U˜1,η(t, η)
×
(∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )Y˜1,η1Bc(η)(t, θ)dθ
)
dη
− 1
A7
∫ 1
0
(U˜1 − U˜2)(U˜1 − U˜2)η(t, η)
×min
k
(∫ η
0
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
min
j
(D˜j) min
j
(U˜+j )Y˜k,η(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(U˜1 − U˜2)U˜2,η1Dc(t, η)
×
(∫ η
0
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
min
j
(D˜j) min
j
(U˜+j )(Y˜2,η − Y˜1,η)(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(U˜1 − U˜2)U˜1,η1D(t, η)
×
(∫ η
0
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
min
j
(D˜j) min
j
(U˜+j )(Y˜2,η − Y˜1,η)(t, θ)dθ
)
dη
= Z1 + Z2 + Z3 + Z4 + Z5 + Z6 + Z7 + Z8 + Z9 + Z10 + Z11 + Z12 + Z13,
where the set D is defined by (5.21). At this point it cannot come as a surprise
that we have to treat these terms separately.
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Let us start with Z1 (Z2 is similar)
|Z1| ≤ 2
A7
|A1 −A2|
∫ 1
0
|U˜1 − U˜2||U˜1,η|(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜21 Y˜1,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜21 Y˜1,η(t, θ)dθ
)1/2
dη
≤ 2
√
6
A4
|A1 −A2|
∫ 1
0
|U˜1 − U˜2|P˜1|U˜1,η|(t, η)dη
≤ O(1)(
∥∥∥U˜1 − U˜2∥∥∥2 + |A1 −A2|2).
The terms Z3 and Z4 go as follows:
|Z3| = 1
A7
|
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(D˜2 − D˜1)U˜+2 Y˜2,η1D˜1≤D˜2(t, θ)dθ
)
dη|
≤ O(1)( ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2),
by Lemma A.9. The terms Z5 and Z6 can be treated similarly:
|Z5| = 1
A7
|
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 − U˜+1 ) min
j
(D˜j)Y˜2,η1U˜+1 ≤U˜+2 (t, θ)dθ
)
dη|
≤
∥∥∥U˜1 − U˜2∥∥∥2 + 1
A14
∫ 1
0
U˜22,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 − U˜+1 ) min
j
(D˜j)Y˜2,η1U˜+1 ≤U˜+2 (t, θ)dθ
)2
dη
≤ O(1)
∥∥∥U˜1 − U˜2∥∥∥2 ,
by applying (4.16e), estimating D˜2 ≤ 2A2P˜2 (cf. (4.15n)), and subsequently 2
√
2P˜2U˜22,η ≤
A62 (cf. (4.15q)). The terms Z7 and Z8 follow this pattern
|Z8| ≤ 4
A7ae
∫ 1
0
|U˜1 − U˜2||U˜1,η|(t, η)
×
(∫ η
0
e−
3
4A1
(Y˜1(t,η)−Y˜1(t,θ))2A1P˜1Y˜1,η|U˜2|(t, θ)dθ
)
dη|A1 −A2|
≤ 4
√
2
A5e
∫ 1
0
|U˜1 − U˜2||U˜1,η|(t, η)
(∫ η
0
e−
1
A2
(Y˜1(t,η)−Y˜2(t,η))P˜21 Y˜1,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
2A2
(Y˜1(t,η)−Y˜1(t,θ))Y˜1,η(t, θ)dθ
)1/2
dη|A1 −A2|
≤ 4
√
6
A2e
∫ 1
0
|U˜1 − U˜2|P˜1/21 |U˜1,η|(t, η)dη|A1 −A2|
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≤ O(1)(
∥∥∥U˜1 − U˜2∥∥∥2 + |A1 −A2|2).
The terms Z9 and Z10 follow this pattern:
|Z9| = 1
A7
|
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
(∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )Y˜2,η1B(η)(t, θ)dθ
)
dη|
≤ a√
2A7
∫ 1
0
|U˜1 − U˜2||U˜2,η|(t, η)
×
(∫ η
0
(|Y˜2(t, η)− Y˜1(t, η)|+ |Y˜2(t, θ)− Y˜1(t, θ)|)
× e− 1a (Y˜2(t,η)−Y˜2(t,θ))D˜2Y˜2,η(t, θ)dθ
)
dη
≤ 1√
2A6
∫ 1
0
|U˜1 − U˜2| |Y˜2 − Y˜1||U˜2,η|(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))D˜2Y˜2,η(t, θ)dθ
)
dη
+
1√
2A6
∫ 1
0
|U˜1 − U˜2||U˜2,η|(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))D˜2Y˜2,η|Y˜2 − Y˜1|(t, θ)dθ
)
dη
≤
√
2
A5
∫ 1
0
|U˜1 − U˜2| |Y˜2 − Y˜1||U˜2,η|(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜22 Y˜2,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Y˜2,η(t, θ)dθ
)1/2
dη
+
∥∥∥U˜1 − U˜2∥∥∥2 + 2
A10
∫ 1
0
U˜22,η(t, η)
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η|Y˜2 − Y˜1|2(t, θ)dθ
)
dη
≤ O(1)( ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 ).
The term Z11:
|Z11| = 1
A7
|
∫ 1
0
(U˜1 − U˜2)(U˜1 − U˜2)η(t, η)
×min
k
(∫ η
0
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
min
j
(D˜j) min
j
(U˜+j )Y˜k,η(t, θ)dθ
)
dη|
≤ O(1)
∥∥∥U˜1 − U˜2∥∥∥2
2
,
following the estimates employed for the term B¯37, see (5.23).
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The terms Z12 and Z13 may be treated as follows:
|Z12| = 1
A7
|
∫ 1
0
(U˜1 − U˜2)U˜2,η1Dc(t, η)
(∫ η
0
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
×min
j
(D˜j) min
j
(U˜+j )(Y˜2,η − Y˜1,η)(t, θ)dθ
)
dη|
=
1
A7
|
∫ 1
0
(U˜1 − U˜2)U˜2,η1Dc(t, η)
×
[(
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
min
j
(D˜j) min
j
(U˜+j )(Y˜2 − Y˜1)(t, θ)
)∣∣∣η
θ=0
−
∫ η
0
(Y˜2 − Y˜1) d
dθ
(
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
min
j
(D˜j) min
j
(U˜+j )
)
(t, θ)dθ
]
dη|
≤ 1
A7
|
∫ 1
0
(U˜1 − U˜2)U˜2,η1Dc min
j
(D˜j) min
j
(U˜+j )(Y˜2 − Y˜1)(t, η)dη|
+
1
A7
|
∫ 1
0
(U˜1 − U˜2)U˜2,η1Dc(t, η)
(∫ η
0
(Y˜2 − Y˜1) d
dθ
(
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
×min
j
(D˜j) min
j
(U˜+j )
)
(t, θ)dθ
)
dη|
≤ A
2
4
∫ 1
0
|U˜1 − U˜2| |Y˜2 − Y˜1|(t, η)dη
+
1
A7
∫ 1
0
|U˜1 − U˜2| |U˜2,η|(t, η)
(∫ η
0
|Y˜1 − Y˜2|| d
dθ
(
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
×min
j
(D˜j) min
j
(U˜+j )
)|(t, θ)dθ)dη
= M˜1 + M˜2.
Here we find
M˜1 ≤ O(1)
( ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 ),
while M˜2 requires more care:
M˜2 =
1
A7
∫ 1
0
|U˜1 − U˜2| |U˜2,η|(t, η)
(∫ η
0
|Y˜1 − Y˜2|| d
dθ
(
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
×min
j
(D˜j) min
j
(U˜+j )
)
(t, θ)|dθ
)
dη
≤ 1
A7
∫ 1
0
|U˜1 − U˜2| |U˜2,η|(t, η)
(∫ η
0
|Y˜1 − Y˜2|
× ∣∣ d
dθ
(
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
))
min
j
(D˜j) min
j
(U˜+j )
+ min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
) d
dθ
(
min
j
(D˜j) min
j
(U˜+j )
))
(t, θ)|dθ
)
dη
≤ 1
A7
∫ 1
0
|U˜1 − U˜2| |U˜2,η|(t, η)
(∫ η
0
|Y˜1 − Y˜2|| d
dθ
(
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
))
×min
j
(D˜j) min
j
(U˜+j )(t, θ)|dθ
)
dη
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+
1
A7
∫ 1
0
|U˜1 − U˜2| |U˜2,η|(t, η)
(∫ η
0
|Y˜1 − Y˜2||min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
× d
dθ
(
min
j
(D˜j) min
j
(U˜+j )
)
(t, θ)|dθ
)
dη
≤ 1
aA7
∫ 1
0
|U˜1 − U˜2| |U˜2,η|(t, η)
(∫ η
0
|Y˜1 − Y˜2|min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×max
j
(Y˜j,η) min
j
(D˜j) min
j
(U˜+j )(t, θ)dθ
)
dη
+O(1) 1
A5/2
∫ 1
0
|U˜1 − U˜2| |U˜2,η|(t, η)
×
(∫ η
0
|Y˜1 − Y˜2|min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
(min
j
(D˜j)1/2 + |U˜2|)(t, θ)dθ
)
dη
= M˜21 + M˜22,
where estimates for the derivatives come from Lemma A.2 and Lemma A.4. We
find for the term M˜21 that
M˜21 =
1
aA7
∫ 1
0
|U˜1 − U˜2| |U˜2,η|(t, η)
(∫ η
0
|Y˜1 − Y˜2|min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×max
j
(Y˜j,η) min
j
(D˜j) min
j
(U˜+j )(t, θ)dθ
)
dη
≤
∥∥∥U˜1 − U˜2∥∥∥2 + 1
a2A14
∫ 1
0
U˜22,η(t, η)
(∫ η
0
|Y˜1 − Y˜2|min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×max
j
(Y˜j,η) min
j
(D˜j) min
j
(U˜+j )(t, θ)dθ
)2
dη
≤
∥∥∥U˜1 − U˜2∥∥∥2 + 1
2
∫ 1
0
U˜22,η(t, η)
×
(∫ η
0
|Y˜1 − Y˜2|min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))dθ
)2
dη
≤
∥∥∥U˜1 − U˜2∥∥∥2 + A3
2
∫ 1
0
Y˜2,η(t, η)
×
(∫ η
0
(Y˜1 − Y˜2)2e− 1a (Y˜2(t,η)−Y˜2(t,θ))dθ
)(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))dθ
)
dη
≤
∥∥∥U˜1 − U˜2∥∥∥2 + A3
2
∫ 1
0
Y˜2,η(t, η)e− 1a Y˜2(t,η)
(∫ η
0
e
1
a Y˜2(t,θ)dθ
)
dη
∥∥∥Y˜1 − Y˜2∥∥∥2
≤ O(1)( ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 ),
where we used the estimate
max
j
(Y˜j,η) min
j
(D˜j) ≤ 2 max
j
(Y˜j,η) min
j
(AjP˜j) ≤ 2Amax
j
(P˜jY˜j,η) ≤ A6,
using (4.15e) and (4.15n), as well as (4.15q) and (4.16a). The term M˜22 reads
M˜22 = O(1) 1
A5/2
∫ 1
0
|U˜1 − U˜2| |U˜2,η|(t, η)
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×
(∫ η
0
|Y˜1 − Y˜2|min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
(min
j
(D˜j)1/2 + |U˜2|)(t, θ)dθ
)
dη
≤
∥∥∥U˜1 − U˜2∥∥∥2 +O(1) 1
A5
∫ 1
0
U˜22,η(t, η)
×
(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))|Y˜1 − Y˜2|P˜1/22 (t, θ)dθ
)2
dη
≤
∥∥∥U˜1 − U˜2∥∥∥2 +O(1) 1
A5
∫ 1
0
U˜22,η(t, η)
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2(t, θ)dθ
)
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
)
dη
≤
∥∥∥U˜1 − U˜2∥∥∥2 +O(1) 1
A5
∫ 1
0
P˜2U˜22,η(t, η)
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
)
dη
≤ O(1)( ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 ).
Here we employed
min
j
(D˜j)1/2 + |U˜2| ≤
√
2A2P˜1/22 +
√
2P˜1/22 ≤
√
2(1 +
√
A2)P˜1/22 ,
as well as (4.16i) and (4.15q).
Next, we turn to the term W4:
−W4 = 3
A6
∫ 1
0
(U˜1 − U˜2)(t, η)
(
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜2Y˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜1Y˜1,η(t, θ)dθ
)
dη
= W+4 +W
−
4 ,
with
W±4 =
3
A6
∫ 1
0
(U˜1 − U˜2)(t, η)
(
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜±2 Y˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜±1 Y˜1,η(t, θ)dθ
)
dη
≤ O(1)( ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 + |A1 −A2|2),
using that W+4 = 3N1, see (5.39), and similar for W
−
4 .
Next, we turn to the term W5:
W5 =
1
A6
∫ 1
0
(U˜1 − U˜2)(t, η)
(
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜32 Y˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜31 Y˜1,η(t, θ)dθ
)
dη
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We take positive and negative part of the term U˜3j , and thus it suffices to study the
term
W+5 =
1
A6
∫ 1
0
(U˜1 − U˜2)
[
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )3Y˜2,η(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
]
dη.
Having a close look at W+5 one has
W+5 =
∫ 1
0
(U˜1 − U˜2)(J1 + J2 + J3 + J4 + J5 + J6 + J7 + J8)(t, η)dη,
where J1, . . . , J6 are defined in (5.33). Thus we can conclude immediately that∣∣W+5 ∣∣ ≤ O(1)(∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2
+
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2).
Next, we turn to the term W6:
2W6 =
1
A6
∫ 1
0
(U˜1 − U˜2)(t, η)
(
U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))A52U˜2(t, θ)dθ
− U˜1,η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))A51U˜1(t, θ)dθ
)
dη
=
A52 −A51
A6
1A1≤A2
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜2(t, θ)dθdη
+
A52 −A51
A6
1A2<A1
∫ 1
0
(U˜1 − U˜2)U˜1,η(t, η)
×
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜1(t, θ)dθdη
+
a5
A6
1A1≤A2
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ)))U˜2(t, θ)dθdη
+
a5
A5
1A2<A1
∫ 1
0
(U˜1 − U˜2)U˜1,η(t, η)
×
∫ η
0
(e−
1
A2
(Y˜1(t,η)−Y˜1(t,θ)) − e− 1A1 (Y˜1(t,η)−Y˜1(t,θ)))U˜1(t, θ)dθdη
+
a5
A6
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))U˜21B(η)(t, θ)dθdη
+
a5
A6
∫ 1
0
(U˜1 − U˜2)U˜1,η(t, η)
×
∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))U˜11B(η)c(t, θ)dθdη
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+
a5
A6
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))(U˜+2 − U˜+1 )1U˜+1 ≤U˜+2 (t, θ)dθdη
+
a5
A6
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))(U˜−2 − U˜−1 )1U˜−2 ≤U˜−1 (t, θ)dθdη
+
a5
A6
∫ 1
0
(U˜1 − U˜2)U˜1,η(t, η)
×
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))(U˜+2 − U˜+1 )1U˜+2 <U˜+1 (t, θ)dθdη
+
a5
A6
∫ 1
0
(U˜1 − U˜2)U˜1,η(t, η)
×
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))(U˜−2 − U˜−1 )1U˜−1 <U˜−2 (t, θ)dθdη
− a
5
A6
∫ 1
0
(U˜1 − U˜2)(U˜1 − U˜2)η(t, η)
×
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)dθdη
− a
5
A6
∫ 1
0
(U˜1 − U˜2)(U˜1 − U˜2)η(t, η)
×
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) max
j
(U˜−j )(t, θ)dθdη
= W61 +W62 +W63 +W64 +W65 +W66 +W
±
67 +W
±
68 +W
±
69.
Here we go again! The terms W61 and W62:
|W61| = A
5
2 −A51
A6
1A1≤A2 |
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜2(t, θ)dθdη|
≤ A
5
2 −A51
A6
1A1≤A2
∫ 1
0
|U˜1 − U˜2||U˜2,η|(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 (t, θ)dθ
)1/2
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))dθ
)1/2
dη|
≤
√
65
A2
|A2 −A1|
∫ 1
0
|U˜1 − U˜2|P˜1/22 |U˜2,η|(t, η)dη
≤
√
35A2|A2 −A1|
∥∥∥U˜1 − U˜2∥∥∥
≤ O(1)( |A1 −A2|2 + ∥∥∥U˜1 − U˜2∥∥∥2 ),
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using (4.16a) and (4.15q).
The terms W63 and W64:
|W63| ≤ 4a
4
A6e
∫ 1
0
|U˜1 − U˜2||U˜2,η|(t, η)
×
∫ η
0
e−
3
4A2
(Y˜2(t,η)−Y˜2(t,θ))|U˜2|(t, θ)dθdη|A1 −A2|
≤ 4
A2e
∫ 1
0
|U˜1 − U˜2||U˜2,η|(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 (t, θ)dθ
)1/2
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))dθ
)1/2
dη|A1 −A2|
≤ 4
√
6
A2e
∫ 1
0
|U˜1 − U˜2|P˜1/22 |U˜2,η|(t, η)dη|A1 −A2|
≤ O(1)(
∥∥∥U˜1 − U˜2∥∥∥2 + |A1 −A2|2).
Next comes the terms W65 and W66:
|W65| = a
5
A6
|
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))U˜21B(η)(t, θ)dθdη|
≤ 1
A2
∫ 1
0
|U˜1 − U˜2||U˜2,η|(t, η)
∫ η
0
(|Y˜2(t, η)− Y˜1(t, η)|+ |Y˜2(t, θ)− Y˜1(t, θ)|)
× e− 1a (Y˜2(t,η)−Y˜2(t,θ))|U˜2|(t, θ)dθdη
≤ 1
A2
∫ 1
0
|U˜1 − U˜2||Y˜2 − Y˜1||U˜2,η|(t, η)
∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))|U˜2|(t, θ)dθdη
+
1
A2
∫ 1
0
|U˜1 − U˜2||U˜2,η|(t, η)
∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))|Y˜2 − Y˜1| |U˜2|(t, θ)dθdη
≤ 1
A2
∫ 1
0
|U˜1 − U˜2||Y˜2 − Y˜1||U˜2,η|(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 (t, θ)dθ
)1/2
dη
+
1
A2
∫ 1
0
|U˜1 − U˜2||U˜2,η|(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 (t, θ)dθ
)1/2
dη
∥∥∥Y˜1 − Y˜2∥∥∥
≤
√
6
A2
∫ 1
0
|U˜1 − U˜2||Y˜2 − Y˜1|P˜1/22 |U˜2,η|(t, η)dη
+
√
6
A2
∫ 1
0
|U˜1 − U˜2|P˜1/22 |U˜2,η|(t, η)dη
∥∥∥Y˜1 − Y˜2∥∥∥
≤ O(1)
∥∥∥U˜1 − U˜2∥∥∥∥∥∥Y˜1 − Y˜2∥∥∥
≤ O(1)
(∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 ),
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using (5.13), (4.16a), and (4.15q).
The terms W±67 and W
±
68 have a similar structure:∣∣W+67∣∣ = a5A6 |
∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))(U˜+2 − U˜+1 )1U˜+1 ≤U˜+2 (t, θ)dθdη|
≤
∥∥∥U˜1 − U˜2∥∥∥2 + 1
A2
∫ 1
0
U˜22,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 − U˜+1 )(t, θ)dθ
)2
dη
≤
∥∥∥U˜1 − U˜2∥∥∥2 +A ∫ 1
0
Y˜2,η(t, η)
×
(∫ η
0
e− 1
A2
(Y˜2(t, η)− Y˜2(t, θ))(U˜2 − U˜1)2(t, θ)dθ
)
dη
≤
∥∥∥U˜1 − U˜2∥∥∥2
+A
∫ 1
0
Y˜2,η(t, η)e−
1
A2
Y˜2(t,η)
(∫ η
0
e
1
A2
Y˜2(t,θ)(U˜1 − U˜2)2(t, θ)dθ
)
dη
≤ O(1)
∥∥∥U˜1 − U˜2∥∥∥2 ,
using (4.15h).
Finally, the terms W±69:∣∣W+69∣∣ = a5A6 |
∫ 1
0
(U˜1 − U˜2)(U˜1 − U˜2)η(t, η)
×
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)dθdη|
≤ 1
2A
|
(
(U˜1 − U˜2)2
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)dθ
)∣∣∣1
η=0
−
∫ 1
0
(U˜1 − U˜2)2 d
dη
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)dθdη|
≤ O(1)
∥∥∥U˜1 − U˜2∥∥∥2 ,
see estimates for B¯±67, cf. (5.25), and Lemma A.5.
The terms M2 and M3 can be treated similarly. More precisely
|M2| ≤ 1A2≤A1
( 1
A62
− 1
A61
)|∫ 1
0
(U˜1 − U˜2)U˜2,η(t, η)
×
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Q˜2U˜2,η(t, θ)dθdη|
≤ 1A2≤A1
|A61 −A62|
A6A52
∫ 1
0
|U˜1 − U˜2| |U˜2,η|(t, η)
×
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2|U˜2,η|(t, θ)dθdη
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≤ 1A2≤A16
|A1 −A2|
AA52
∥∥∥U˜1 − U˜2∥∥∥
×
(∫ 1
0
U˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2|U˜2,η|(t, θ)dθ
)2
dη
)1/2
≤ 1A2≤A16
|A1 −A2|
AA62
∥∥∥U˜1 − U˜2∥∥∥
×
(∫ 1
0
U˜22,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))H˜2,η(t, θ)dθ
)
dη
)1/2
≤ 1A2≤A16
√
6
|A1 −A2|
AA32
∥∥∥U˜1 − U˜2∥∥∥(∫ 1
0
U˜22,ηP˜22 (t, η)dη
)1/2
≤ O(1)( ∥∥∥U˜1 − U˜2∥∥∥2 + |A1 −A2|2).
Here we used
P˜2|U˜2,η| ≤ 1
A2
P˜2
√
Y˜2,ηH˜2,η,
cf. (4.15m), as well as (4.15a) and (4.15q). In addition, we applied (4.16b) and
(4.16d).
We have shown the anticipated result.
Lemma 5.4. Let U˜i be two solutions of (5.28). Then we have
d
dt
∥∥∥U˜1 − U˜2∥∥∥2
≤ O(1)( ∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2),
where O(1) denotes some constant which only depends on A = maxj(Aj) and which
remains bounded as A→ 0.
5.3. Lipschitz estimates for P˜ (or P˜1/2). From the system of differential equa-
tions we recall
(5.40)
(P˜1/2i )t + (23 1A5i U˜3i + 1A6i S˜i)(P˜1/2i )η = 12A2i Q˜iU˜iP˜1/2i +
1
2A3i
R˜i
P˜1/2i
,
where
Q˜i(t, η) = −1
4
∫ 1
0
sign(η − θ)e− 1Ai |Y˜i(t,η)−Y˜i(t,θ)|(2(U˜2i − P˜i)Y˜i,η(t, θ) +A5i )dθ,
(5.41a)
S˜i(t, η) =
∫ 1
0
e
− 1Ai |Y˜i(t,η)−Y˜i(t,θ)|(
2
3
U˜3i Y˜i,η − Q˜iU˜i,η − 2P˜iU˜iY˜i,η)(t, θ)dθ,
(5.41b)
R˜i(t, η) = 1
4
∫ 1
0
sign(η − θ)e− 1Ai |Y˜i(t,η)−Y˜i(t,θ)|(2
3
AiU˜3i Y˜i,η +A6i U˜i)(t, θ)dθ
− 1
2
∫ 1
0
e
− 1Ai |Y˜i(t,η)−Y˜i(t,θ)|U˜iQ˜iY˜i,η(t, θ)dθ.(5.41c)
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Thus we have
d
dt
∫ 1
0
(
P˜1/21 − P˜1/22
)2
(t, η)dη
= 2
∫ 1
0
(
P˜1/21 − P˜1/22
)((P˜1/21 )t − (P˜1/22 )t)(t, η)dη
= −2
3
∫ 1
0
(
P˜1/21 − P˜1/22
)( 1
A51
U˜31
(P˜1/21 )η − 1A52 U˜32 (P˜1/22 )η
)
(t, η)dη
−
∫ 1
0
(
P˜1/21 − P˜1/22
)( 1
A61
S˜1
(P˜1/21 )η − 1A62 S˜2(P˜1/22 )η
)
(t, η)dη
+
1
2
∫ 1
0
(
P˜1/21 − P˜1/22
)( 1
A21
Q˜1U˜1
P˜1/21
− 1
A22
Q˜2U˜2
P˜1/22
)
(t, η)dη
+
1
2
∫ 1
0
(
P˜1/21 − P˜1/22
)( 1
A31
R˜1
P˜1/21
− 1
A32
R˜2
P˜1/22
)
(t, η)dη
=
2
3
I1 + I2 +
1
2
I3 +
1
2
I4.
We will estimate each of these terms, yielding that
d
dt
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2
≤ O(1)
(∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2),
where O(1) denotes some constant which only depends on A = maxj(Aj) and which
remains bounded as A→ 0.
The term I1: Here we do as follows:
I1 =
∫ 1
0
(
P˜1/21 − P˜1/22
)( 1
A52
U˜32
(P˜1/22 )η − 1A51 U˜31 (P˜1/21 )η
)
(t, η)dη
=
1
A5
∫ 1
0
(
P˜1/21 − P˜1/22
)(
U˜32 (P˜1/22 )η − U˜31 (P˜1/21 )η
)
(t, η)dη
+
A51 −A52
A51A
5
2
∫ 1
0
(
P˜1/21 − P˜1/22
)
×
(
U˜32
(P˜1/22 )η1A2<A1 + U˜31 (P˜1/21 )η1A1≤A2)(t, η)dη
=
1
A5
∫ 1
0
(
P˜1/21 − P˜1/22
)(
U˜2 − U˜1
)
U˜22
(P˜1/22 )η(t, η)dη
+
1
A5
∫ 1
0
(
P˜1/21 − P˜1/22
)(
U˜22
(P˜1/22 )η − U˜21 (P˜1/21 )η)U˜1(t, η)dη
+
A51 −A52
A51A
5
2
∫ 1
0
(
P˜1/21 − P˜1/22
)
×
(
U˜32
(P˜1/22 )η1A2<A1 + U˜31 (P˜1/21 )η1A1≤A2)(t, η)dη
=
1
A5
∫ 1
0
(
P˜1/21 − P˜1/22
)(
U˜2 − U˜1
)
U˜22
(P˜1/22 )η(t, η)dη
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+
1
A5
∫ 1
0
(
P˜1/21 − P˜1/22
)(
U˜22 − U˜21
)(P˜1/22 )ηU˜11U˜21≤U˜22 (t, η)dη
+
1
A5
∫ 1
0
(
P˜1/21 − P˜1/22
)(
U˜22 − U˜21
)(P˜1/21 )ηU˜11U˜22<U˜21 (t, η)dη
+
1
A5
∫ 1
0
(
P˜1/21 − P˜1/22
)((P˜1/22 )η − (P˜1/21 )η)U˜1 minj (U˜2j )(t, η)dη
+
A51 −A52
A51A
5
2
∫ 1
0
(
P˜1/21 − P˜1/22
)
×
(
U˜31
(P˜1/21 )η1A1≤A2 + U˜32 (P˜1/22 )η1A2<A1)(t, η)dη
= I11 + I12 + I13 + I14 + I15.
We first estimate ∣∣∣(P˜1/2i )η∣∣∣ =
∣∣∣P˜i,η∣∣∣
2P˜1/2i
=
∣∣∣Q˜iY˜i,η∣∣∣
2A2i P˜1/2i
≤ 1
2Ai
P˜1/2i Y˜i,η,
and thus ∣∣∣U˜iP˜1/2i Y˜i,η∣∣∣ ≤ 12(U˜2i Y˜i,η + P˜iY˜i,η) ≤ 34A5i .
We start with the term I11:
|I11| ≤ O(1)
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣U˜2 − U˜1∣∣∣ (t, η)dη
≤ O(1)
(∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥U˜2 − U˜1∥∥∥2 ).
Subsequently (and similar for I13)
|I12| ≤ 1
A5
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣U˜2 − U˜1∣∣∣ ∣∣∣U˜2 + U˜1∣∣∣ ∣∣∣(P˜1/22 )ηU˜1∣∣∣1U˜21≤U˜22 (t, η)dη
≤ 2
A5
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣U˜2 − U˜1∣∣∣ U˜22 (P˜1/22 )η(t, η)dη
≤ O(1)(
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥U˜2 − U˜1∥∥∥2).
The term I14 requires more estimates (see (5.31)):
|I14| = 1
A5
∣∣∣∣∫ 1
0
(
P˜1/21 − P˜1/22
)((P˜1/22 )η − (P˜1/21 )η)U˜1 minj (U˜2j )(t, η)dη
∣∣∣∣
=
∣∣∣ 1
2A5
(
P˜1/21 − P˜1/22
)2
U˜1 min
j
(U˜2j )(t, η)
∣∣∣1
η=0
− 1
2A5
∫ 1
0
(
P˜1/21 − P˜1/22
)2( d
dη
U˜1 min
j
(U˜2j )
)
(t, η)dη
∣∣∣
=
1
2A5
∣∣∣∣∫ 1
0
(
P˜1/21 − P˜1/22
)2( d
dη
U˜1 min
j
(U˜2j )
)
(t, η)dη
∣∣∣∣
≤ O(1)
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 .
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The last term can be estimated as follows:
|I15| ≤
∣∣∣A51 −A52
A51A
5
2
∫ 1
0
(
P˜1/21 − P˜1/22
)
×
(
U˜31
(P˜1/21 )η1A1≤A2 + U˜32 (P˜1/22 )η1A2<A1)(t, η)dη∣∣∣
≤ 5 |A1 −A2|A
4
A51A
5
2
×
∫ 1
0
(
P˜1/21 − P˜1/22
)(
|U˜31
(P˜1/21 )η|1A1≤A2 + |U˜32 (P˜1/22 )η|1A2<A1)(t, η)dη.
We consider, in particular, the term
A4
A51A
5
2
∣∣∣U˜31 (P˜1/21 )η∣∣∣1A1≤A2 ≤ A4A51A52 316A811A1≤A2 ≤ 316A2.
Thus
|I15| ≤ 30
16
A2 |A1 −A2|
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)dη
≤ O(1)( |A1 −A2|2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 ).
The term I2: Recall that the term reads as follows:
I2 =
∫ 1
0
(
P˜1/21 − P˜1/22
)( 1
A62
S˜2
(P˜1/22 )η − 1A61 S˜1(P˜1/21 )η
)
(t, η)dη.
Here we can follow the estimates of the term I3, cf. (5.6) and (5.9).. Here we go:
Define
I21 =
∫ 1
0
(P˜1/21 − P˜1/22 )(t, η)
( 1
A62
(P˜1/22 )η(t, η)∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|U˜32 Y˜2,η(t, θ)dθ
− 1
A61
(P˜1/21 )η(t, η)∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|U˜31 Y˜1,η(t, θ)dθ
)
dη,
I22 =
∫ 1
0
(P˜1/21 − P˜1/22 )(t, η)
×
( 1
A62
(P˜1/22 )η(t, η)∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|P˜2U˜2Y˜2,η(t, θ)dθ
− 1
A61
(P˜1/21 )η(t, η)∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|P˜1U˜1Y˜1,η(t, θ)dθ
)
dη,
I23 =
∫ 1
0
(P˜1/21 − P˜1/22 )(t, η)
×
( 1
A62
(P˜1/22 )η(t, η)∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|Q˜2U˜2,η(t, θ)dθ
− 1
A61
(P˜1/21 )η(t, η)∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|Q˜1U˜1,η(t, θ)dθ
)
dη.
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Using the definition (5.41b) of S˜, we can write
I2 =
2
3
I21 − 2I22 − I23.
We commence with the estimates for I21:
I21 =
∫ 1
0
(P˜1/21 − P˜1/22 )(t, η)
×
( 1
A62
(P˜1/22 )η(t, η)∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|U˜32 Y˜2,η(t, θ)dθ
− 1
A61
(P˜1/21 )η(t, η)∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|U˜31 Y˜1,η(t, θ)dθ
)
dη
=
∫ 1
0
(P˜1/21 − P˜1/22 )(t, η)
×
( 1
A62
(P˜1/22 )η(t, η)∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|(U˜−2 )3Y˜2,η(t, θ)dθ
− 1
A61
(P˜1/21 )η(t, η)∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|(U˜−1 )3Y˜1,η(t, θ)dθ
)
dη
+
∫ 1
0
(P˜1/21 − P˜1/22 )(t, η)
×
( 1
A62
(P˜1/22 )η(t, η)∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|(U˜+2 )3Y˜2,η(t, θ)dθ
− 1
A61
(P˜1/21 )η(t, η)∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|(U˜+1 )3Y˜1,η(t, θ)dθ
)
dη.
The two terms are similar, and we only discuss the second one. Next we use the
trick (5.4). Thus we have to consider the term
1
A62
(P˜1/22 )η(t, η)∫ η
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|(U˜+2 )3Y˜2,η(t, θ)dθ
− 1
A61
(P˜1/21 )η(t, η)∫ η
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|(U˜+1 )3Y˜1,η(t, θ)dθ
=
1
A6
((P˜1/22 )η(t, η)∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )3Y˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
)
+ 1A1≤A2(
1
A62
− 1
A61
)
(P˜1/21 )η(t, η)∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
+ 1A2<A1(
1
A62
− 1
A61
)
(P˜1/22 )η(t, η)∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )3Y˜2,η(t, θ)dθ
=
1
A6
(P˜1/22 )η(t, η)
×
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))((U˜+2 )3 − (U˜+1 )3)Y˜2,η(t, θ)1U˜+1 ≤U˜+2 (t, θ)dθ
+
1
A6
(P˜1/21 )η(t, η)
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×
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))((U˜+2 )3 − (U˜+1 )3)Y˜1,η(t, θ)1U˜+2 <U˜+1 (t, θ)dθ
+
1
A6
(P˜1/22 )η(t, η)∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜+j )3Y˜2,η(t, θ)dθ
− 1
A6
(P˜1/21 )η(t, η)∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
+ 1A1≤A2(
1
A62
− 1
A61
)
(P˜1/21 )η(t, η)∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
+ 1A2<A1(
1
A62
− 1
A61
)
(P˜1/22 )η(t, η)∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )3Y˜2,η(t, θ)dθ
=
1
A6
(P˜1/22 )η(t, η)
×
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))((U˜+2 )3 − (U˜+1 )3)Y˜2,η(t, θ)1U˜+1 ≤U˜+2 (t, θ)dθ
+
1
A6
(P˜1/21 )η(t, η)
×
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))((U˜+2 )3 − (U˜+1 )3)Y˜1,η(t, θ)1U˜+2 <U˜+1 (t, θ)dθ
+ 1A1≤A2
1
A6
(P˜1/22 )η(t, η)
×
∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜+j )3Y˜2,η(t, θ)dθdη
+ 1A2<A1
1
A6
(P˜1/21 )η(t, η)
×
∫ η
0
(e−
1
A2
(Y˜1(t,η)−Y˜1(t,θ)) − e− 1A1 (Y˜1(t,η)−Y˜1(t,θ)) min
j
(U˜+j )3Y˜1,η(t, θ)dθdη
+
1
A6
(P˜1/22 )η(t, η)(∫ η
0
(e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(U˜+j )3Y˜2,η(t, θ)1B(η)(t, θ)dθ)
− 1
A6
(P˜1/21 )η(t, η)(∫ η
0
(e−
1
a (Y˜1(t,η)−Y˜1(t,θ)) − e− 1a (Y˜2(t,η)−Y˜2(t,θ)))
×min
j
(U˜+j )3Y˜1,η(t, θ)1Bc(η)(t, θ)dθ)
+
1
A6
(P˜1/22 )η(t, η)(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜2,η(t, θ)dθ)
− 1
A6
(P˜1/21 )η(t, η)(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜1,η(t, θ)dθ)
+ 1A1≤A2(
1
A62
− 1
A61
)
(P˜1/21 )η(t, η)∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
+ 1A2<A1(
1
A62
− 1
A61
)
(P˜1/22 )η(t, η)∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )3Y˜2,η(t, θ)dθ
= (I211 + I212 + I213 + I214 + I215 + I216 + I217 + I218 + I219 + I220)(t, η).
(5.42)
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The same estimate works for I211 and I212 (cf. (5.34)):
|
∫ 1
0
I211(P˜1/21 − P˜1/22 )(t, η)dη| ≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∫ 1
0
I2211(t, η)dη,
which shows that it suffices to estimate∫ 1
0
I2211(t, η)dη ≤
1
A12
∫ 1
0
(P˜1/22 )2η(t, η)(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
× ((U˜+2 )3 − (U˜+1 )3)Y˜2,η(t, θ)1U˜+1 ≤U˜+2 (t, θ)dθ
)2
dη
≤ O(1)
∥∥∥U˜1 − U˜2∥∥∥2 ,
where we used that
(P˜1/22 )2η ≤ 18A32Y˜2,η.
Regards the term I213 (and I214), we find
|
∫ 1
0
I213(P˜1/21 − P˜1/22 )(t, η)dη|
= 1A1≤A2
1
A6
|
∫ 1
0
P˜1/21 − P˜1/22 )
(P˜1/22 )η(t, η)
×
∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ))) min
j
(U˜+j )3Y˜2,η(t, θ)dθdη|
≤ 2
√
2a
A6e
∫ 1
0
|P˜1/21 − P˜1/22 ||
(P˜1/22 )η|(t, η)
×
∫ η
0
e−
3
4A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθdη|A1 −A2|
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2
+
8
A10e2
∫ 1
0
(P˜1/22 )2η(t, η)(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
dη|A1 −A2|2
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + 4Ae2
∫ 1
0
P˜2Y˜2,η(t, η)dη|A1 −A2|2
≤ O(1)(
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2).
Regarding the term I215 (and I216), we find
|
∫ 1
0
I215(P˜1/21 − P˜1/22 )(t, η)dη|
=
1
A6
|
∫ 1
0
(P˜1/21 − P˜1/22 )
(P˜1/22 )η(t, η)
×
(∫ η
0
(e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(U˜+j )3Y˜2,η(t, θ)1B(η)(t, θ)dθ
)
dη|
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≤ 1
aA6
∫ 1
0
|P˜1/21 − P˜1/22 ||
(P˜1/22 )η|(t, η)
×
(∫ η
0
(|Y˜2(t, η)− Y˜1(t, η)|+ |Y˜2(t, θ)− Y˜1(t, θ)|)
× e− 1a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜+j )3Y˜2,η(t, θ)dθ
)
dη
≤ 1
aA6
∫ 1
0
|P˜1/21 − P˜1/22 | |Y˜1 − Y˜2| |
(P˜1/22 )η|(t, η)
×
∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜+j )3Y˜2,η(t, θ)dθdη
+
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + 1a2A12
∫ 1
0
(P˜1/22 )2η(t, η)
×
(∫ η
0
|Y˜1(t, θ)− Y˜2(t, θ)|e− 1a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(U˜+j )3Y˜2,η(t, θ)dθ
)2
dη
≤ O(1)(
∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2),
using the estimates in (5.35) and
(P˜1/22 )2η ≤ 18A3Y˜2,η.
The next terms are I217 + I218:
I217 + I218 =
1
A6
(P˜1/22 )η(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜2,η(t, θ)dθ
)
− 1
A6
(P˜1/21 )η(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
)
=
1
A6
(
(P˜1/22 )η − (P˜1/21 )η)(t, η)
×min
k
[ ∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜k,η(t, θ)dθ
]
+
1
A6
(P˜1/21 )η(t, η)∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(U˜+j )3(Y˜2,η − Y˜1,η)(t, θ)dθ1E(t, η)
+
1
A6
(P˜1/22 )η(t, η)∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(U˜+j )3(Y˜2,η − Y˜1,η)(t, θ)dθ1Ec(t, η)
= L211 + L212 + L213.
The term L211 can be estimated as in (5.36), yielding the result
|
∫ 1
0
L211(P˜1/21 − P˜1/22 )(t, η)dη| ≤ O(1)
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 .
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The terms L212 and L213 can be treated similarly; we list L213:
|
∫ 1
0
L213(P˜1/21 − P˜1/22 )(t, η)dη| ≤ O(1)(
∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2),
see (5.37). The terms I219 and I220 share the same behavior. We find, when
A1 ≤ A2 (otherwise I219 vanishes), see (5.38), that
|
∫ 1
0
I219(P˜1/21 − P˜1/22 )(t, η)dη|
= (
1
A61
− 1
A62
)
∣∣∣ ∫ 1
0
(P˜1/21 − P˜1/22 )
(P˜1/21 )η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
)
dη
∣∣∣
≤ O(1)(|A1 −A2|2 +
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2).
Next, we consider the term I22:
I22 =
∫ 1
0
(P˜1/21 − P˜1/22 )(t, η)
×
( 1
A62
(P˜1/22 )η(t, η)∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|P˜2U˜2Y˜2,η(t, θ)dθ
− 1
A61
(P˜1/21 )η(t, η)∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|P˜1U˜1Y˜1,η(t, θ)dθ
)
dη.
We start by replacing the integrals
∫ 1
0
(. . . )dθ with
∫ η
0
(. . . )dθ, cf. (5.4). Further-
more, we write U˜j = U˜+j + U˜−j , and hence it suffices to consider
I˜22 =
∫ 1
0
(P˜1/21 − P˜1/22 )(t, η)
×
( 1
A62
(P˜1/22 )η(t, η)∫ η
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|P˜2U˜+2 Y˜2,η(t, θ)dθ
− 1
A61
(P˜1/21 )η(t, η)∫ η
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|P˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
=
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(t, η)
×
((P˜1/22 )η(t, η)∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜+2 Y˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
+
A61 −A62
A61A
6
2
1A2≤A1
∫ 1
0
(P˜1/21 − P˜1/22 )(t, η)(P˜1/22 )η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜+2 Y˜2,η(t, θ)dθ
)
dη
+
A61 −A62
A61A
6
2
1A1<A2
∫ 1
0
(P˜1/21 − P˜1/22 )(t, η)(P˜1/21 )η(t, η)
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×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
= N1 +N2 +N3.
We consider first N1 where we get
N1 =
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(t, η)
×
[
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜+2 Y˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜+1 Y˜1,η(t, θ)dθ
]
dη
=
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(t, η)
×
[
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜2 − P˜1)U˜+2 Y˜2,η1P˜1≤P˜2(t, θ)dθ
+ (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(P˜2 − P˜1)U˜+1 Y˜1,η1P˜2<P˜1(t, θ)dθ
+ (P˜1/22 )η(t, η)
×
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j)(U˜+2 − U˜+1 )Y˜2,η1U˜+1 ≤U˜+2 (t, θ)dθ
+ (P˜1/21 )η(t, η)
×
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) min
j
(P˜j)(U˜+2 − U˜+1 )Y˜1,η1U˜+2 <U˜+1 (t, θ)dθ
+ (P˜1/22 )η(t, η)
×
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
]
dη
= N11 +N12 +N13 +N14 +N15 +N16.
(5.43)
The terms N11 and N12 can be treated similarly. To that end we find
|N11| = 1
A6
|
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜2 − P˜1)U˜+2 Y˜2,η1P˜1≤P˜2(t, θ)dθ
)
dη|
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + 1A12
∫ 1
0
((P˜1/22 )η)2(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜2 − P˜1)U˜+2 Y˜2,η1P˜1≤P˜2(t, θ)dθ
)2
dη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2
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+
1
2A9
∫ 1
0
Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )2Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))|P˜1/22 − P˜1/21 |2P˜2Y˜2,η(t, θ)dθ
)
dη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + 2A8
∫ 1
0
P˜2Y˜2,η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))|P˜1/22 − P˜1/21 |2P˜2Y˜2,η(t, θ)dθ
)
dη
≤ O(1)
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 ,
where we have used (4.15e) and (4.17c). The terms N13 and N14 follow the same
lines. More precisely,
|N13| = 1
A6
|
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j)(U˜+2 − U˜+1 )Y˜2,η1U˜+1 ≤U˜+2 (t, θ)dθdη|
≤ 1
A6
∫ 1
0
|P˜1/21 − P˜1/22 | |(P˜1/22 )η|(t, η)
×
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j)|U˜+2 − U˜+1 |Y˜2,η1U˜+1 ≤U˜+2 (t, θ)dθdη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + 1A12
∫ 1
0
((P˜1/22 )η)2(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j)|U˜+2 − U˜+1 |Y˜2,η(t, θ)dθ
)2
dη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + 1A12
∫ 1
0
((P˜1/22 )η)2(t, η)
× ( ∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
)
× ( ∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 − U˜+1 )2P˜2Y˜2,η(t, θ)dθ
)
dη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + 2A11
∫ 1
0
P˜2((P˜1/22 )η)2(t, η)
× ( ∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜2 − U˜1)2P˜2Y˜2,η(t, θ)dθ
)
dη
≤ O(1)( ∥∥∥P˜1/22 − P˜1/21 ∥∥∥2 + ∥∥∥U˜2 − U˜1∥∥∥2 ),
by applying (4.16e), (4.17c), and (4.15e). The term N15 +N16 can be estimated as
follows:
N15 +N16 =
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(t, η)
×
[
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
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− (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))
×min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
]
dη
= 1A1≤A2
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(t, η)(P˜1/22 )η(t, η)
×
(∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))−e−
1
A1
(Y˜2(t,η)−Y˜2(t,θ)))
×min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
)
dη
+ 1A2<A1
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(t, η)(P˜1/21 )η(t, η)
×
(∫ η
0
(e−
1
A2
(Y˜1(t,η)−Y˜1(t,θ)) − e− 1A1 (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)1B(η)(t, θ)dθ
+
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/21 )η(t, η)
×
∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)1Bc(η)(t, θ)dθ
+
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(t, η)
[
(P˜1/22 )η(t, η)
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
]
dη
= N151 +N152 +N153 +N154 +N155,
which, unfortunately, all need a special treatment.
The terms N151 and N152 can be handled as follow:
|N151| ≤ 1A1≤A2
2
√
2a
A6e
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣(P˜1/22 )η∣∣∣ (t, η)
×
(∫ η
0
e−
3
4A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
)
dη|A1 −A2|
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≤ 2
√
2a
A6e
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣(P˜1/22 )η∣∣∣ (t, η)
×
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
)1/2
×
(∫ η
0
P˜2Y˜2,η(t, θ)dθ
)1/2
dη|A1 −A2|
≤ 2
√
2a
A3e
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣(P˜1/22 )η∣∣∣ P˜1/22 (t, η)dη|A1 −A2|
≤ O(1)(
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2).
The terms N153 and N154 can be handled as follow:
|N153| = 1
A6
|
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)1B(η)(t, θ)dθdη|
≤ 1
aA6
∫ 1
0
|P˜1/21 − P˜1/22 | |(P˜1/22 )η|(t, η)
×
∫ η
0
(|Y˜2(t, η)− Y˜1(t, η)|+ |Y˜2(t, θ)− Y˜1(t, θ)|)e− 1a (Y˜2(t,η)−Y˜2(t,θ))
×min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθdη
=
1
aA6
∫ 1
0
|P˜1/21 − P˜1/22 | |Y˜2 − Y˜1| |(P˜1/22 )η|(t, η)
∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))
×min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθdη
+
1
aA6
∫ 1
0
|P˜1/21 − P˜1/22 | |(P˜1/22 )η|(t, η)
∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))|Y˜2 − Y˜1|
×min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθdη
≤ 1√
2A5
∫ 1
0
|P˜1/21 − P˜1/22 | |Y˜2 − Y˜1| |(P˜1/22 )η|(t, η)
×
(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))P˜22 Y˜2,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))Y˜2,η(t, θ)dθ
)1/2
dη
+
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + 12A10
∫ 1
0
((P˜1/22 )η)2(t, η)
×
(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))|Y˜2 − Y˜1|P˜2Y˜2,η(t, θ)dθ
)2
dη
≤
√
3
2A2
∫ 1
0
|P˜1/21 − P˜1/22 | |Y˜2 − Y˜1|P˜1/22 |(P˜1/22 )η|(t, η)dη +
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2
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+
1
2A10
∫ 1
0
((P˜1/22 )η)2(t, η)
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
2a (Y˜2(t,η)−Y˜2(t,θ))(Y˜2 − Y˜1)2P˜2Y˜2,η(t, θ)dθ
)
dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 ),
using (4.16b), (4.16e), (4.17a), and (4.15e). We consider now N155:
N155 =
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(t, η)
×
[
(P˜1/22 )η(t, η)
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
]
dη
= − 1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/21 − P˜1/22 )η(t, η)
×min
k
[ ∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )Y˜k,η(t, θ)dθ
]
dη
+
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)1E˜c(t, η)
× ( ∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )(Y˜2 − Y˜1)η(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/21 )η(t, η)1E˜(t, η)
× ( ∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )(Y˜2 − Y˜1)η(t, θ)dθ
)
dη
= N1551 +N1552 +N1553,
which, yet again, requires separate treatment. Here E˜ is defined in (5.16). The
term N1551 can be handled as the term L˜31, cf. (5.17),
|N1551| ≤ O(1)
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 .
The terms N1552 and N1553 can be treated in the same manner:
|N1552| ≤ 1
A6
∫ 1
0
|P˜1/21 − P˜1/22 | |(P˜1/22 )η|(t, η)1E˜c(t, η)
× |
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )(Y˜2 − Y˜1)η(t, θ)dθ|dη
≤ 1
A6
∫ 1
0
|P˜1/21 − P˜1/22 | |Y˜1 − Y˜2|min
j
(P˜j) min
j
(U˜+j )|(P˜1/22 )η|(t, η)dη
+
1
A6
∫ 1
0
|P˜1/21 − P˜1/22 ||(P˜1/22 )η|(t, η)
× |
∫ η
0
(Y˜1 − Y˜2)
[ d
dθ
(
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
)
min
j
(P˜j) min
j
(U˜+j )
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+ min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
d
dθ
(
min
j
(P˜j) min
j
(U˜+j )
)]
(t, θ)dθ|dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 ).
The term N2 (and also N3) can be treated as follows.
|N2| ≤ A
6
1 −A62
A61A
6
2
∫ 1
0
|P˜1/21 − P˜1/22 ||(P˜1/22 )η|(t, η)
× ( ∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜22 Y˜2,η(t, θ)dθ
)1/2
× ( ∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)1/2
dη
≤
√
6
A61 −A62
A6A32
∫ 1
0
|P˜1/21 − P˜1/22 |P˜2|(P˜1/22 )η|(t, η)dη
≤ O(1)|A1 −A2|
∫ 1
0
|P˜1/21 − P˜1/22 |(t, η)dη
≤ O(1)(
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2).
This concludes the discussion of the term I22.
The term I23 is handled as follows:
I23 =
∫ 1
0
(P˜1/21 − P˜1/22 )(t, η)
×
( 1
A62
(P˜1/22 )η(t, η)
∫ 1
0
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|Q˜2U˜2,η(t, θ)dθ
− 1
A61
(P˜1/21 )η(t, η)
∫ 1
0
e−
1
A1
|Y˜1(t,η)−Y˜1(t,θ)|Q˜1U˜1,η(t, θ)dθ
)
dη.
We start by replacing the integrals
∫ 1
0
(. . . )dθ with
∫ η
0
(. . . )dθ, cf. (5.4). Thus
I˜23 =
∫ 1
0
(P˜1/21 − P˜1/22 )
( 1
A62
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Q˜2U˜2,η(t, θ)dθ
− 1
A1
(P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))Q˜1U˜1,η(t, θ)dθ
)
dη
=
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )
(
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Q˜2U˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))Q˜1U˜1,η(t, θ)dθ
)
dη
+ 1A2≤A1
( 1
A62
− 1
A61
) ∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Q˜2U˜2,η(t, θ)dθdη
+ 1A1<A2
( 1
A62
− 1
A61
) ∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/21 )η(t, η)
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×
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))Q˜1U˜1,η(t, θ)dθdη
= M1 +M2 +M3.
We estimate, using first that Q˜i = AiP˜i − D˜i (cf. (4.7)):
M1 =
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )
(
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Q˜2U˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))Q˜1U˜1,η(t, θ)dθ
)
dη
=
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )
(
A2(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜2,η(t, θ)dθ
−A1(P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜1,η(t, θ)dθ
)
dη
− 1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )
(
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))D˜2U˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))D˜1U˜1,η(t, θ)dθ
)
dη
=
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(A2P˜2U˜2(P˜1/22 )η −A1P˜1U˜1(P˜1/21 )η)(t, η)dη
− 1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(D˜2U˜2(P˜1/22 )η − D˜1U˜1(P˜1/21 )η)(t, η)dη
+
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )
×
(
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) 1
A2
D˜2U˜2Y˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) 1
A1
D˜1U˜1Y˜1,η(t, θ)dθ
)
dη
− 3
A6
∫ 1
0
(P˜1/21 − P˜1/22 )
×
(
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜2Y˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜1Y˜1,η(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )
(
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜32 Y˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜31 Y˜1,η(t, θ)dθ
)
dη
+
1
2A6
∫ 1
0
(P˜1/21 − P˜1/22 )
(
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))A52U˜2(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))A51U˜1(t, θ)dθ
)
dη
= W1 +W2 +W3 +W4 +W5 +W6.
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Here we have used the rewrite employed when manipulating the term K¯1 from the
expression (5.18) to (5.19). We start by considering the term W1:
W1 =
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(A2P˜2U˜2(P˜1/22 )η −A1P˜1U˜1(P˜1/21 )η)(t, η)dη
= 1A1≤A2
A2 −A1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )P˜2U˜2(P˜1/22 )η(t, η)dη
+ 1A2<A1
A2 −A1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )P˜1U˜1(P˜1/21 )η(t, η)dη
+
a
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜2 − P˜1)U˜2(P˜1/22 )η(t, η)1P˜1≤P˜2(t, η)dη
+
a
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜2 − P˜1)U˜1(P˜1/21 )η(t, η)1P˜2<P˜1(t, η)dη
+
a
A6
∫ 1
0
(P˜1/21 − P˜1/22 )((P˜1/22 )η − (P˜1/21 )η) min
j
(P˜j)U˜2(t, η)dη
+
a
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(U˜2 − U˜1) min
j
(P˜j)(P˜1/21 )η(t, η)dη
= W11 +W12 +W13 +W14 +W15 +W16.
Using (4.15a), (4.15b), (4.15e), (4.17a), and (4.17b), we find that
W11 +W12 +W13 +W14 +W16
≤ O(1)
(∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2).
Regarding the term W15:
|W15| = a
A6
|
∫ 1
0
(P˜1/21 − P˜1/22 )((P˜1/22 )η − (P˜1/21 )η) min
j
(P˜j)U˜2(t, η)dη|
= | a
2A6
(P˜1/21 − P˜1/22 )2 min
j
(P˜j)U˜2(t, η)
∣∣∣1
0
− a
2A6
∫ 1
0
(P˜1/21 − P˜1/22 )2
d
dη
(
min
j
(P˜j)U˜2
)
(t, η)dη|
=
a
2A6
|
∫ 1
0
(P˜1/21 − P˜1/22 )2
d
dη
(
min
j
(P˜j)U˜2
)
(t, η)dη|
≤ O(1)
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 ,
using the same estimates as for B¯13 (cf. (5.20)) and Lemma A.3(ii).
As for the term W2 we find
−W2 = 1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(D˜2U˜2(P˜1/22 )η − D˜1U˜1(P˜1/21 )η)(t, η)dη
=
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(D˜2 − D˜1)U˜1(P˜1/21 )η1D˜2≤D˜1(t, η)dη
+
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(D˜2 − D˜1)U˜2(P˜1/22 )η1D˜1<D˜2(t, η)dη
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+
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )((P˜1/22 )η − (P˜1/21 )η) min
j
(D˜j)U˜2(t, η)dη
− 1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )(U˜1 − U˜2) min
j
(D˜j)(P˜1/21 )η(t, η)dη
= W21 +W22 +W23 +W24.
The terms W21 and W22 can be treated similarly. We need to estimate D˜2 − D˜1.
Applying Lemma A.9, we have
|W21| = 1
A6
|
∫ 1
0
(P˜1/21 − P˜1/22 )(D˜2 − D˜1)U˜1(P˜1/21 )η(t, η)1D˜2≤D˜1(t, η)dη|
≤ 2
A9/2
∫ 1
0
|P˜1/21 − P˜1/22 | |Y˜1 − Y˜2|D˜1/21 |U˜1(P˜1/21 )η|(t, η)dη
+
1
A6
∫ 1
0
|P˜1/21 − P˜1/22 | |Y˜1 − Y˜2|(U˜21 + P˜1)|U˜1(P˜1/21 )η|(t, η)dη
+
2
√
2
A9/2
∥∥∥Y˜1 − Y˜2∥∥∥∫ 1
0
|P˜1/21 − P˜1/22 |D˜1/21 |U˜1(P˜1/21 )η|(t, η)dη
+
4
A3
∫ 1
0
|P˜1/21 − P˜1/22 |
×
(∫ η
0
e−
1
A (Y˜1(t,η)−Y˜1(t,θ))(U˜1 − U˜2)2(t, θ)dθ
)1/2
|U˜1(P˜1/21 )η|(t, η)dη
+
2
√
2
A3
∫ 1
0
|P˜1/21 − P˜1/22 |
×
(∫ η
0
e−
1
A (Y˜1(t,η)−Y˜1(t,θ))(P˜1/21 − P˜1/22 )2(t, θ)dθ
)1/2
|U˜1(P˜1/21 )η|(t, η)dη
+
3√
2A2
∫ 1
0
|P˜1/21 − P˜1/22 |
×
(∫ η
0
e−
1
a (Y˜1(t,η)−Y˜1(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
)1/2
|U˜1(P˜1/21 )η|(t, η)dη
+
3
2A2
∫ 1
0
|P˜1/21 − P˜1/22 |
×
(∫ η
0
e−
1
a (Y˜1(t,η)−Y˜1(t,θ))|Y˜1 − Y˜2|(t, θ)dθ
)
|U˜1(P˜1/21 )η|(t, η)dη
+
6
A2
|A1 −A2|
∫ 1
0
|P˜1/21 − P˜1/22 |
×
(∫ η
0
e−
3
4A (Y˜1(t,η)−Y˜1(t,θ))dθ
)
|U˜1(P˜1/21 )η|(t, η)dη
+
12
√
2√
3eA2
|A1 −A2|
∫ 1
0
|P˜1/21 − P˜1/22 |
×
(∫ η
0
e−
3
4A (Y˜1(t,η)−Y˜1(t,θ))dθ
)1/2
|U˜1(P˜1/21 )η|(t, η)dη
≤ 2
A9/2
∫ 1
0
|P˜1/21 − P˜1/22 | |Y˜1 − Y˜2|(t, η)
A13/2
4
dη
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+
1
A6
∫ 1
0
|P˜1/21 − P˜1/22 | |Y˜1 − Y˜2|(t, η)
3A8
8
√
2
dη
+
2
√
2
A9/2
∥∥∥Y˜1 − Y˜2∥∥∥∫ 1
0
|P˜1/21 − P˜1/22 |(t, η)
A13/2
4
dη
+
4
A3
∫ 1
0
|P˜1/21 − P˜1/22 |(t, η)
(∫ η
0
(U˜1 − U˜2)2(t, θ)dθ
)1/2 A4
2
√
2
dη
+
2
√
2
A3
∫ 1
0
|P˜1/21 − P˜1/22 |(t, η)
(∫ η
0
(P˜1/21 − P˜1/22 )2(t, θ)dθ
)1/2 A4
2
√
2
dη
+
3√
2A2
∫ 1
0
|P˜1/21 − P˜1/22 |(t, η)
(∫ η
0
(Y˜1 − Y˜2)2(t, θ)dθ
)1/2 A4
2
√
2
dη
+
3
2A2
∫ 1
0
|P˜1/21 − P˜1/22 |(t, η)
(∫ η
0
|Y˜1 − Y˜2|(t, θ)dθ
) A4
2
√
2
dη
+
6
A2
|A1 −A2|
∫ 1
0
|P˜1/21 − P˜1/22 |(t, η)
A4
2
√
2
dη
+
12
√
2√
3eA2
|A1 −A2|
∫ 1
0
|P˜1/21 − P˜1/22 |(t, η)
A4
2
√
2
dη
≤ O(1)( ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 + |A1 −A2|2 ),
where we have used estimates (4.15a), (4.15b), (4.17b), and (4.15n). Furthermore,
|W23| = 1
A6
|
∫ 1
0
(P˜1/21 − P˜1/22 )((P˜1/22 )η − (P˜1/21 )η) min
j
(D˜j)U˜2(t, η)dη|
≤ | 1
2A6
(P˜1/21 − P˜1/22 )2 min
j
(D˜j)U˜2(t, η)
∣∣∣1
0
− 1
2A6
∫ 1
0
(P˜1/21 − P˜1/22 )2
d
dθ
(
min
j
(D˜j)U˜2
)
(t, η)dη|
=
1
2A6
|
∫ 1
0
(P˜1/21 − P˜1/22 )2
d
dθ
(
min
j
(D˜j)U˜2
)
(t, η)dη|
≤ O(1)
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 ,
by applying Lemma A.4 (ii). The term W24 goes as follows:
|W24| = 1
A6
|
∫ 1
0
(P˜1/21 − P˜1/22 )(U˜1 − U˜2) min
j
(D˜j)(P˜1/21 )η(t, η)dη|
≤ O(1)( ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 )
using
min
j
(D˜j)|(P˜1/21 )η| ≤ 2A1P˜1|(P˜1/21 )η| ≤ P˜1/21 P˜1Y˜1,η ≤
A7
4
from (4.15a), (4.15e), (4.15n), and (4.17a).
Next comes W3, namely
W3 =
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )
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×
(
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) 1
A2
D˜2U˜2Y˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) 1
A1
D˜1U˜1Y˜1,η(t, θ)dθ
)
dη
=
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )
×
(
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) 1
A2
D˜2U˜+2 Y˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) 1
A1
D˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )
×
(
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) 1
A2
D˜2U˜−2 Y˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) 1
A1
D˜1U˜−1 Y˜1,η(t, θ)dθ
)
dη
= W31 +W32;
and the two terms can be treated in the same manner. Thus
W31 =
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )
×
(
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) 1
A2
D˜2U˜+2 Y˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) 1
A1
D˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
= 1A1≤A2
1
A6
( 1
A2
− 1
A1
)∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/21 )η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))D˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
+ 1A2<A1
1
A6
( 1
A2
− 1
A1
)∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))D˜2U˜+2 Y˜2,η(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(D˜2 − D˜1)U˜+2 Y˜2,η(t, θ)1D˜1≤D˜2(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/21 )η(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(D˜2 − D˜1)U˜+1 Y˜1,η(t, θ)1D˜2<D˜1(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
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×min
j
(D˜j)(U˜+2 − U˜+1 )Y˜2,η(t, θ)1U˜+1 ≤U˜+2 (t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/21 )η(t, η)
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))
×min
j
(D˜j)(U˜+2 − U˜+1 )Y˜1,η(t, θ)1U˜+2 <U˜+1 (t, θ)dθ
)
dη
+ 1A1≤A2
1
A7
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
(∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
)
dη
+ 1A2<A1
1
A7
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/21 )η(t, η)
×
(∫ η
0
(e−
1
A2
(Y˜1(t,η)−Y˜1(t,θ)) − e− 1A1 (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
(∫ η
0
(e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )Y˜2,η(t, θ)1B(η)(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/21 )η(t, η)
×
(∫ η
0
(e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)1B(η)c(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(P˜1/21 − P˜1/22 )((P˜1/22 )η − (P˜1/21 )η)(t, η)
×min
k
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )Y˜k,η(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η1Dc(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )(Y˜2,η − Y˜1,η)(t, θ)dθ
)
dη
+
1
A7
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/21 )η1e(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )(Y˜2,η − Y˜1,η)(t, θ)dθ
)
dη
= Z1 + Z2 + Z3 + Z4 + Z5 + Z6 + Z7 + Z8 + Z9 + Z10 + Z11 + Z12 + Z13,
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where the set e is given by (5.21). Here there is no alternative but to treat these
terms more or less separately. For the terms Z1 and Z2 we find
|Z1| ≤ 2
A7
|A1 −A2|
∫ 1
0
|P˜1/21 − P˜1/22 ||(P˜1/21 )η|
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜21 Y˜1,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜21 Y˜1,η(t, θ)dθ
)1/2
dη
≤ O(1)(
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2).
For the terms Z3 and Z4 we find
|Z3| = 1
A7
|
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(D˜2 − D˜1)U˜+2 Y˜2,η(t, θ)1D˜1≤D˜2(t, θ)dθ
)
dη|
≤ O(1)( ∥∥∥U˜2 − U˜1∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 + ∥∥∥P˜1/22 − P˜1/21 ∥∥∥2 + |A2 −A1|2 )
by Lemma A.9.
For the terms Z5 and Z6 we find
|Z5| = 1
A7
|
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(D˜j)(U˜+2 − U˜+1 )Y˜2,η1U˜+1 ≤U˜+2 (t, θ)dθ
)
dη|
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + 1A14
∫ 1
0
((P˜1/22 )η)2(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(D˜j)(U˜+2 − U˜+1 )Y˜2,η1U˜+1 ≤U˜+2 (t, θ)dθ
)2
dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥U˜2 − U˜1∥∥∥2 ),
by applying (4.16e), estimating D˜2 ≤ 2A2P˜1 (cf. (4.15n)), and subsequently (4.17a)
For the terms Z7 and Z8 we find
|Z7| = 1A1≤A2
1
A7
|
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
(∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
)
dη|
≤ 4
A1A7e
|
∫ 1
0
|P˜1/21 − P˜1/22 ||(P˜1/22 )η|(t, η)
×
(∫ η
0
e−
3
4A2
(Y˜2(t,η)−Y˜2(t,θ))D˜2|U˜1|Y˜2,η(t, θ)dθ
)
dη||A1 −A2|
≤ 4
√
2a
A6e
∫ 1
0
|P˜1/21 − P˜1/22 ||(P˜1/22 )η|(t, η)
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×
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
)1/2
×
(∫ η
0
P˜2Y˜2,η(t, θ)dθ
)1/2
dη|A1 −A2|
≤ O(1)(
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2).
For the terms Z9 and Z10 we find
|Z9| = 1
A7
|
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
(∫ η
0
(e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )Y˜2,η(t, θ)1B(η)(t, θ)dθ
)
dη|
≤ 1
aA7
∫ 1
0
|P˜1/21 − P˜1/22 | |(P˜1/22 )η|(t, η)
×
(∫ η
0
( ∣∣∣Y˜2 − Y˜1∣∣∣ (t, η) + ∣∣∣Y˜2 − Y˜1∣∣∣ (t, θ))
× e− 1A2 (Y˜2(t,η)−Y˜2(t,θ))D˜2 min
j
(U˜+j )Y˜2,η(t, θ)dθ
)
dη
≤ 1√
2A6
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣Y˜2 − Y˜1∣∣∣ |(P˜1/22 )η|(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))D˜2Y˜2,η(t, θ)dθ
)
dη
+
1√
2A6
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ |(P˜1/22 )η|(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
∣∣∣Y˜2 − Y˜1∣∣∣ D˜2Y˜2,η(t, θ)dθ)dη
≤
√
2
A5
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣Y˜2 − Y˜1∣∣∣ |(P˜1/22 )η|(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜22 Y˜2,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Y˜2,η(t, θ)dθ
)1/2
dη
+
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2
+
2
A10
∫ 1
0
((P˜1/22 )η)2(t, η)
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜22 Y˜22,η(t, θ)dθ
)
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜2 − Y˜1)2(t, θ)dθ
)
dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 ),
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applying the same set of estimates applied when studying B¯35, see (5.22). For the
term Z11 we find
|Z11| = 1
A7
|
∫ 1
0
(P˜1/21 − P˜1/22 )((P˜1/22 )η − (P˜1/21 )η)(t, η)
×min
k
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )Y˜k,η(t, θ)dθ
)
dη|
≤ O(1)
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 ,
see estimates for B¯37, cf. (5.23).
For the terms Z12 and Z13 we find
|Z12| = 1
A7
|
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η1Dc(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )(Y˜2,η − Y˜1,η)(t, θ)dθ
)
dη|
=
1
A7
|
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η1Dc(t, η)
×
[(
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )(Y˜2 − Y˜1)(t, θ)
)∣∣∣η
θ=0
−
∫ η
0
(Y˜2 − Y˜1) d
dθ
(
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )
)
(t, θ)dθ
]
dη|
= | 1
A7
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η1Dc min
j
(D˜j) min
j
(U˜+j )(Y˜2 − Y˜1)(t, η)dη
− 1
A7
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η1Dc(t, η)
(∫ η
0
(Y˜2 − Y˜1)
× d
dθ
(
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )
)
(t, θ)dθ
)
dη|
≤ A
2
4
√
2
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣Y˜2 − Y˜1∣∣∣ (t, η)dη
+
1
A7
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣(P˜1/22 )η∣∣∣1Dc(t, η)(∫ η
0
∣∣∣Y˜2 − Y˜1∣∣∣
× | d
dθ
(
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )
)
|(t, θ)dθ
)
dη
= M˜1 + M˜2.
We find directly ∣∣∣M˜1∣∣∣ ≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 ).
For the other term M˜2 we proceed as follows:∣∣∣M˜2∣∣∣ ≤ 1
A7
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣(P˜1/22 )η∣∣∣1Dc(t, η)(∫ η
0
∣∣∣Y˜2 − Y˜1∣∣∣ |
× d
dθ
(
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )
)
|(t, θ)dθ
)
dη
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≤ 1
A7
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣(P˜1/22 )η∣∣∣1Dc(t, η)
×
(∫ η
0
∣∣∣Y˜2 − Y˜1∣∣∣ [|( d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
)
| |min
j
(D˜j) min
j
(U˜+j )|(t, θ)
+ |min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))| | d
dθ
(
min
j
(D˜j) min
j
(U˜+j )
)
|(t, θ)
]
dθ
)
dη
≤ 1
A7
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣(P˜1/22 )η∣∣∣1Dc(t, η)(∫ η
0
∣∣∣Y˜2 − Y˜1∣∣∣
×
[1
a
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) max
j
(Y˜j,η) min
j
(D˜j) min
j
(U˜+j )(t, θ)
+O(1)A9/2 min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))(min
j
(D˜j)1/2 + |U˜2|)(t, θ)
]
dθ
)
dη
= M˜21 + M˜22,
by using Lemmas A.2 and A.4. For M˜21 we find
M˜21 =
1
aA7
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣(P˜1/22 )η∣∣∣1Dc(t, η)(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×
∣∣∣Y˜2 − Y˜1∣∣∣ |max
j
(Y˜j,η) min
j
(D˜j) min
j
(U˜+j )|(t, θ)dθ
)
dη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + 1a2A14
∫ 1
0
((P˜1/22 )η)2(t, η)
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
×
∣∣∣Y˜2 − Y˜1∣∣∣max
j
(Y˜j,η) min
j
(D˜j) min
j
(U˜+j )(t, θ)dθ
)2
dη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2
+
1
2
∫ 1
0
((P˜1/22 )η)2(t, η)
(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))
∣∣∣Y˜2 − Y˜1∣∣∣ (t, θ)dθ)2dη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2
+
1
8A2
∫ 1
0
P˜2Y˜22,η(t, η)
(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))(Y˜2 − Y˜1)2dθ
)
×
(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))(t, θ)dθ
)
dη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 +O(1)∫ 1
0
∫ η
0
(Y˜2 − Y˜1)2dθdη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 ),
using
max
j
(Y˜j,η) min
j
(D˜j) ≤ 2 max
j
(Y˜j,η) min
j
(AiP˜j) ≤ 2 max
j
(AiP˜jY˜j,η) ≤ A6,
and (4.16a), (4.17c), and (4.15e). For M˜22 we find
M˜22 =
O(1)
A5/2
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣(P˜1/22 )η∣∣∣1Dc(t, η)
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×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
∣∣∣Y˜2 − Y˜1∣∣∣ (min
j
(D˜j)1/2 + |U˜2|)(t, θ)dθ
)
dη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + O(1)A5
∫ 1
0
((P˜1/22 )η)2(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
∣∣∣Y˜2 − Y˜1∣∣∣ (min
j
(D˜j)1/2 + |U˜2|)(t, θ)dθ
)2
dη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + O(1)A5
∫ 1
0
((P˜1/22 )η)2(t, η)
×
(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))
∣∣∣Y˜2 − Y˜1∣∣∣ P˜1/22 (t, θ)dθ)2dη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2
+
O(1)
A7
∫ 1
0
P˜2Y˜22,η(t, η)
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2(t, θ)dθ
)
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))
∣∣∣Y˜2 − Y˜1∣∣∣ (t, θ)dθ)dη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2
+
O(1)
A7
∫ 1
0
P˜22 Y˜22,η(t, η)
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜2 − Y˜1)2(t, θ)dθ
)
dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 ),
using that, cf. (4.15d) and (4.15n),
min
j
(D˜j)1/2 + |U˜2| ≤
√
2A2P˜1/22 + |U˜2| ≤
√
2(1 +
√
A2)P˜1/22 ,
and (4.16i), (4.15e), and (4.17a).
We now consider the term W4:
W4 = − 3
A6
∫ 1
0
(P˜1/21 − P˜1/22 )
×
(
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜2Y˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜1Y˜1,η(t, θ)dθ
)
dη
= − 3
A6
∫ 1
0
(P˜1/21 − P˜1/22 )
×
(
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜+2 Y˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜+1 Y˜1,η(t, θ)dθ
)
dη
− 3
A6
∫ 1
0
(P˜1/21 − P˜1/22 )
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×
(
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜−2 Y˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1U˜−1 Y˜1,η(t, θ)dθ
)
dη
= W+4 +W
−
4 .
Since W+4 = −3N1, see (5.43), we find that
|W4| ≤ O(1)
( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 + |A1 −A2|).
The next term W5 would be laborious:
W5 =
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )
(
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜32 Y˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜31 Y˜1,η(t, θ)dθ
)
dη
=
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )
(
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )3Y˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
)
dη
+
1
A6
∫ 1
0
(P˜1/21 − P˜1/22 )
(
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜−2 )3Y˜2,η(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜−1 )3Y˜1,η(t, θ)dθ
)
dη
= W+5 +W
−
5 .
Unfortunately, having a close look at W+5 one has
W+5 =
∫ 1
0
(P˜1/21 −P˜1/22 )(I211 + I212 + I213 + I214 + I215 + I216 + I217 + I218)(t, η)dη,
where I211, . . . , I218 are defined in (5.42). Thus we can conclude immediately that∣∣W+5 ∣∣ ≤ O(1)(∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2).
For the term W6 we find
W6 =
1
2A6
∫ 1
0
(P˜1/21 − P˜1/22 )
(
(P˜1/22 )η(t, η)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))A52U˜2(t, θ)dθ
− (P˜1/21 )η(t, η)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))A51U˜1(t, θ)dθ
)
dη
=
A52 −A51
2A6
1A1≤A2
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜2(t, θ)dθdη
+
A52 −A51
2A6
1A2<A1
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/21 )η(t, η)
×
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜1(t, θ)dθdη
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+ 1A1≤A2
a5
2A6
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
(∫ η
0
(
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ)))U˜2(t, θ)dθ)dη
+ 1A2<A1
a5
2A6
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/21 )η(t, η)
×
(∫ η
0
(
e−
1
A2
(Y˜1(t,η)−Y˜1(t,θ)) − e− 1A1 (Y˜1(t,η)−Y˜1(t,θ)))U˜1(t, θ)dθ)dη
+
a5
2A6
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
(∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))U˜21B(η)(t, θ)dθ)dη
+
a5
2A6
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/21 )η(t, η)
×
(∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))U˜11B(η)c(t, θ)dθ)dη
+
a5
2A6
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))(U˜+2 − U˜+1 )1U˜+1 ≤U˜+2 (t, θ)dθ
)
dη
+
a5
2A6
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))(U˜−2 − U˜−1 )1U˜−2 ≤U˜−1 (t, θ)dθ
)
dη
+
a5
2A6
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/21 )η(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))(U˜+2 − U˜+1 )1U˜+2 <U˜+1 (t, θ)dθ
)
dη
+
a5
2A6
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/21 )η(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))(U˜−2 − U˜−1 )1U˜−1 <U˜−2 (t, θ)dθ
)
dη
+
a5
2A6
∫ 1
0
(P˜1/21 − P˜1/22 )((P˜1/22 )η − (P˜1/21 )η(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)dθ
)
dη
+
a5
2A6
∫ 1
0
(P˜1/21 − P˜1/22 )((P˜1/22 )η − (P˜1/21 )η)(t, η)
×
(∫ η
0
max
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜−j )(t, θ)dθ
)
dη
= W61 +W62 +W63 +W64 +W65 +W66
+W+67 +W
−
67 +W
+
68 +W
−
68 +W
+
69 +W
−
69.
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The terms W61 and W62:
|W61| = A
5
2 −A51
2A6
1A1≤A2 |
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜2(t, θ)dθdη|
≤ 5A2 −A1
2A2
∫ 1
0
|P˜1/21 − P˜1/22 ||(P˜1/22 )η|(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 (t, θ)dθ
)1/2
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))dθ
)1/2
dη|
≤ 5
√
6
A2 −A1
2A2
∫ 1
0
|P˜1/21 − P˜1/22 |P˜1/22 |(P˜1/22 )η|(t, η)dη
≤ O(1)( |A1 −A2|2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 ),
using (4.15e), (4.16a), and (4.17a).
The terms W63 and W64:
|W63| = 1A1≤A2
a5
2A6
∫ 1
0
|P˜1/21 − P˜1/22 ||(P˜1/22 )η|(t, η)
×
∣∣∣ ∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ)))U˜2(t, θ)dθ
∣∣∣dη
≤ 4a
5
2aA6e
∫ 1
0
|P˜1/21 − P˜1/22 ||(P˜1/22 )η|(t, η)
×
(∫ η
0
e−
3
4A2
(Y˜2(t,η)−Y˜2(t,θ))|U˜2|(t, θ)dθ
)
dη|A1 −A2|
≤ 2
A2e
∫ 1
0
|P˜1/21 − P˜1/22 ||(P˜1/22 )η|(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 (t, θ)dθ
)1/2
dη|A1 −A2|
≤ 2
√
6
A2e
∫ 1
0
|P˜1/21 − P˜1/22 |P˜1/22 |(P˜1/22 )η|(t, η)dη|A1 −A2|
≤ O(1)(
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2)
The terms W65 and W66:
|W65| = a
5
2A6
|
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))U˜21B(η)(t, θ)dθdη|
≤ 1
2A2
∫ 1
0
|P˜1/21 − P˜1/22 ||(P˜1/22 )η|(t, η)
×
∫ η
0
(|Y˜2(t, η)− Y˜1(t, η)|+ |Y˜2(t, θ)− Y˜1(t, θ)|)
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× e− 1a (Y˜2(t,η)−Y˜2(t,θ))|U˜2|(t, θ)dθdη
≤ 1
2A2
∫ 1
0
|P˜1/21 − P˜1/22 |Y˜2 − Y˜1||(P˜1/22 )η|(t, η)
×
∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))|U˜2|(t, θ)dθdη
+
1
2A2
∫ 1
0
|P˜1/21 − P˜1/22 ||(P˜1/22 )η|(t, η)
×
∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))|Y˜2 − Y˜1| |U˜2|(t, θ)dθdη
≤ 1
2A2
∫ 1
0
|P˜1/21 − P˜1/22 ||Y˜2 − Y˜1||(P˜1/22 )η|(t, η)
×
(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))U˜22 (t, θ)dθ
)1/2
dη
+
1
2A2
∫ 1
0
|P˜1/21 − P˜1/22 ||(P˜1/22 )η|(t, η)
×
(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))U˜22 (t, θ)dθ
)1/2
dη
∥∥∥Y˜1 − Y˜2∥∥∥
≤
√
3√
2A2
∫ 1
0
|P˜1/21 − P˜1/22 ||Y˜2 − Y˜1|P˜1/22 |(P˜1/22 )η|(t, η)dη
+
√
3√
2A2
∫ 1
0
|P˜1/21 − P˜1/22 |P˜1/22 |(P˜1/22 )η|(t, η)dη
∥∥∥Y˜1 − Y˜2∥∥∥
≤ O(1)
(∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 ),
using (5.13), (4.16a), (4.15e), and (4.17a).
The terms W±67 and W
±
68:
∣∣W+67∣∣ = a52A6 |
∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))(U˜+2 − U˜+1 )1U˜+1 ≤U˜+2 (t, θ)dθ
)
dη|
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + 14A2
∫ 1
0
((P˜1/22 )η)2(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))(U˜+2 − U˜+1 )1U˜+1 ≤U˜+2 (t, θ)dθ
)2
dη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2
+
1
16A4
∫ 1
0
P˜2Y˜22 (t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 − U˜1)2(t, θ)dθ
)
dη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2
+
A
32
∫ 1
0
Y˜2,η(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜2 − U˜1)2(t, θ)dθ
)
dη
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≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 )
following the estimates used for B¯+65, see (5.24). The terms W
±
69:∣∣W+69∣∣ = a52A6 |
∫ 1
0
(P˜1/21 − P˜1/22 )((P˜1/22 )η − (P˜1/21 )η(t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)dθ
)
dη|
=
a5
4A6
∣∣∣((P˜1/21 − P˜1/22 )2 ∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)dθ
)∣∣∣1
η=0
−
∫ 1
0
(P˜1/21 − P˜1/22 )2
d
dη
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)dθ
)
dη
∣∣∣
≤ a
5
4A6
∫ 1
0
(P˜1/21 − P˜1/22 )2
× | d
dη
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )|(t, θ)dθ
)
dη
≤ O(1)
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 ,
see estimates employed for B¯67, cf. (5.25), and Lemma A.5.
The terms M2 and M3 can be treated similarly. More precisely
|M2| ≤ 1A2≤A1
( 1
A62
− 1
A61
)|∫ 1
0
(P˜1/21 − P˜1/22 )(P˜1/22 )η(t, η)
×
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Q˜2U˜2,η(t, θ)dθdη|
≤ 1A2≤A1
|A61 −A62|
A6A52
∫ 1
0
|P˜1/21 − P˜1/22 | |(P˜1/22 )η|(t, η)
×
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2|U˜2,η|(t, θ)dθdη
≤ 1A2≤A16
|A1 −A2|
AA52
∥∥∥P˜1/21 − P˜1/22 ∥∥∥
×
(∫ 1
0
((P˜1/22 )η)2(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2|U˜2,η|(t, θ)dθ
)2
dη
)1/2
≤ 1A2≤A16
|A1 −A2|
AA62
∥∥∥P˜1/21 − P˜1/22 ∥∥∥
×
(∫ 1
0
((P˜1/22 )η)2(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))H˜2,η(t, θ)dθ
)
dη
)1/2
≤ 1A2≤A16
√
6
|A1 −A2|
AA32
∥∥∥P˜1/21 − P˜1/22 ∥∥∥(∫ 1
0
((P˜1/22 )η)2P˜22 (t, η)dη
)1/2
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2).
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Here we used
P˜2|U˜2,η| ≤ 1
A2
P˜2
√
Y˜2,ηH˜2,η,
cf. (4.15m), as well as (4.15c), (4.15e), and (4.17d). In addition, we applied (4.16b)
and (4.16d).
The term I3: We have the following estimates
|I3| ≤
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣
∣∣∣∣∣ 1A21 Q˜1U˜1P˜1/21 −
1
A22
Q˜2U˜2
P˜1/22
∣∣∣∣∣ (t, η)dη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 +
∥∥∥∥∥ 1A21 Q˜1U˜1P˜1/21 −
1
A22
Q˜2U˜2
P˜1/22
∥∥∥∥∥
2
.
We consider the latter term, and find∥∥∥∥∥ 1A21 Q˜1U˜1P˜1/21 −
1
A22
Q˜2U˜2
P˜1/22
∥∥∥∥∥
2
≤ 31A1≤A2
∣∣∣ 1
A21
− 1
A22
∣∣∣2 ∥∥∥∥∥Q˜1U˜1P˜1/21
∥∥∥∥∥
2
+ 31A2<A1
∣∣∣ 1
A21
− 1
A2
∣∣∣2 ∥∥∥∥∥Q˜2U˜2P˜1/22
∥∥∥∥∥
2
+ 3
1
A4
∥∥∥∥∥Q˜1U˜1P˜1/21 −
Q˜2U˜2
P˜1/22
∥∥∥∥∥
2
≤ O(1)|A1 −A2|2 + 3 1
A4
∥∥∥∥∥Q˜1U˜1P˜1/21 −
Q˜2U˜2
P˜1/22
∥∥∥∥∥
2
,
where we have used that
| Q˜iU˜i
P˜1/2i
| ≤ AiP˜iU˜i
P˜1/2i
| = AiP˜1/2i |U˜i| ≤ O(1)A5i .
We consider the latter term and find
1
A4
∥∥∥∥∥Q˜1U˜1P˜1/21 −
Q˜2U˜2
P˜1/22
∥∥∥∥∥
2
=
1
A4
∫ 1
0
∣∣∣∣∣Q˜1U˜1P˜1/21 −
Q˜2U˜2
P˜1/22
∣∣∣∣∣
2 (
1P˜1≤P˜2 + 1P˜2<P˜1
)
(t, η)dη
≤ 2
A4
∫ 1
0
∣∣∣∣∣ 1P˜1/22
(Q˜1U˜1 − Q˜2U˜2)+ ( 1P˜1/21 −
1
P˜1/22
)Q˜1U˜1
∣∣∣∣∣
2
1P˜1≤P˜2(t, η)dη
+
2
A4
∫ 1
0
∣∣∣∣∣ 1P˜1/21
(Q˜1U˜1 − Q˜2U˜2)+ ( 1P˜1/21 −
1
P˜1/22
)Q˜2U˜2
∣∣∣∣∣
2
1P˜2<P˜1(t, η)dη
≤ 4
A4
∫ 1
0
∣∣∣∣∣ 1maxi(P˜1/2i )
(Q˜1(U˜1 − U˜2) + U˜2(Q˜1 − Q˜2))
∣∣∣∣∣
2
1P˜1≤P˜2(t, η)dη
+
4
A4
∫ 1
0
∣∣∣∣∣ Q˜1U˜1P˜1/21 P˜1/22
(P˜1/22 − P˜1/21 )
∣∣∣∣∣
2
1P˜1≤P˜2(t, η)dη
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+
4
A4
∫ 1
0
∣∣∣∣∣ 1maxi(P˜1/2i )
(Q˜1(U˜1 − U˜2) + U˜2(Q˜1 − Q˜2))
∣∣∣∣∣
2
1P˜2<P˜1(t, η)dη
+
4
A4
∫ 1
0
∣∣∣∣∣ Q˜2U˜2P˜1/21 P˜1/22
(P˜1/22 − P˜1/21 )
∣∣∣∣∣
2
1P˜2<P˜1(t, η)dη
= 4
(
I31 + I32 + I33 + I34
)
.
We treat terms I31 and I32; the others are similar.
I31 ≤ 2
A4
∫ 1
0
∣∣∣( Q˜1
maxi(P˜1/2i )
)2 ∣∣∣U˜1 − U˜2∣∣∣2
+
( U˜2
maxi(P˜1/2i )
)2 ∣∣∣Q˜1 − Q˜2∣∣∣2 ∣∣∣1P˜1≤P˜2(t, η)dη
≤ O(1)
(∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2),
where we have used (5.29), that∣∣∣∣∣ Q˜1maxi(P˜1/2i )
∣∣∣∣∣1P˜1≤P˜2 ≤ A1P˜1maxi(P˜1/2i )1P˜1≤P˜2
≤ A maxi(P˜i)
maxi(P˜1/2i )
1P˜1≤P˜2 ≤ Amaxi (P˜
1/2
i ) ≤
A3
2
,
and
∣∣∣∣∣ U˜2maxi(P˜1/2i )
∣∣∣∣∣1P˜1≤P˜2 ≤
∣∣∣U˜2∣∣∣
P˜1/22
1P˜1≤P˜2 ≤
√
2.
Next follows
I32 ≤ 1
A4
∫ 1
0
∣∣∣∣∣ Q˜1U˜1P˜1/21 P˜1/22
(P˜1/22 − P˜1/21 )
∣∣∣∣∣
2
1P˜1≤P˜2(t, η)dη
≤ O(1)
∥∥∥P˜1/22 − P˜1/21 ∥∥∥2 ,
using that ∣∣∣∣∣ Q˜1U˜1P˜1/21 P˜1/22
∣∣∣∣∣1P˜1≤P˜2 ≤
∣∣∣∣∣Q˜1U˜1P˜1
∣∣∣∣∣ ≤ ∣∣∣A1U˜1∣∣∣ ≤ A3√2 .
This proves that
1
A4
∥∥∥∥∥Q˜1U˜1P˜1/21 −
Q˜2U˜2
P˜1/22
∥∥∥∥∥
2
≤ O(1)
(∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2),
and thus I3 has the right form.
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The term I4:
I4 =
∫ 1
0
(
P˜1/21 − P˜1/22
)( 1
A31
R˜1
P˜1/21
− 1
A32
R˜2
P˜1/22
)
(t, η)dη
= 1A1≤A2
( 1
A31
− 1
A32
)∫ 1
0
(
P˜1/21 − P˜1/22
) R˜1
P˜1/21
(t, η)dη
+ 1A2<A1
( 1
A31
− 1
A32
)∫ 1
0
(
P˜1/21 − P˜1/22
) R˜2
P˜1/22
(t, η)dη
+
1
A3
∫ 1
0
(
P˜1/21 − P˜1/22
)( 1
maxj(P˜1/2j )
(R˜1 − R˜2)
− ( 1
P˜1/22
− 1
P˜1/21
)(R˜21P˜2<P˜1 + R˜11P˜1≤P˜2))(t, η)dη
= 1A1≤A2
( 1
A31
− 1
A32
)∫ 1
0
(
P˜1/21 − P˜1/22
) R˜1
P˜1/21
(t, η)dη
+ 1A2<A1
( 1
A31
− 1
A32
)∫ 1
0
(
P˜1/21 − P˜1/22
) R˜2
P˜1/22
(t, η)dη
+
1
A3
∫ 1
0
[ 1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(R˜1 − R˜2)− (P˜1/21
− P˜1/22 )2
1
P˜1/21 P˜1/22
(R˜21P˜2<P˜1 + R˜11P˜1≤P˜2)](t, η)dη
= J1 + J2 + J3 − J4 − J5,
where
J1 = 1A1≤A2
( 1
A31
− 1
A32
)∫ 1
0
(
P˜1/21 − P˜1/22
) R˜1
P˜1/21
(t, η)dη,
J2 = 1A2<A1
( 1
A31
− 1
A32
)∫ 1
0
(
P˜1/21 − P˜1/22
) R˜2
P˜1/22
(t, η)dη,
J3 =
1
A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(R˜1 − R˜2)(t, η)dη,
J4 =
1
A3
∫ 1
0
(P˜1/21 − P˜1/22 )2
1
P˜1/21 P˜1/22
R˜21P˜2<P˜1(t, η)dη,
J5 =
1
A3
∫ 1
0
(P˜1/21 − P˜1/22 )2
1
P˜1/21 P˜1/22
R˜11P˜1≤P˜2(t, η)dη.
For J1 (and similar for J2), we find
|J1| ≤ A
3
2 −A31
a3A3
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣(t, η)O(1)a5dη
≤ O(1)(
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2),
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where we used that
| R˜i
P˜1/2i
| ≤ O(1)A3i P˜1/2i ≤ O(1)A5i .
For J3 we find:
J3 =
1
A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(R˜1 − R˜2)(t, η)dη
=
1
6A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
(∫ 1
0
sign(η − θ)
× (e− 1A1 |Y˜1(t,η)−Y˜1(t,θ)|A1U˜31 Y˜1,η − e− 1A2 |Y˜2(t,η)−Y˜2(t,θ)|A2U˜32 Y˜2,η)(t, θ)dθ)dη
+
1
4A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(∫ 1
0
sign(η − θ)(e− 1A1 |Y˜1(t,η)−Y˜1(t,θ)|A61U˜1
− e− 1A2 |Y˜2(t,η)−Y˜2(t,θ)|A62U˜2
)
(t, θ)dθ
)
dη
+
1
2A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(∫ 1
0
(
e−
1
A2
|Y˜2(t,η)−Y˜2(t,θ)|U˜2Q˜2Y˜2,η
− e− 1A1 |Y˜1(t,η)−Y˜1(t,θ)|U˜1Q˜1Y˜1,η
)
(t, θ)dθ
)
dη
= J11 + J12 + J13.
Next we replace all the inner integrals
∫ 1
0
. . . dθ by (
∫ η
0
+
∫ 1
η
) . . . dθ, cf. (5.4), consider
only the terms with
∫ η
0
. . . dθ, and call the corresponding quantities J˜11, J˜12, J˜13.
Thus
J˜11 =
1
6A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
(∫ η
0
(
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))A1U˜31 Y˜1,η
− e− 1A2 (Y˜2(t,η)−Y˜2(t,θ))A2U˜32 Y˜2,η
)
(t, θ)dθ
)
dη,
(5.44)
J˜12 =
1
4A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
(∫ η
0
(
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))A61U˜1
− e− 1A2 (Y˜2(t,η)−Y˜2(t,θ))A62U˜2
)
(t, θ)dθ
)
dη,
(5.45)
J˜13 =
1
2A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
(∫ η
0
(
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜2Q˜2Y˜2,η
− e− 1A1 (Y˜1(t,η)−Y˜1(t,θ))U˜1Q˜1Y˜1,η
)
(t, θ)dθ
)
dη.
(5.46)
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For the term J˜11 we write U˜j = U˜+j + U˜−j , collect terms, and study the positive part
and negative part separately.
With a slight abuse of notation we need to consider the term
J˜11 =
1
6A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(∫ η
0
(
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))A1(U˜+1 )3Y˜1,η
− e− 1A2 (Y˜2(t,η)−Y˜2(t,θ))A2(U˜+2 )3Y˜2,η
)
(t, θ)dθ
)
dη
=
1
6A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(
1A2<A1(A1 −A2)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
+ 1A1≤A2(A1 −A2)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )3Y˜2,η(t, θ)dθ
+ a
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))((U˜+1 )3 − (U˜+2 )3)1U˜+2 <U˜+1 Y˜1,η(t, θ)dθ
+ a
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))((U˜+1 )3 − (U˜+2 )3)1U˜+1 ≤U˜+2 Y˜2,η(t, θ)dθ
− a1A2<A1
∫ η
0
(
e−
1
A2
(Y˜1(t,η)−Y˜1(t,θ)) − e− 1A1 (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(
(U˜+j )3
)Y˜1,η(t, θ)dθ
− a1A1≤A2
∫ η
0
(
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ)))
×min
j
(
(U˜+j )3
)Y˜2,η(t, θ)dθ
− a
∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(
(U˜+j )3
)Y˜2,η1B(η)(t, θ)dθ
− a
∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(
(U˜+j )3
)Y˜1,η1B(η)c(t, θ)dθ
− a
∫ η
0
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
min
j
(
(U˜+j )3
)Y˜2,η(t, θ)dθ
+ a
∫ η
0
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
min
j
(
(U˜+j )3
)Y˜1,η(t, θ)dθ)dη
= K1 +K2 +K3 +K4 +K5 +K6 +K7 +K8 +K9 +K10.
It never stops, but we need to study the terms in groups.
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The term K1 can be estimated as follows (K2 is similar):
|K1| = 1
6A3
∫ 1
0
1
maxj(P˜1/2j )
|P˜1/21 − P˜1/22 |(t, η)
×
∣∣∣1A2<A1(A1 −A2)∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )3Y˜1,η(t, θ)dθ
∣∣∣dη
≤
√
2
3
∫ 1
0
P˜1
maxj(P˜1/2j )
|P˜1/21 − P˜1/22 |(t, η)dη|A1 −A2|
≤ O(1)(
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2).
The term K3 can be estimated as follows (K4 is similar):
|K3| = a
6A3
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))((U˜+1 )3 − (U˜+2 )3)1U˜+2 <U˜+1 Y˜1,η(t, θ)dθ)dη∣∣∣
≤ 1
2A2
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )2
∣∣∣U˜+1 − U˜+2 ∣∣∣ Y˜1,η(t, θ)dθ)dη
≤ 1
2
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + 12A4
∫ 1
0
1
maxj(P˜1/2j )2
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )2
∣∣∣U˜+1 − U˜+2 ∣∣∣ Y˜1,η(t, θ)dθ)2dη
≤ 1
2
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2
+
1
2A4
∫ 1
0
1
maxj(P˜1/2j )2
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(U˜+1 )2Y˜1,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))
∣∣∣U˜+1 − U˜+2 ∣∣∣2 (U˜+1 )2Y˜1,η(t, θ)dθ)dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 ),
using (4.16c), (4.15g), (5.3).
As for K5 (K6 is similar) we traverse the following path
|K5| = 1
6A3
|
∫ 1
0
1
maxj(P˜1/2j )
|P˜1/21 − P˜1/22 |(t, η)
×
(
− a1A2<A1
∫ η
0
(
e−
1
A2
(Y˜1(t,η)−Y˜1(t,θ)) − e− 1A1 (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(
(Uˆ+j )3
)Y˜1,η(t, θ)dθ)dη|
≤ 2
3A3e
∫ 1
0
1
maxj(P˜1/2j )
|P˜1/21 − P˜1/22 |(t, η)
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×
(∫ η
0
e−
3
4A1
(Y˜1(t,η)−Y˜1(t,θ)) min
j
((U˜+j )3)Y˜1,η(t, θ)dθ
)
dη|A1 −A2|
≤ 2
√
2A2
3
∫ 1
0
P˜1/21
maxj(P˜1/2j )
|P˜1/21 − P˜1/22 |(t, η)dη|A1 −A2|
≤ O(1)(
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2).
As for K7 (K8 is similar) we traverse the following path
|K7| = a
6A3
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(
(U˜+j )3
)Y˜2,η1B(η)(t, θ)dθ)dη∣∣∣
≤ 1
6A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))
× ( ∣∣∣Y˜2(t, η)− Y˜1(t, η)∣∣∣+ ∣∣∣Y˜2(t, θ)− Y˜1(t, θ)∣∣∣ )(U˜+2 )3Y˜2,η(t, θ)dθ)dη
≤ 1
6A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣Y˜2 − Y˜1∣∣∣ (t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )3Y˜2,η(t, θ)dθ
)
dη
+
1
6A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))
∣∣∣Y˜2 − Y˜1∣∣∣ (U˜+2 )3Y˜2,η(t, θ)dθ)dη
≤
√
2
3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣Y˜2 − Y˜1∣∣∣ P˜2(t, η)dη
+
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2
+
1
36A6
∫ 1
0
1
maxj(P˜1/2j )2
(t, η)
×
(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))
∣∣∣Y˜2 − Y˜1∣∣∣ (U˜+2 )3Y˜2,η(t, θ)dθ)2dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 )
+
1
36A6
∫ 1
0
1
maxj(P˜1/2j )2
(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜+2 )2Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
∣∣∣Y˜2 − Y˜1∣∣∣2 (U˜+2 )4Y˜2,η(t, θ)dθ)dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 )
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+
1
9A5
∫ 1
0
1
maxj(P˜1/2j )2
P˜2(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
∣∣∣Y˜2 − Y˜1∣∣∣2 (U˜+2 )4Y˜2,η(t, θ)dθ)dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 ).
Here we have applied (5.13), (4.16c), (4.15g), and (4.15b). Lo and behold, we can
do K9 and K10 in one sweep:
K9 +K10 = − a
6A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(∫ η
0
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
min
j
(
(U˜+j )3
)Y˜2,η(t, θ)dθ
−
∫ η
0
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
min
j
(
(U˜+j )3
)Y˜1,η(t, θ)dθ)dη
= − a
6A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(∫ η
0
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
min
j
(
(U˜+j )3
)
(Y˜2,η − Y˜1,η)(t, θ)dθ
)
dη
= − a
6A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
[(
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
min
j
(
(U˜+j )3
)
(Y˜2 − Y˜1)
)
(t, θ)
∣∣∣η
θ=0
−
∫ η
0
(Y˜2 − Y˜1) d
dθ
(
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
min
j
(
(U˜+j )3
))
(t, θ)dθ
]
dη
= − a
6A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(Y˜2 − Y˜1) min
j
(
(U˜+j )3
)
(t, η)dη
+
a
6A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(∫ η
0
(Y˜2 − Y˜1) min
j
(
(U˜+j )3
) d
dθ
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
(t, θ)dθ
)
dη
+
a
6A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(∫ η
0
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
(Y˜2 − Y˜1) d
dθ
min
j
(
(U˜+j )3
)
(t, θ)dθ
)
dη
= L1 + L2 + L3,
where
L1 = − a
6A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(Y˜2 − Y˜1) min
j
(
(U˜+j )3
)
(t, η)dη,
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L2 =
a
6A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(∫ η
0
(Y˜2 − Y˜1) min
j
(
(U˜+j )3
) d
dθ
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
(t, θ)dθ
)
dη,
L3 =
a
6A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(∫ η
0
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
(Y˜2 − Y˜1) d
dθ
min
j
(
(U˜+j )3
)
(t, θ)dθ
)
dη.
We easily find
|L1| ≤ a
6A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣Y˜2 − Y˜1∣∣∣min
j
(
(U˜+j )3
)
(t, η)dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 ),
using (4.15d) and (4.15b). Furthermore, applying Lemma A.2
|L2| ≤ 1
6A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))
∣∣∣Y˜2 − Y˜1∣∣∣
×min
j
(
(U˜+j )3
)
max
j
(Y˜j,η)(t, θ)dθ
)
dη
≤ 1
6A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
min
j
(
e
− 1Aj (Y˜j(t,η)−Y˜j(t,θ))U˜2j
)
(t, θ)dθ
) 1
2
×
(∫ η
0
|Y˜2 − Y˜1|2 max
j
(U˜4j Y˜j,η)2(t, θ)dθ
) 1
2
dη
≤ O(1)
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)dη ∥∥∥Y˜1 − Y˜2∥∥∥
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 ),
using (4.16a), (4.15g), and
min
j
(
(U˜+j )3
)
max
j
(Y˜j,η) ≤ min
j
(U˜+j )max
j
(U˜2j Y˜j,η) ≤
A7√
2
.
Another application of Lemma A.2 yields
|L3| ≤ a
6A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
) ∣∣∣Y˜2 − Y˜1∣∣∣ | d
dθ
min
j
(
(U˜+j )3
)|(t, θ)dθ)dη
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≤ A
2
3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
) ∣∣∣Y˜2 − Y˜1∣∣∣min
j
(U˜+j )(t, θ)dθ
)
dη
≤ A
2
3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 (t, θ)dθ
)1/2
×
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))|Y˜2 − Y˜1|2(t, θ)dθ
)1/2
dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 ),
using (4.16a). We find
|K9 +K10| ≤ |L1|+ |L2|+ |L3|
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 ).
Thus we can sum up the estimates for J˜11, and we find∣∣∣J˜11∣∣∣ ≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 + |A1 −A2|2).
We now proceed to the next term from (5.45)
J˜12 =
1
4A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(∫ η
0
(
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))A61U˜1 − e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))A62U˜2
)
(t, θ)dθ
)
dη
=
1
4A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(
(A61 −A62)1A1<A2
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜2(t, θ)dθ
+ (A61 −A22)1A2≤A1
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜1(t, θ)dθ
+ a6
∫ η
0
(
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜1 − e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜2
)
(t, θ)dθ
)
dη
= M1 +M2 +M3.
The term M1 (M2 is similar) can be estimated as follows
|M1| ≤ 1
4A3
∣∣A61 −A62∣∣1A1<A2 ∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
∣∣∣U˜2∣∣∣ (t, θ)dθ)dη
≤ 3A
2
2
|A1 −A2|
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
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×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 (t, θ)dθ
)1/2(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))dθ
)1/2
dη
≤ 3
√
3A2√
2
|A1 −A2|
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2 ),
using (4.16a). As for the next term M3 we first write U˜j = U˜+j + U˜−j , collect terms,
and study the positive part and negative part separately. In the interest of the
reader we do not change the notation. Thus
M3 =
a6
4A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
∫ η
0
(
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜+1 − e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2
)
(t, θ)dθdη
=
a6
4A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(
1U˜+1 <U˜+2 (U˜
+
1 − U˜+2 )
)
(t, θ)dθ
+
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(
1U˜+2 ≤U˜+1 (U˜
+
1 − U˜+2 )
)
(t, θ)dθ
+
∫ η
0
(
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) − e− 1A2 (Y˜2(t,η)−Y˜2(t,θ)))min
j
(U˜+j )(t, θ)dθ)dη
= M31 +M32 +M33.
The terms M31 and M32 can be treated similarly. Thus
|M31| = a
6
4A3
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(
1U˜+1 <U˜+2 (U˜
+
1 − U˜+2 )
)
(t, θ)dθ
)
dη
∣∣∣
≤ 1
4A2
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))A52
∣∣∣U˜+1 − U˜+2 ∣∣∣ (t, θ)dθ)dη
≤ O(1)
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ P˜1/22 (t, η)∥∥∥U˜1 − U˜2∥∥∥ dη
≤ O(1)
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)∥∥∥U˜1 − U˜2∥∥∥ dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 ),
using
a5
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
∣∣∣U˜+1 − U˜+2 ∣∣∣ (t, θ)dθ
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≤
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))A52
∣∣∣U˜1 − U˜2∣∣∣ (t, θ)dθ
=
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))((2P˜2 − U˜22 )Y˜2,η + H˜2,η) ∣∣∣U˜1 − U˜2∣∣∣ (t, θ)dθ
= 2
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η
∣∣∣U˜1 − U˜2∣∣∣ (t, θ)dθ
+
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))H˜2,η
∣∣∣U˜1 − U˜2∣∣∣ (t, θ)dθ
−
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η
∣∣∣U˜1 − U˜2∣∣∣ (t, θ)dθ
≤ 2
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η
∣∣∣U˜1 − U˜2∣∣∣ (t, θ)dθ
+
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))H˜2,η
∣∣∣U˜1 − U˜2∣∣∣ (t, θ)dθ
≤ 2
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜1 − U˜2)2P˜2Y˜2,η(t, θ)dθ
)1/2
+
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))H˜2,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(U˜1 − U˜2)2H˜2,η(t, θ)dθ
)1/2
≤ O(1)A3P˜1/22 (t, η)
∥∥∥U˜1 − U˜2∥∥∥ ,
using (4.13), (4.16e), (4.16d), (4.15e), and (4.15k). The term M33 goes as follows
M33 =
a6
4A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(∫ η
0
(
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) − e− 1A2 (Y˜2(t,η)−Y˜2(t,θ)))
×min
j
(U˜+j )(t, θ)dθ)dη
=
a6
4A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
× 1A1≤A2
(∫ η
0
(e−
1
A1
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A2 (Y˜2(t,η)−Y˜2(t,θ)))
×min
j
(U˜+j )(t, θ)dθ
)
dη
+
a6
4A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
× 1A2<A1
(∫ η
0
(e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) − e− 1A2 (Y˜1(t,η)−Y˜1(t,θ)))
METRIC FOR CH EQUATION 173
×min
j
(U˜+j )(t, θ)dθ
)
dη
+
a6
4A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(∫ η
0
(
e−
1
a (Y˜1(t,η)−Y˜1(t,θ)) − e− 1a (Y˜2(t,η)−Y˜2(t,θ)))1B(η)
×min
j
(U˜+j )(t, θ)dθ)dη
+
a6
4A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(∫ η
0
(
e−
1
a (Y˜1(t,η)−Y˜1(t,θ)) − e− 1a (Y˜2(t,η)−Y˜2(t,θ)))1B(η)c
×min
j
(U˜+j )(t, θ)dθ)dη
= M331 +M332 +M333 +M334,
where B(η) is defined by (5.11). The terms M331 and M332 can be treated in the
same manner. More specifically
|M331| ≤ A
2
e
∫ 1
0
1
maxj(P˜1/2j )
|P˜1/21 − P˜1/22 |(t, η)
×
(∫ η
0
e−
3
4A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 (t, θ)dθ
)
dη|A1 −A2|
≤ A
2
e
∫ 1
0
1
maxj(P˜1/2j )
|P˜1/21 − P˜1/22 |(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 (t, θ)dθ
)1/2
dη|A1 −A2|
≤ O(1)(
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2).
The terms M333 and M334 can be treated in a similar manner. More specifically
|M333| ≤ a
6
4A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
∣∣∣e− 1a (Y˜1(t,η)−Y˜1(t,θ)) − e− 1a (Y˜2(t,η)−Y˜2(t,θ))∣∣∣1B(η)
×min
j
(U˜+j )(t, θ)dθ)dη
≤ A
2
4
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
× ( ∣∣∣Y˜2(t, η)− Y˜1(t, η)∣∣∣+ ∣∣∣Y˜2(t, θ)− Y˜1(t, θ)∣∣∣ )min
j
(U˜+j )(t, θ)dθ)dη
≤ A
2
4
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣Y˜2 − Y˜1∣∣∣ (t, η)
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×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
1B(η) min
j
(U˜+j )(t, θ)dθ)dη
+
A2
4
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
∣∣∣Y˜2 − Y˜1∣∣∣min
j
(U˜+j )(t, θ)dθ)dη
≤ A
2
4
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣Y˜2 − Y˜1∣∣∣ (t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 (t, θ)dθ
)1/2
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))dθ
)1/2
dη
+
A2
4
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 (t, θ)dθ
)1/2
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜2 − Y˜1)2(t, θ)
)1/2
dη
≤ O(1)
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣Y˜2 − Y˜1∣∣∣ P˜1/22 (t, η)dη
+O(1)
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∥∥∥Y˜2 − Y˜1∥∥∥ P˜1/22 (t, η)dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 ),
using (5.13) and (4.16a).
And the final term from J3, cf. (5.46), can be estimated as follows:
J˜13 =
1
2A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
(∫ η
0
(
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜2Q˜2Y˜2,η
− e− 1A1 (Y˜1(t,η)−Y˜1(t,θ))U˜1Q˜1Y˜1,η
)
(t, θ)dθ
)
dη.
We introduce the positive and negative part of U˜j , that is, U˜j = U˜+j +U˜−j (see (5.1))
and introduce Q˜j = AjP˜j − D˜j . We study the term with P˜j first
J˜131 =
1
2A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(∫ η
0
(
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))A2U˜+2 P˜2Y˜2,η
− e− 1A1 (Y˜1(t,η)−Y˜1(t,θ))A1U˜+1 P˜1Y˜1,η
)
(t, θ)dθ
)
dη
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=
1
2A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
[
1A1≤A2(A2 −A1)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 P˜2Y˜2,η(t, θ)dθ
+ 1A2<A1(A2 −A1)
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜+1 P˜1Y˜1,η(t, θ)dθ
+ a
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜2 − P˜1)1P˜1<P˜2 U˜+2 Y˜2,η(t, θ)dθ
+ a
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(P˜2 − P˜1)1P˜2≤P˜1 U˜+1 Y˜1,η(t, θ)dθ
+ a
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j)(U˜+2 − U˜+1 )1U˜+1 <U˜+2 Y˜2,η(t, θ)dθ
+ a
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) min
j
(P˜j)(U˜+2 − U˜+1 )1U˜+2 ≤U˜+1 Y˜1,η(t, θ)dθ
+ a1A1≤A2
∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ)))
×min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
+ a1A2<A1
∫ η
0
(e−
1
A2
(Y˜1(t,η)−Y˜1(t,θ)) − e− 1A1 (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
+ a
∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))1B(η)
×min
j
(P˜j)min
j
(U˜+j )Y˜2,η(t, θ)dθ
+ a
∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))1B(η)c
×min
j
(P˜j)min
j
(U˜+j )Y˜1,η(t, θ)dθ
+ a
∫ η
0
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
×min
j
(P˜j)min
j
(U˜+j )(Y˜2,η − Y˜1,η)(t, θ)dθ]dη
= K1 +K2 +K3 +K4 +K5 +K6 +K7 +K8 +K9 +K10 +K11.
The terms K1 and K2 can be treated similarly, thus
|K1| = 1
2A3
|
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(
1A1≤A2(A2 −A1)
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 P˜2Y˜2,η(t, θ)dθ
)
dη|
≤ 1
2A3
∫ 1
0
1
maxj(P˜1/2j )
|P˜1/21 − P˜1/22 |(t, η)
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×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜22 Y˜2,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)1/2
dη|A1 −A2|
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2).
The terms K3 and K4 can be treated similarly, thus
|K3| = a
2A3
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜1 − P˜2)1P˜1<P˜2 U˜+2 Y˜2,η(t, θ)dθ)dη∣∣∣
≤ 1
A2
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ P˜1/22 U˜+2 Y˜2,η(t, θ)dθ)dη∣∣∣
≤ 1
A2
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜1/21 − P˜1/22 )2(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2U˜22 Y˜22,η(t, θ)dθ
)1/2
dη
≤ O(1)
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ P˜1/22 (t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(P˜1/21 − P˜1/22 )2(t, θ)dθ
)1/2
dη
≤ O(1)
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 ,
using (4.15e) and (4.16c). As for K5 and K6 we find
|K5| = a
2A3
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
+
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j)(U˜+1 − U˜+2 )1U˜+1 <U˜+2 Y˜2,η(t, θ)dθ)dη∣∣∣
≤ 1
2A2
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
+
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j) ∣∣∣U˜+1 − U˜+2 ∣∣∣1U˜+1 <U˜+2 Y˜2,η(t, θ)dθ)dη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + 14A4
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j) ∣∣∣U˜+1 − U˜+2 ∣∣∣1U˜+1 <U˜+2 Y˜2,η(t, θ)dθ)2dη
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≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2
+
1
4A4
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(U˜+1 − U˜+2 )2(t, θ)dθ
)
dη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + 12A3
∫ 1
0
1
(maxj(P˜1/2j ))2
P˜2(t, η)
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(U˜+1 − U˜+2 )2(t, θ)dθ
)
dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 ),
using (4.16e) and (4.15e).
The terms K7 and K8 allow for the following estimates
|K7| = a
2A3
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
× 1A1≤A2
∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ))
×min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθdη|
≤ 2
A3e
∫ 1
0
1
maxj(P˜1/2j )
|P˜1/21 − P˜1/22 |(t, η)
×
∫ η
0
e−
3
4A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2|U˜2|Y˜2,η(t, θ)dθdη|A1 −A2|
≤ 2
A3e
∫ 1
0
1
maxj(P˜1/2j )
|P˜1/21 − P˜1/22 |(t, η)
×
(∫ 1
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)1/2
×
(∫ 1
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜22 Y˜2,η(t, θ)dθ
)1/2
dη|A1 −A2|
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2).
The terms K9 and K10 allow for the following estimates
|K9| = a
2A3
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
+
∫ η
0
(
e−
1
a (Y˜1(t,η)−Y˜1(t,θ)) − e− 1a (Y˜2(t,η)−Y˜2(t,θ)))1B(η)
×min
j
(P˜j)min
j
(U˜+j )Y˜2,η(t, θ)dθdη∣∣∣
≤ 1
2A3
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
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×
∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))
( ∣∣∣Y˜2(t, η)− Y˜1(t, η)∣∣∣+ ∣∣∣Y˜2(t, θ)− Y˜1(t, θ)∣∣∣ )
×min
j
(P˜j)min
j
(U˜+j )Y˜2,η(t, θ)dθdη∣∣∣
≤ 1
2A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣Y˜2 − Y˜1∣∣∣ (t, η)
×
(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(P˜j)min
j
(U˜+j )Y˜2,η(t, θ)dθ)dη
+
1
2A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))
∣∣∣Y˜2 − Y˜1∣∣∣min
j
(P˜j)min
j
(U˜+j )Y˜2,η(t, θ)dθ)dη
≤ 1
2A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣Y˜2 − Y˜1∣∣∣ (t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜22 Y˜2,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)1/2
dη
+
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + 14A6
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
∣∣∣Y˜2 − Y˜1∣∣∣min
j
(P˜j)min
j
(U˜+j )Y˜2,η(t, θ)dθ)2dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 )+ 14A6
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜2 − Y˜1)2P˜22 Y˜2,η(t, θ)dθ
)
dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 ),
using (4.15a), (4.15e), and (4.16c). The last term K11 receives special treatment
|K11| = a
2A3
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
(∫ η
0
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
×min
j
(P˜j)min
j
(U˜+j )(Y˜1,η − Y˜2,η)(t, θ)dθ)dη∣∣∣
=
a
2A3
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
[(
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
min
j
(P˜j)min
j
(U˜+j )(Y˜1 − Y˜2)(t, θ))∣∣∣1
θ=0
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−
∫ η
0
(Y˜1 − Y˜2)
× d
dθ
(
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
min
j
(P˜j)min
j
(U˜+j ))(t, θ)dθ]dη∣∣∣
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 )
+
a
2A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
∫ η
0
∣∣∣Y˜1 − Y˜2∣∣∣ ∣∣∣( d
dθ
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
))
min
j
(P˜j)min
j
(U˜+j )
+ min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)( d
dθ
min
j
(P˜j)min
j
(U˜+j ))∣∣∣(t, θ)dθ]dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 )
+
1
2A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
∫ η
0
∣∣∣Y˜1 − Y˜2∣∣∣ (min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) max
j
(Y˜j,η) min
j
(P˜j)min
j
(U˜+j )
+ 2aA4 min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
(min
j
(P˜1/2j ) + |U˜2|)
)
(t, θ)dθ
]
dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 )
+
1
2A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))
∣∣∣Y˜1 − Y˜2∣∣∣ Y˜1,ηP˜1U˜+1 (t, θ)dθ)dη
+
1
2A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
∣∣∣Y˜1 − Y˜2∣∣∣ Y˜2,ηP˜2U˜+2 (t, θ)dθ)dη
+A2
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
∣∣∣Y˜1 − Y˜2∣∣∣min
j
(
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)))(P˜1/22 + |U˜2|)(t, θ)dθ)dη
= O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 )+K71 +K72 +K73,
using Lemmas A.2 and A.3, and
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) max
j
(Y˜j,η) min
j
(P˜j)min
j
(U˜+j )(t, θ)
≤ e− 1A1 (Y˜1(t,η)−Y˜1(t,θ))Y˜1,ηP˜1U˜+1 (t, θ) + e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Y˜2,ηP˜2U˜+2 (t, θ).
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Here K71 and K72 allow for the same treatment
2K71 =
1
A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
∣∣∣Y˜1 − Y˜2∣∣∣ e− 1A1 (Y˜1(t,η)−Y˜1(t,θ))Y˜1,ηP˜1U˜+1 (t, θ)dθ)dη
≤ 1
A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))Y˜21,ηP˜21 (U˜+1 )2(t, θ)dθ
)1/2
dη
≤ A2
√
2
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ P˜1/21 (t, η)∥∥∥Y˜1 − Y˜2∥∥∥ dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 ),
using (4.15g) and (4.16b). Furthermore,
K73 = A
2
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
∣∣∣Y˜1 − Y˜2∣∣∣min
j
(
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)))(P˜1/22 + |U˜2|)(t, θ)dθ)dη
≤ O(1)
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
∣∣∣Y˜1 − Y˜2∣∣∣min
j
(
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)))P˜1/22 (t, θ)dθ)dη
≤ O(1)
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
×
(∫ η
0
∣∣∣Y˜1 − Y˜2∣∣∣min
j
(
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)))P˜1/22 (t, θ)dθ)2dη
≤ O(1)
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2
+
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
)
×
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2(t, θ)dθ
)
dη
≤ O(1)
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 +O(1) ∫ 1
0
1
(maxj(P˜1/2j ))2
P˜2(t, η)
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
)
dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 ),
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using (4.15d) and (4.16i). This proves that
J˜131 ≤ O(1)
( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 + |A1 −A2|2).
It remains to consider J˜132:
−J˜132 = 1
2A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(∫ η
0
(
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 D˜2Y˜2,η
− e− 1A1 (Y˜1(t,η)−Y˜1(t,θ))U˜+1 D˜1Y˜1,η
)
(t, θ)dθ
)
dη
=
1
2A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
[ ∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,η
(D˜2 − D˜1)1D˜1<D˜2(t, θ)dθ
+
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜+1 Y˜1,η
(D˜2 − D˜1)1D˜2≤D˜1(t, θ)dθ
+
∫ η
0
(
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,η − e−(Y˜1(t,η)−Y˜1(t,θ))U˜+1 Y˜1,η
)
×min
j
(D˜j)(t, θ)dθ]dη
= A1 +A2 +A3.
The terms A1 and A2 allow for the same treatment. Specifically (see Lemma A.9)
|A1| = 1
2A3
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
[ ∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,η
(D˜2 − D˜1)1D˜1<D˜2(t, θ)dθ]dη∣∣∣
≤ 1
2A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
[ ∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,η
(
d¯11 + d¯12
)
1D˜1<D˜2(t, θ)dθ
+
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,ηT11D˜1<D˜2(t, θ)dθ
+
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,ηT21D˜1<D˜2(t, θ)dθ
+
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,ηT31D˜1<D˜2(t, θ)dθ
]
dη
=
1
2
(A11 +A12 +A13 +A14).
Again we are forced to consider individual terms.
A11 =
1
A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
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×
[ ∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,η
(
d¯11 + d¯12
)
1D˜1<D˜2(t, θ)dθ
]
dη
≤ 1
A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
[ ∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,η
(
2A3/2D˜1/22
∣∣∣Y˜2 − Y˜1∣∣∣
+ 2
√
2A3/2D˜1/22
∥∥∥Y˜2 − Y˜1∥∥∥ )(t, θ)dθ]dη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + 4A3
∫ 1
0
1
(maxj(P˜1/2j ))2
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,ηD˜1/22
∣∣∣Y˜2 − Y˜1∣∣∣ (t, θ)dθ)2dη
+
2
√
2
A3/2
∥∥∥Y˜2 − Y˜1∥∥∥∥∥∥P˜1/21 − P˜1/22 ∥∥∥(∫ 1
0
1
(maxj(P˜1/2j ))2
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,ηD˜1/22 (t, θ)dθ
)2
dη
)1/2
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2
+
4
A3
∫ 1
0
1
(maxj(P˜1/2j ))2
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))D˜2Y˜2,η
∣∣∣Y˜2 − Y˜1∣∣∣2 (t, θ)dθ)dη
+
2
√
2
A3
∥∥∥Y˜2 − Y˜1∥∥∥∥∥∥P˜1/21 − P˜1/22 ∥∥∥ [ ∫ 1
0
1
(maxj(P˜1/2j ))2
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))2AP˜2Y˜2,η(t, θ)dθ
)
dη
]1/2
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 ),
using (4.15e), (4.16c), and (4.15n). Next we find (see (A.14))
A12 =
1
A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,ηT11D˜1<D˜2(t, θ)dθ
)
dη
≤ 1
A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
∣∣∣U˜2∣∣∣3 Y˜2,η ∣∣∣Y˜2 − Y˜1∣∣∣ (t, θ)dθ)dη
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+ 4
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
A (Y˜2(t,θ)−Y˜2(t,l))
(U˜2 − U˜1)2(t, l)dl)1/2U˜+2 Y˜2,η(t, θ)dθ)dη
+
√
2A
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))
(Y˜2 − Y˜1)2(t, l)dl)1/2U˜+2 Y˜2,η(t, θ)dθ)dη
+A
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))
∣∣∣Y˜2 − Y˜1∣∣∣ (t, l)dl)U˜+2 Y˜2,η(t, θ)dθ)dη
+
8
√
2A√
3e
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)1/2
|A1 −A2|U˜+2 Y˜2,η(t, θ)dθ
)
dη
≤ 5
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + 1A6
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))|U˜2|3Y˜2,η
∣∣∣Y˜2 − Y˜1∣∣∣ (t, θ)dθ)2dη
+ 16
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
A (Y˜2(t,θ)−Y˜2(t,l))
(U˜2 − U˜1)2(t, l)dl)1/2U˜+2 Y˜2,η(t, θ)dθ)2dη
+ 2A2
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))
(Y˜2 − Y˜1)2(t, l)dl)1/2U˜+2 Y˜2,η(t, θ)dθ)2dη
+A2
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))
∣∣∣Y˜2 − Y˜1∣∣∣ (t, l)dl)U˜+2 Y˜2,η(t, θ)dθ)2dη
+
128A2
3e2
∫ 1
0
1
(maxj(P˜1/2j ))2
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)1/2
U˜+2 Y˜2,η(t, θ)dθ
)2
dη|A1 −A2|2
≤ 5
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2
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+
1
A6
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜42 Y˜2,η(Y˜2 − Y˜1)2(t, θ)dθ
)
dη
+ 16
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,ηdθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
A (Y˜2(t,θ)−Y˜2(t,l))
(U˜2 − U˜1)2(t, l)dl)Y˜2,η(t, θ)dθ)dη
+ 2A2
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,ηdθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))
(Y˜2 − Y˜1)2(t, l)dl)Y˜2,η(t, θ)dθ)dη
+A2
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))
∣∣∣Y˜2 − Y˜1∣∣∣ (t, l)dl)2Y˜2,η(t, θ)dθ)dη
+
128A2
3e2
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)
Y˜2,η(t, θ)dθ
)
dη|A1 −A2|2
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 )+O(1)∫ 1
0
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
A (Y˜2(t,θ)−Y˜2(t,l))
(U˜2 − U˜1)2(t, l)dl)Y˜2,η(t, θ)dθ)dη
+O(1)
∫ 1
0
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))
(Y˜2 − Y˜1)2(t, l)dl)Y˜2,η(t, θ)dθ)dη
+O(1)
∫ 1
0
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
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×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)
Y˜2,η(t, θ)dθ
)
dη|A1 −A2|2
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 )+B1 +B2 +B3,
using (4.15b), (4.15g), and (4.16c). As for B1 we find
B1 = O(1)
∫ 1
0
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
A (Y˜2(t,θ)−Y˜2(t,l))
(U˜2 − U˜1)2(t, l)dl)Y˜2,η(t, θ)dθ)dη
≤ O(1)
∫ 1
0
(∫ η
0
e−
1
2A (Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
A (Y˜2(t,θ)−Y˜2(t,l))
(U˜2 − U˜1)2(t, l)dl)Y˜2,η(t, θ)dθ)dη
= O(1)
∫ 1
0
(∫ η
0
e−
1
2A Y˜2(t,θ)Y˜2,η(t, θ)
×
(∫ θ
0
e−(
1
2A Y˜2(t,η)− 1A Y˜2(t,l))
(U˜2 − U˜1)2(t, l)dl)dθ)dη
= O(1)
∫ 1
0
[(
− 2Ae− 12A Y˜2(t,θ)
×
(∫ θ
0
e−(
1
2A Y˜2(t,η)− 1A Y˜2(t,l))
(U˜2 − U˜1)2(t, l)dl))∣∣∣η
θ=0
+ 2A
∫ η
0
e−
1
2A Y˜2(t,θ)e−(
1
2A Y˜2(t,η)− 1A Y˜2(t,θ))(U˜2 − U˜1)2(t, θ)dθ
]
dη
= −2AO(1)
∫ 1
0
∫ η
0
e−
1
A (Y˜2(t,η)−Y˜2(t,θ))
(U˜2 − U˜1)2(t, θ)dθdη
+ 2AO(1)
∫ 1
0
∫ η
0
e−
1
2A (Y˜2(t,η)−Y˜2(t,θ))
(U˜2 − U˜1)2(t, θ)dθdη
≤ O(1)
∥∥∥U˜2 − U˜1∥∥∥2 ,
while for B2 we estimate as follows
B2 = O(1)
∫ 1
0
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))(Y˜2 − Y˜1)2(t, l)dl
)
Y˜2,η(t, θ)dθ
)
dη
≤ O(1)
∫ 1
0
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
A2
(Y˜2(t,θ)−Y˜2(t,l))2(Y˜2 − Y˜1)?2(t, l)dl
)
Y˜2,η(t, θ)dθ
)
dη
= O(1)
∫ 1
0
(∫ η
0
e−
1
2A2
Y˜2(t,θ)Y˜2,η(t, θ)
186 J. A. CARRILLO, K. GRUNERT, AND H. HOLDEN
×
(∫ θ
0
e−(
1
2A2
Y˜2(t,η)− 1A2 Y˜2(t,l))
(Y˜2 − Y˜1)2(t, l)dl)dθ)dη
= O(1)
∫ 1
0
[(
− 2A2e−
1
2A2
Y˜2(t,θ)
×
(∫ θ
0
e−(
1
2A2
Y˜2(t,η)− 1A2 Y˜2(t,l))
(Y˜2 − Y˜1)2(t, l)dl))∣∣∣η
θ=0
+ 2A2
∫ η
0
e−
1
2A2
Y˜2(t,θ)e−(
1
2A2
Y˜2(t,η)− 1A2 Y˜2(t,θ))(Y˜2 − Y˜1)2(t, θ)dθ
]
dη
= −2A2O(1)
∫ 1
0
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜2 − Y˜1)2(t, θ)dθdη
+ 2A2O(1)
∫ 1
0
∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜2 − Y˜1)2(t, θ)dθdη
≤ O(1)
∥∥∥Y˜2 − Y˜1∥∥∥2 ,
while for B3 we estimate as follows
B3 = O(1)
∫ 1
0
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)
Y˜2,η(t, θ)dθ
)
dη|A1 −A2|2
≤ O(1)
∫ 1
0
(∫ η
0
e−
3
8A (Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)
Y˜2,η(t, θ)dθ
)
dη|A1 −A2|2
= O(1)
∫ 1
0
(∫ η
0
e−
3
8A Y˜2(t,θ)Y˜2,η(t, θ)
×
(∫ θ
0
e−(
3
8A Y˜2(t,η)− 34A Y˜2(t,l))dl
)
dθ
)
dη|A1 −A2|2
= O(1)
∫ 1
0
[(
− 8
3
Ae−
3
8A Y˜2(t,θ)
×
(∫ θ
0
e−(
3
8A Y˜2(t,η)− 34A Y˜2(t,l))dl
))∣∣∣η
θ=0
+
8
3
A
∫ η
0
e−
3
8A Y˜2(t,θ)e−(
3
8A Y˜2(t,η)− 34A Y˜2(t,θ))dθ
]
dη|A1 −A2|2
= −8
3
AO(1)
∫ 1
0
∫ η
0
e−
3
4A (Y˜2(t,η)−Y˜2(t,θ))dθdη|A1 −A2|2
+
8
3
AO(1)
∫ 1
0
∫ η
0
e−
3
8A (Y˜2(t,η)−Y˜2(t,θ))dθdη|A1 −A2|2
≤ O(1)|A1 −A2|2.
Thus we find that
A12 ≤ O(1)
( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 + ∥∥∥U˜2 − U˜1∥∥∥2 + |A1 −A2|2).
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Next we find (see (A.15))
A13 =
1
A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,ηT21D˜1<D˜2(t, θ)dθ
)
dη
≤ 1
A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,η(t, θ)
(
P˜j
∣∣∣Y˜2 − Y˜1∣∣∣ (t, θ)
+ 2
√
2A3
(∫ θ
0
e−
1
A (Y˜2(t,θ)−Y˜2(t,l))(P˜1/21 − P˜1/22 )2(t, l)dl
)1/2
+
A4√
2
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))(Y˜1 − Y˜2)2(t, l)dl
)1/2
+
A4
2
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))
∣∣∣Y˜2 − Y˜1∣∣∣ (t, l)dl)
+
4
√
2A4√
3e
(∫ η
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)1/2
|A1 −A2|
)
dθ
)
dη
≤ 5
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + 1A6
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,ηP˜j
∣∣∣Y˜2 − Y˜1∣∣∣ (t, θ)dθ)2dη
+ 8
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,η(t, θ)
×
(∫ θ
0
e−
1
A (Y˜2(t,θ)−Y˜2(t,l))(P˜1/21 − P˜1/22 )2(t, l)dl
)1/2
dθ
)2
dη
+
A2
2
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,η(t, θ)
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))(Y˜1 − Y˜2)2(t, l)dl
)1/2
dθ
)2
dη
+
A2
4
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,η(t, θ)
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))
∣∣∣Y˜2 − Y˜1∣∣∣ (t, l)dl)dθ)2dη
+
32A2
3e2
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,η(t, θ)
×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)1/2
dθ
)2
dη|A1 −A2|2
≤ 5
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2
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+
1
A6
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(Y˜2 − Y˜1)2(t, θ)dθ
)
dη
+ 8
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Y˜2,η(t, θ)
×
(∫ θ
0
e−
1
A (Y˜2(t,θ)−Y˜2(t,l))(P˜1/21 − P˜1/22 )2(t, l)dl
)
dθ
)
dη
+
A2
2
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Y˜2,η(t, θ)
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))(Y˜1 − Y˜2)2(t, l)dl
)
dθ
)
dη
+
A2
4
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Y˜2,η(t, θ)
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))
∣∣∣Y˜2 − Y˜1∣∣∣ (t, l)dl)2dθ)dη
+
32A2
3e2
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,η(t, θ)
×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)
dθ
)
dη|A1 −A2|2
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 )
+O(1)
∫ 1
0
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
A (Y˜2(t,θ)−Y˜2(t,l))(P˜1/21 − P˜1/22 )2(t, l)dl
)
Y˜2,η(t, θ)dθ
)
dη
+O(1)
∫ 1
0
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
a (Y˜2(t,θ)−Y˜2(t,l))(Y˜2 − Y˜1)2(t, l)dl
)
Y˜2,η(t, θ)dθ
)
dη
+O(1)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
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×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)
Y˜2,η(t, θ)dθ
)
dη|A1 −A2|2
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 )+B4 +B2 +B3
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 + |A1 −A2|2 ),
following the approach used for A12. As for B4 we find
B4 = O(1)
∫ 1
0
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
A (Y˜2(t,θ)−Y˜2(t,l))
(P˜1/21 − P˜1/22 )2(t, l)dl)Y˜2,η(t, θ)dθ)dη
≤ O(1)
∫ 1
0
(∫ η
0
e−
1
2A (Y˜2(t,η)−Y˜2(t,θ))
×
(∫ θ
0
e−
1
A (Y˜2(t,θ)−Y˜2(t,l))
(P˜1/21 − P˜1/22 )2(t, l)dl)Y˜2,η(t, θ)dθ)dη
= O(1)
∫ 1
0
(∫ η
0
e−
1
2A Y˜2(t,θ)Y˜2,η(t, θ)
×
(∫ θ
0
e−(
1
2A Y˜2(t,η)− 1A Y˜2(t,l))
(P˜1/21 − P˜1/22 )2(t, l)dl)dθ)dη
= O(1)
∫ 1
0
[(
− 2Ae− 12A Y˜2(t,θ)
×
(∫ θ
0
e−(
1
2A Y˜2(t,η)− 1A Y˜2(t,l))
(P˜1/21 − P˜1/22 )2(t, l)dl))∣∣∣η
θ=0
+ 2A
∫ η
0
e−
1
2A Y˜2(t,θ)e−(
1
2A Y˜2(t,η)− 1A Y˜2(t,θ))(P˜1/21 − P˜1/22 )2(t, θ)dθ
]
dη
= −2AO(1)
∫ 1
0
∫ η
0
e−
1
A (Y˜2(t,η)−Y˜2(t,θ))
(P˜1/21 − P˜1/22 )2(t, θ)dθdη
+ 2AO(1)
∫ 1
0
∫ η
0
e−
1
2A (Y˜2(t,η)−Y˜2(t,θ))
(P˜1/21 − P˜1/22 )2(t, θ)dθdη
≤ O(1)
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 .
Thus we find that
A12 ≤ O(1)
( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 + ∥∥∥U˜2 − U˜1∥∥∥2 + |A1 −A2|2).
Next we find (see (A.16))
A14 =
1
A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,ηT31D˜1<D˜2(t, θ)dθ
)
dη
≤ 12A |A1 −A2|
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
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×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,η(t, θ)
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)
dθ
)
dη
≤ 12A |A1 −A2|
∥∥∥P˜1/21 − P˜1/22 ∥∥∥(∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,η(t, θ)
×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)
dθ
)2
dη
)1/2
≤ 12A |A1 −A2|
∥∥∥P˜1/21 − P˜1/22 ∥∥∥
×
(∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Y˜2,η(t, θ)
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)2
dθ
)
dη
)1/2
≤ O(1) |A1 −A2|
∥∥∥P˜1/21 − P˜1/22 ∥∥∥(∫ 1
0
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))Y˜2,η(t, θ)
×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)2
dθ
)
dη
)1/2
≤ O(1) |A1 −A2|
∥∥∥P˜1/21 − P˜1/22 ∥∥∥
×
(∫ 1
0
(∫ η
0
e−
3
8A (Y˜2(t,η)−Y˜2(t,θ))Y˜2,η(t, θ)
×
(∫ θ
0
e−
3
4A (Y˜2(t,θ)−Y˜2(t,l))dl
)
dθ
)
dη
)1/2
≤ O(1) |A1 −A2|
∥∥∥P˜1/21 − P˜1/22 ∥∥∥
×
(∫ 1
0
(∫ η
0
e−
3
8A Y˜2(t,θ)Y˜2,η(t, θ)
×
(∫ θ
0
e−(
3
8A Y˜2(t,η)− 34A Y˜2(t,l))dl
)
dθ
)
dη
)1/2
≤ O(1) |A1 −A2|
∥∥∥P˜1/21 − P˜1/22 ∥∥∥
×
(∫ 1
0
[(
− 8
3
Ae−
3
8A Y˜2(t,θ)
∫ θ
0
e−(
3
8A Y˜2(t,η)− 34A Y˜2(t,l))dl
)∣∣∣η
θ=0
+
8
3
A
∫ η
0
e−
3
8A Y˜2(t,θ)e−(
3
8A Y˜2(t,η)− 34A Y˜2(t,θ))dθ
]
dη
)1/2
≤ O(1) |A1 −A2|
∥∥∥P˜1/21 − P˜1/22 ∥∥∥
×
(∫ 1
0
[
− 8
3
A
∫ η
0
e−
3
4A (Y˜2(t,η)−Y˜2(t,θ))dθ
+
8
3
A
∫ η
0
e−
3
8A (Y˜2(t,η)−Y˜2(t,θ))dθ
]
dη
)1/2
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≤ O(1)( |A1 −A2|2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 ).
Thus we have shown that
A1 +A2 ≤ O(1)
( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 + ∥∥∥U˜2 − U˜1∥∥∥2 + |A1 −A2|2 ).
We next consider the term A3:
A3 =
1
2A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
∫ η
0
(
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜+2 Y˜2,η
− e− 1A1 (Y˜1(t,η)−Y˜1(t,θ))U˜+1 Y˜1,η
)
min
j
(D˜j)(t, θ)dθdη
=
1
2A3
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
[ ∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(D˜j)Y˜2,η(U˜+2 − U˜+1 )1U˜+1 <U˜+2 (t, θ)dθ
+
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) min
j
(D˜j)Y˜1,η(U˜+2 − U˜+1 )1U˜+2 ≤U˜+1 (t, θ)dθ
+ 1A1≤A2
∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ
+ 1A2<A1
∫ η
0
(e−
1
A2
(Y˜1(t,η)−Y˜1(t,θ)) − e− 1A1 (Y˜1(t,η)−Y˜1(t,θ))
×min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
+
∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(D˜j)min
j
(U˜+j )Y˜2,η1B(η)(t, θ)dθ
+
∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(D˜j)min
j
(U˜+j )Y˜1,η1B(η)c(t, θ)dθ
+
∫ η
0
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
min
j
(D˜j)min
j
(U˜+j )(Y˜2,η − Y˜1,η)(t, θ)dθ]dη
= A31 +A32 +A33 +A34 +A35 +A36 +A37.
(5.47)
Terms A31 and A32 allow for the same treatment:
|A31| = 1
2A3
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ)) min
j
(D˜j)Y˜2,η(U˜+2 − U˜+1 )1U˜+1 <U˜+2 (t, θ)dθ)dη∣∣∣
≤ 1
A2
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
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×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η
∣∣∣U˜+2 − U˜+1 ∣∣∣ (t, θ)dθ)dη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + 1A4
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
×
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η
∣∣∣U˜+2 − U˜+1 ∣∣∣ (t, θ)dθ)2dη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + 1A4
∫ 1
0
1
(maxj(P˜1/2j ))2
(t, η)
×
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
)
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η
(U˜2 − U˜1)2(t, θ)dθ)dη
≤
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2
+
2
A3
∫ 1
0
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η
(U˜2 − U˜1)2(t, θ)dθ)dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥U˜2 − U˜1∥∥∥2 ),
using (4.15e), (4.15n), and (4.16e).
The terms A33 and A34 can be treated as follows
|A33| = 1
2A3
|
∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )
× 1A1≤A2
∫ η
0
(e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθdη
≤
√
2a
A3e
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
3
4A2
(Y˜2(t,η)−Y˜2(t,θ))D˜2Y˜2,η(t, θ)dθ
)
dη|A1 −A2|
≤ 2
√
2
A2e
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
)1/2
×
(∫ η
0
P˜2Y˜2,η(t, θ)dθ
)1/2
dη|A1 −A2|
≤ O(1)(
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2).
Furthermore, the terms A35 and A36 can be estimated like this
|A35| = 1
2A3
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
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×
(∫ η
0
(
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ)))
×min
j
(D˜j)min
j
(U˜+j )Y˜2,η1B(η)(t, θ)dθ)dη∣∣∣
≤ 1
2aA3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))
( ∣∣∣Y˜2(t, η)− Y˜1(t, η)∣∣∣+ ∣∣∣Y˜2(t, θ)− Y˜1(t, θ)∣∣∣ )
×min
j
(D˜j)min
j
(U˜+j )Y˜2,η1B(η)(t, θ)dθ)dη
≤ a
2
√
2A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣Y˜2 − Y˜1∣∣∣ (t, η)
×
(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ)) min
j
(D˜j)Y˜2,η1B(η)(t, θ)dθ)dη
+
a
2
√
2A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
1
a (Y˜2(t,η)−Y˜2(t,θ))
∣∣∣Y˜2 − Y˜1∣∣∣min
j
(D˜j)Y˜2,η1B(η)(t, θ)dθ)dη
≤ 1√
2A
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ ∣∣∣Y˜2 − Y˜1∣∣∣ (t, η)
×
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
)1/2
dη
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜Y˜2,η(t, θ)dθ
)1/2
dη
+
1√
2A
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜Y˜2,η(Y˜2 − Y˜1)2(t, θ)dθ
)1/2
dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜2 − Y˜1∥∥∥2 ),
using (4.16e), (4.15e), and (4.15n). As for A37 we follow this path:
|A37| = 1
2A3
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
(∫ η
0
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
×min
j
(D˜j)min
j
(U˜+j )(Y˜2,η − Y˜1,η)(t, θ)dθ)dη∣∣∣
=
1
2A3
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
×
[(
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
min
j
(D˜j)min
j
(U˜+j )(Y˜2 − Y˜1)(t, θ))∣∣∣η
θ=0
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−
∫ η
0
(Y˜2 − Y˜1)
× d
dθ
(
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
min
j
(D˜j)min
j
(U˜+j ))(t, θ)dθ]dη∣∣∣
≤ 1
2A3
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 ) min
j
(D˜j)min
j
(U˜+j )(Y˜2 − Y˜1)(t, η)dη∣∣∣
+
1
2A3
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
(∫ η
0
(Y˜2 − Y˜1)
× d
dθ
(
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
min
j
(D˜j)min
j
(U˜+j ))(t, θ)dθ)dη∣∣∣
≤ 1
A2
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ P˜2 ∣∣∣U˜2∣∣∣ ∣∣∣Y˜2 − Y˜1∣∣∣ (t, η)dη
+
1
2A3
∣∣∣ ∫ 1
0
1
maxj(P˜1/2j )
(P˜1/21 − P˜1/22 )(t, η)
(∫ η
0
(Y˜2 − Y˜1)
×
(( d
dθ
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
))
min
j
(D˜j)min
j
(U˜+j )
+ min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)( d
dθ
min
j
(D˜j)min
j
(U˜+j )))(t, θ)dθ)dη∣∣∣
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 )
+
1
2A3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
∣∣∣Y˜2 − Y˜1∣∣∣ 1
a
(
min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
×max
j
(Y˜j,η)min
j
(D˜j)min
j
(U˜+j )
+O(1)A5 min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)(
min
j
(D˜1/2j )+ ∣∣∣U˜2∣∣∣ ))(t, θ)dθ)dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 )+ 12(A371 +A372),
using (4.15a), (4.15b), (4.15n), and Lemmas A.2 and A.4. Here
A371 =
1
aA3
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
∣∣∣Y˜2 − Y˜1∣∣∣ (min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)
×max
j
(Y˜j,η)min
j
(D˜j)min
j
(U˜+j )(t, θ)dθ)dη
≤
√
2a
A2
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)(∫ η
0
∣∣∣Y˜2 − Y˜1∣∣∣
×
(
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1Y˜1,η + e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η
)
(t, θ)dθ
)
dη
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≤
√
2
A
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
[( ∫ η
0
e−
3
2A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1Y˜1,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
2A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1Y˜1,η(Y˜2 − Y˜1)2(t, θ)dθ
)1/2
+
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜2,η(Y˜2 − Y˜1)2(t, θ)dθ
)1/2]
dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 ),
using maxj(aj) ≤ a1 + a2 and minj(bj) ≤ bk. Then
A372 = O(1)
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
∣∣∣Y˜2 − Y˜1∣∣∣min
j
(
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))
)(
min
j
(D˜1/2j )+ ∣∣∣U˜2∣∣∣ )(t, θ)dθ)dη
≤ O(1)
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
∣∣∣Y˜2 − Y˜1∣∣∣ e− 1A2 (Y˜2(t,η)−Y˜2(t,θ))P˜1/22 (t, θ)dθ)dη
≤ O(1)
∫ 1
0
1
maxj(P˜1/2j )
∣∣∣P˜1/21 − P˜1/22 ∣∣∣ (t, η)
×
(∫ η
0
e−
3
2A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
2A2
(Y˜2(t,η)−Y˜2(t,θ))(Y˜2 − Y˜1)2(t, θ)dθ)1/2dη
≤ O(1)( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 ),
using (4.15d), (4.15n), and (4.16i). This completes the estimate for A3 (see (5.47)):
A3 ≤ O(1)
( ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥Y˜1 − Y˜2∥∥∥2 + |A1 −A2|2 ).
For J4 (and similarly for J5) the estimates read
|J4| ≤ 1
A3
∫ 1
0
∣∣∣P˜1/21 − P˜1/22 ∣∣∣2
∣∣∣R˜2∣∣∣
P˜2
(t, η)dη
≤ O(1)
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 ,
using (4.15j).
We have shown the anticipated result.
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Lemma 5.5. Let P˜1/2i be two solutions of (5.40) for i = 1, 2. Then we have
d
dt
∥∥∥P˜1/21 − P˜1/22 ∥∥∥2
≤ O(1)( ∥∥∥Y˜1 − Y˜2∥∥∥2 + ∥∥∥U˜1 − U˜2∥∥∥2 + ∥∥∥P˜1/21 − P˜1/22 ∥∥∥2 + |A1 −A2|2 ),
where O(1) denotes some constant which only depends on A = maxj(Aj) and which
remains bounded as A→ 0.
Appendix A. Lipschitz continuity and uniformly bounded Lipschitz
constants
We need to establish that a number of complicated functions are Lipschitz con-
tinuous with uniformly bounded Lipschitz constants. In a desperate attempt to
ease the readability of the main estimates, we collect these results here together
with some other estimates which are essential in Section 5.
Lemma A.1. (i) We have
|ea1−a2 − eb1−b2 | ≤ max (ea1−a2 , eb1−b2)(|b1 − a1|+ |b2 − a2|)(A.1)
≤ |b1 − a1|+ |b2 − a2|,(A.2)
a1 < a2, b1 < b2.
(ii) Let 0 < a ≤ Aj ≤ A, j = 1, 2. Then we have
(A.3) |e− 1A2 x − e− 1A1 x| ≤ 4
ae
e−
3
4Ax|A2 −A1|, x ∈ [0,∞).
Proof. (i) The results follows from the elementary inequality
|ea − eb| = |
∫ a
b
ex dx| ≤ eb|
∫ a
b
dx| ≤ eb|b− a|, a < b.
(ii) For x ∈ [0,∞) one can write
|e− 1A2 x − e− 1A1 x| = |
∫ A2
A1
1
s2
xe−
1
sxds|
≤ e− 34Ax|
∫ A2
A1
1
s2
xe−
1
4sxds|
≤ 4
ae
e−
3
4Ax|A2 −A1|.
Here we used in the last step that for s ∈ [a,A], the function f : [0,∞) → [0,∞)
with f(x) = 1s2xe
− 14sx attains its maximum at x = 4s and
0 ≤ f(4s) = 4
se
≤ 4
ae
.

Lemma A.2. (i): The function θ 7→ minj(e− 1a (Y˜j(t,η)−Y˜j(t,θ))) is non-decreasing
for almost every η and thus differentiable almost everywhere. We have that
(A.4) | d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))| ≤ 1
a
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) max
j
(Y˜j,η(t, θ)).
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(ii) The function θ 7→ minj(U˜2j )(t, θ) is differentiable almost everywhere with
(A.5) | d
dη
min
j
(U˜2j (t, θ))| ≤ A4.
(iii) The function θ 7→ minj(U˜+j )3(t, θ) is differentiable almost everywhere with
(A.6)
∣∣ d
dθ
min
j
(U˜+j )3(t, θ)
∣∣ ≤ 2A4 min
j
(U˜+j )(t, θ).
Proof. (i): First of all note that the function θ 7→ minj(e− 1a (Y˜j(t,η)−Y˜j(t,θ))) is non-
decreasing and hence differentiable almost everywhere. Consider in the following
θ < η. Assume that for fixed θ, such that the given function is differentiable, we
have
(A.7) min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) = e−
1
a (Y˜1(t,η)−Y˜1(t,θ))
and that there exists a sequence θn ↑ θ such that
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θn))) = e−
1
a (Y˜1(t,η)−Y˜1(t,θn)) for all n.
Then we have
|min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))−min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θn)))|
= e−
1
a (Y˜1(t,η)−Y˜1(t,θ)) − e− 1a (Y˜1(t,η)−Y˜1(t,θn))
≤ 1
a
e−
1
a (Y˜1(t,η)−Y˜1(t,θ))(Y˜1(t, θ)− Y˜1(t, θn)),
since Y˜i(t, · ) is non-decreasing.
| d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))| ≤ lim
θn↑θ
1
a
e−
1
a (Y˜1(t,η)−Y˜1(t,θ)) Y˜1(t, θ)− Y˜1(t, θn)
θ − θn
=
1
a
e−
1
a (Y˜1(t,η)−Y˜1(t,θ))Y˜1,η(t, θ)
=
1
a
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))Y˜1,η(t, θ).
Assume, on the other hand, that for fixed θ we have
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) = e−
1
a (Y˜1(t,η)−Y˜1(t,θ))
and that there exists a sequence θn ↓ θ such that
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θn))) = e−
1
a (Y˜1(t,η)−Y˜1(t,θn)) for all n.
Then we have
|min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))−min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θn)))|
= e−
1
a (Y˜1(t,η)−Y˜1(t,θn)) − e− 1a (Y˜1(t,η)−Y˜1(t,θ))
≤ 1
a
e−
1
a (Y˜1(t,η)−Y˜1(t,θn))(Y˜1(t, θn)− Y˜1(t, θ)),
since Y˜i(t, · ) is non-decreasing. Thus
| d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))| ≤ lim
θn↓θ
1
a
e−
1
a (Y˜1(t,η)−Y˜1(t,θn)) Y˜1(t, θn)− Y˜1(t, θ)
θn − θ
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=
1
a
e−
1
a (Y˜1(t,η)−Y˜1(t,θ))Y˜1,η(t, θ)
= min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))Y˜1,η(t, θ).
Thus in the case (A.7) we find
| d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))| ≤ 1
a
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))Y˜1,η(t, θ).
If we instead of (A.7) assume
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) = e−
1
a (Y˜2(t,η)−Y˜2(t,θ)),
a similar argument yields
| d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))| ≤ min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))Y˜2,η(t, θ).
Thus we conclude that in general we have
| d
dθ
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ)))| ≤ 1
a
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) max
j
(Y˜j,η)(t, θ).
(ii): We have (cf. Lemma 5.1) that
|min
j
(U˜2j (t, η))−min
j
(U˜2j (t, θ))| ≤ max
(|U˜21 (t, η)− U˜21 (t, θ)|, |U˜22 (t, η)− U˜22 (t, η)|)
≤ 2 max
j
∥∥∥U˜jU˜jη∥∥∥∞ |η − θ| ≤ A4|η − θ|,(A.8)
using (4.15f).
(iii): Note that one has that for any positive function m(x),
|m3(x)−m3(y)| = (m2(x) +m(x)m(y) +m2(y))|m(x)−m(y)|
≤ (m2(x) + 2m(x)m(y) +m2(y))|m(x)−m(y)|
= (m(x) +m(y))2|m(x)−m(y)|
= (m(x) +m(y))|m2(x)−m2(y)|.
If we replace m(x) by minj(U˜+j )(t, η) we have
|min
j
(U˜+j )3(t, η)−min
j
(U˜+j )3(t, θ)|
≤ (min
j
(U˜+j )(t, η) + min
j
(U˜+j )(t, θ))|min
j
(U˜+j )2(t, η)−min
j
(U˜+j )2(t, θ)|
≤ (min
j
(U˜+j )(t, η) + min
j
(U˜+j )(t, θ))
×max(|(U˜+1 )2(t, η)− (U˜+1 )2(t, θ)|, |(U˜+2 )2(t, η)− (U˜+2 )2(t, θ)|)
≤ A4(min
j
(U˜+j )(t, η) + min
j
(U˜+j )(t, θ))|η − θ|,
see (A.8), and hence minj(U˜+j )3(t, η) is differentiable almost everywhere with∣∣ d
dθ
min
j
(U˜+j )3(t, θ)
∣∣ ≤ 2A4 min
j
(U˜+j )(t, θ).

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Lemma A.3. (i) The function η 7→ minj(P˜j) minj(U˜+j )(t, η) is Lipschitz contin-
uous with a uniformly bounded Lipschitz constant and thus differentiable almost
everywhere with
| d
dη
(min
j
(P˜j) min
j
(U˜+j ))(t, η)| ≤ 2A4(min
j
(P˜j)1/2 + |U˜k|)(t, η), k = 1, 2.
(ii) The function η 7→ minj(P˜j)U˜k(t, η), k = 1, 2 is Lipschitz continuous with a
uniformly bounded Lipschitz constant and thus differentiable almost everywhere with
| d
dη
(min
j
(P˜j)U˜k)(t, η)| ≤ 1√
2
A6.
Proof. (i) We only present the proof for the case k = 2, since the case k = 1 is
similar.
Given 0 ≤ η1 < η2 ≤ 1, we assume without loss of generality that
0 ≤ min
j
(P˜j) min
j
(U˜+j )(t, η2)−min
j
(P˜j) min
j
(U˜+j )(t, η1).
To ease the notation we introduce the function
d(t, η) = min
j
(P˜j) min
j
(U˜+j )(t, η).
We will distinguish several cases:
(1): If d(t, η2) = 0, then d(t, η1) = 0 and one has
0 ≤ min
j
(U˜+j )(t, η2)|min
j
(P˜j)(t, η2)−min
j
(P˜j)(t, η1)|)
≤ min
j
(U˜+j )(t, η2)|(|P˜1(t, η2)− P˜1(t, η1)|+ |P˜2(t, η2)− P˜2(t, η1)|)
≤ A4 min
j
(U˜+j )(t, η2)|η2 − η1|.
(2): If d(t, η2) > 0, then minj(P˜j)(t, η2) > 0 and minj(U˜+j )(t, η2) > 0 or equiva-
lently
P˜1(t, η2) > 0, P˜2(t, η2) > 0, U˜1(t, η2) > 0, and U˜2(t, η2) > 0.
(2a): Assume that d(t, η1) = 0 and minj(P˜j)(t, η1) = 0, then
0 ≤ d(t, η2)− d(t, η1)
≤ (min
j
(P˜j)(t, η2)−min
j
(P˜j)(t, η1)) min
j
(U˜+j )(t, η2)
≤ min
j
(U˜+j )(t, η2)(|P˜1(t, η2)− P˜1(t, η1)|+ |P˜2(t, η2)− P˜2(t, η1)|)
≤ A4 min
j
(U˜+j )(t, η2)|η2 − η1|.
(2b): Assume that d(t, η1) = 0 and minj(U˜+j )(t, η1) = 0, then one either has that
(i): U˜2(t, η1) ≤ U˜+2 (t, η1) = minj(U˜+j )(t, η1), and we can write
0 ≤ d(t, η2)− d(t, η1)
≤ U˜2 min
j
(P˜j)(t, η2)− U˜2 min
j
(P˜j)(t, η1)
≤
∫ η2
η1
(
U˜2,η min
j
(P˜j) + U˜2 d
dθ
min
j
(P˜j)
)
(t, s)ds
≤
∫ η2
η1
(
|U˜2,η|min
j
(P˜j) + |U˜2|( 1
A1
P˜1Y˜1,η + 1
A2
P˜2Y˜2,η)
)
(t, s)ds
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≤ A
4
√
2
∫ η2
η1
min
j
(P˜j)1/2(t, s)ds+A4
∫ η2
η1
|U˜2|(t, s)ds
≤ 3
2
√
2
A6|η2 − η1|,
or
(ii): minj(U˜+j )(t, η1) = U˜+1 (t, η1). Then there exists a maximal interval [η1, a]
such that U˜+1 (t, s) < U˜+2 (t, s) for all s ∈ [η1, a) and U˜+1 (t, a) = U˜+2 (t, a). Moreover,
there exists a maximal interval [b, a] ⊂ [η1, a] such that U˜+1 (t, s) > 0 for all s ∈ (b, a]
and U˜+1 (t, b) = 0. Hence we can write
0 ≤ d(t, η2)− d(t, η1)
≤ d(t, η2)− d(t, a) + d(t, a)− d(t, b)
≤ U˜2 min
j
(P˜j)(t, η2)− U˜2 min
j
(P˜j)(t, a)
+ U˜1 min
j
(P˜j)(t, a)− U˜1 min
j
(P˜j)(t, b)
≤
∫ η2
a
(
U˜2,η min
j
(P˜j) + U˜2 d
dη
min
j
(P˜j)
)
(t, s)ds
+
∫ a
b
(
U˜1,η min
j
(P˜j) + U˜1 d
dη
min
j
(P˜j)
)
(t, s)ds
≤
∫ η2
a
(A4√
2
min
j
(P˜j)1/2 +A4|U˜2|
)
(t, s)ds
+
∫ a
b
(A4√
2
min
j
(P˜j)1/2 +A4|U˜1|
)
(t, s)ds
≤ A
4
√
2
∫ η2
b
min
j
(P˜j)1/2(t, s)ds+A4
∫ η2
b
|U˜2|(t, s)ds
≤ A
4
√
2
∫ η2
η1
min
j
(P˜j)1/2(t, s)ds+A4
∫ η2
η1
|U˜2|(t, s)ds
≤ 3
2
√
2
A6|η2 − η1|.
Note, in the case that U˜+1 (t, s) < U˜+2 (t, s) for all s ∈ [η1, η2], the estimate starts
with
0 ≤ d(t, η2)− d(t, η1) ≤ U˜1 min
j
(P˜j)(t, η2)− U˜1 min
j
(P˜j)(t, b),
where (b, η2] denotes the maximal interval such that U˜+1 (t, s) > 0 for all s ∈ (b, η2].
(2c): Assume that d(t, η1) > 0, then minj(P˜j)(t, η1) > 0 and minj(U˜+j )(t, η1) =
minj(U˜j)(t, η1) > 0. Then one either has that
(i): minj(U˜j)(t, η1) = U˜2(t, η1), and we have (as before)
0 ≤ d(t, η2)− d(t, η1)
≤ U˜2 min
j
(P˜j)(t, η2)− U˜2 min
j
(P˜j)(t, η1)
≤ A
4
√
2
∫ η2
η1
min
j
(P˜j)1/2(t, s)ds+A4
∫ η2
η1
|U˜2|(t, s)ds
≤ 3
2
√
2
A6|η2 − η1|,
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or
(ii): minj(U˜j)(t, η1) = U˜1(t, η1). Then there exists a maximal interval [η1, a] such
that U˜+1 (t, s) < U˜+2 (t, s) for all s ∈ [η1, a) and U˜+1 (t, a) = U˜+2 (t, a). Moreover, there
exists a maximal interval [b, a] ⊂ [η1, a] such that U˜+1 (t, s) > 0 for all s ∈ (b, a] and
U˜+1 (t, b) = 0. Hence we can write
0 ≤ d(t, η2)− d(t, η1)
≤ d(t, η2)− d(t, a) + d(t, a)− d(t, b)
≤ U˜2 min
j
(P˜j)(t, η2)− U˜2 min
j
(P˜j)(t, a)
+ U˜1 min
j
(P˜j)(t, a)− U˜1 min
j
(P˜j)(t, b)
≤
∫ η2
a
(
U˜2,η min
j
(P˜j) + U˜2 d
dη
min
j
(P˜j)
)
(t, s)ds
+
∫ a
b
(
U˜1,η min
j
(P˜j) + U˜1 d
dη
min
j
(P˜j)
)
(t, s)ds
≤
∫ η2
a
(A4√
2
min
j
(P˜j)1/2 +A4|U˜2|
)
(t, s)ds
+
∫ a
b
(A4√
2
min
j
(P˜j)1/2 +A4|U˜1|
)
(t, s)ds
≤ A
4
√
2
∫ η2
b
min
j
(P˜j)1/2(t, s)ds+A4
∫ η2
b
|U˜2|(t, s)ds
≤ A
4
√
2
∫ η2
η1
min
j
(P˜j)1/2(t, s)ds+A4
∫ η2
η1
|U˜2|(t, s)ds
≤ 3
2
√
2
A6|η2 − η1|.
Note, in the case that U˜+1 (t, s) < U˜+2 (t, s) for all s ∈ [η1, η2], the estimate starts
with
0 ≤ d(t, η2)− d(t, η1) ≤ U˜1 min
j
(P˜j)(t, η2)− U˜1 min
j
(P˜j)(t, b),
where (b, η2] denotes the maximal interval such that U˜+1 (t, s) > 0 for all s ∈ (b, η2].
Thus we showed that
|d(t, η2)− d(t, η1)| ≤ 3
2
√
2
A6|η2 − η1|,
or, in other words, d(t, · ) = minj(P˜j) minj(U˜+j )(t, · ) is Lipschitz continuous with
Lipschitz constant 3
2
√
2
A6, which is independent of time, and thus differentiable
almost everywhere. Moreover a closer look reveals that
|d(t, η2)− d(t, η1)| ≤ A4 min
j
(U˜+j )(t, η2)|η2 − η1|
+
A4√
2
|
∫ η2
η1
min
j
(P˜j)1/2(t, s)ds|+A4|
∫ η2
η1
|U˜2|(t, s)ds|.
Since both |U˜2|(t, · ) and minj(P˜j)1/2(t, · ) are continuous, the fundamental theorem
of calculus implies that∣∣∣∣d(t, η2)− d(t, η1)η2 − η1
∣∣∣∣ ≤ A4 minj (U˜+j )(t, η2)
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+
A4√
2
min
j
(P˜j)1/2(t, η˜) +A4|U˜2|(t, η˜)
for some η˜ between η1 and η2. Letting η2 → η1 we thus obtain for almost every η
that ∣∣∣∣ ddη minj (P˜j) minj (U˜+j )(t, η)
∣∣∣∣ = | ddη d(t, η)|
≤ 2A4(min
j
(P˜j)1/2 + |U˜2|)(t, η).
(ii) We have that
|min
j
(P˜j)(t, η)−min
j
(P˜j)(t, η˜)|
≤ max (|P˜1(t, η)− P˜1(t, η˜)|, |P˜2(t, η)− P˜2(t, η˜)|)
≤ A
4
2
|η − η˜|.
Thus, for almost every η,
| d
dη
(min
j
(P˜j)U˜k)(t, η)| = |
( d
dη
min
j
(P˜j)
)U˜k(t, η) + min
j
(P˜j)U˜k,η(t, η)|
≤ A
4
2
∥∥∥U˜k∥∥∥∞ + ∥∥∥P˜kU˜k,η∥∥∥∞
≤ 1√
2
A6.

Lemma A.4. (i) The function η 7→ minj(D˜j) minj(U˜+j )(t, η) is Lipschitz contin-
uous with a uniformly bounded Lipschitz constant and thus differentiable almost
everywhere with
| d
dη
(min
j
(D˜j) min
j
(U˜+j ))(t, η)| ≤ O(1)
√
AA4(min
j
(D˜j)1/2 + |U˜k|)(t, η), k = 1, 2.
(ii) The function η 7→ minj(D˜j)U˜k(t, η), k = 1, 2 Lipschitz continuous with a uni-
formly bounded Lipschitz constant and thus differentiable almost everywhere with
| d
dη
(min
j
(D˜j)U˜k)(t, η)| ≤ O(1)A7.
Proof. (i) We only present the proof for the case k = 2, since the case k = 1 is
similar.
Given 0 ≤ η1 < η2 ≤ 1, we assume without loss of generality that
0 ≤ min
j
(D˜j) min
j
(U˜+j )(t, η2)−min
j
(D˜j) min
j
(U˜+j )(t, η1).
To ease the notation we introduce the function
d¯(t, η) = min
j
(D˜j) min
j
(U˜+j )(t, η).
We will distinguish several cases:
(1): If d¯(t, η2) = 0, then d¯(t, η1) = 0 and one has
0 ≤ min
j
(U˜+j )(t, η2)|min
j
(D˜j)(t, η2)−min
j
(D˜j)(t, η1)|)
≤ min
j
(U˜+j )(t, η2)|(|D˜1(t, η2)− D˜1(t, η1)|+ |D˜2(t, η2)− D˜2(t, η1)|)
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≤ O(1)A5 min
j
(U˜+j )(t, η2)|η2 − η1|
(2): If d¯(t, η2) > 0, then minj(D˜j)(t, η2) > 0 and minj(U˜+j )(t, η2) > 0 or equiva-
lently
D˜1(t, η2) > 0, D˜2(t, η2) > 0, U˜1(t, η2) > 0, and U˜2(t, η2) > 0.
(2a): Assume that d¯(t, η1) = 0 and minj(D˜j)(t, η1) = 0, then
0 ≤ d¯(t, η2)− d¯(t, η1)
≤ (min
j
(D˜j)(t, η2)−min
j
(D˜j)(t, η1)) min
j
(U˜+j )(t, η2)
≤ min
j
(U˜+j )(t, η2)(|D˜1(t, η2)− D˜1(t, η1)|+ |D˜2(t, η2)− D˜2(t, η1)|)
≤ O(1)A5 min
j
(U˜+j )(t, η2)|η2 − η1|.
(2b): Assume that d¯(t, η1) = 0 and minj(U˜+j )(t, η1) = 0, then one either has that
(i): U˜2(t, η1) ≤ U˜+2 (t, η1) = minj(U˜+j )(t, η1) and we can write
0 ≤ d(t, η2)− d(t, η1)
≤ U˜2 min
j
(D˜j)(t, η2)− U˜2 min
j
(D˜j)(t, η1)
≤
∫ η2
η1
U˜2,η min
j
(D˜j)(t, s) + U˜2 d
dθ
min
j
(D˜j)(t, s)ds
≤
∫ η2
η1
|U˜2,η|min
j
(D˜j)(t, s)ds
+
∫ η2
η1
|U˜2|
(
|(U˜21 − P˜1)Y˜1,η −
1
A1
D˜1Y˜1,η + 1
2
A51|
+ |(U˜22 − P˜2)Y˜2,η −
1
A2
D˜2Y˜2,η + 1
2
A52|
)
(t, s)ds
≤
√
AA4
∫ η2
η1
min
j
(D˜j)1/2(t, s)ds+O(1)A5
∫ η2
η1
|U˜2|(t, s)ds
≤ O(1)A7|η2 − η1|
or
(ii): minj(U˜+j )(t, η1) = U˜+1 (t, η1). Then there exists a maximal interval [η1, a]
such that U˜+1 (t, s) < U˜+2 (t, s) for all s ∈ [η1, a) and U˜+1 (t, a) = U˜+2 (t, a). Moreover,
there exists a maximal interval [b, a] ⊂ [η1, a] such that U˜+1 (t, s) > 0 for all s ∈ (b, a]
and U˜+1 (t, b) = 0. Hence we can write
0 ≤ d¯(t, η2)− d¯(t, η1)
≤ d¯(t, η2)− d¯(t, a) + d¯(t, a)− d¯(t, b)
≤ U˜2 min
j
(D˜j)(t, η2)− U˜2 min
j
(D˜j)(t, a)
+ U˜1 min
j
(D˜j)(t, a)− U˜1 min
j
(D˜j)(t, b)
≤
∫ η2
a
(
U˜2,η min
j
(D˜j) + U˜2 d
dη
min
j
(D˜j)
)
(t, s)ds
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+
∫ a
b
(
U˜1,η min
j
(D˜j) + U˜1 d
dη
min
j
(D˜j)
)
(t, s)ds
≤
∫ η2
a
(√
AA4 min
j
(D˜j)1/2 +O(1)A5|U˜2|
)
(t, s)ds
+
∫ a
b
(√
AA4 min
j
(D˜j)1/2 +O(1)A5|U˜1|
)
(t, s)ds
≤
√
AA4
∫ η2
b
min
j
(D˜j)1/2(t, s)ds+O(1)A5
∫ η2
b
|U˜2|(t, s)ds
≤
√
AA4
∫ η2
η1
min
j
(D˜j)1/2(t, s)ds+O(1)A5
∫ η2
η1
|U˜2|(t, s)ds
≤ O(1)A7|η2 − η1|.
Note, in the case that U˜+1 (t, s) < U˜+2 (t, s) for all s ∈ [η1, η2], the estimate starts
with
0 ≤ d(t, η2)− d(t, η1) ≤ U˜1 min
j
(D˜j)(t, η2)− U˜1 min
j
(D˜j)(t, b),
where (b, η2] denotes the maximal interval such that U˜+1 (t, s) > 0 for all s ∈ (b, η2].
(2c): Assume that d¯(t, η1) > 0, then minj(D˜j)(t, η1) > 0 and minj(U˜+j )(t, η1) =
minj(U˜j)(t, η1) > 0. Then one either has that
(i): minj(U˜j)(t, η1) = U˜2(t, η1), and we have (as before)
0 ≤ d¯(t, η2)− d¯(t, η1)
≤ U˜2 min
j
(D˜j)(t, η2)− U˜2 min
j
(D˜j)(t, η1)
≤
∫ η2
η1
(1
2
√
AA6 min
j
(D˜j)1/2 +O(1)A5|U˜2|
)
(t, s)ds
≤ O(1)A7|η2 − η1|,
or
(ii): minj(U˜j)(t, η1) = U˜1(t, η1). Then there exists a maximal interval [η1, a] such
that U˜+1 (t, s) < U˜+2 (t, s) for all s ∈ [η1, a) and U˜+1 (t, a) = U˜+2 (t, a). Moreover, there
exists a maximal interval [b, a] ⊂ [η1, a] such that U˜+1 (t, s) > 0 for all s ∈ (b, a] and
U˜+1 (t, b) = 0. Hence we can write
0 ≤ d¯(t, η2)− d¯(t, η1)
≤ d¯(t, η2)− d¯(t, a) + d¯(t, a)− d¯(t, b)
≤ U˜2 min
j
(D˜j)(t, η2)− U˜2 min
j
(D˜j)(t, a)
+ U˜1 min
j
(D˜j)(t, a)− U˜1 min
j
(D˜j)(t, b)
≤
∫ η2
a
(
U˜2,η min
j
(D˜j) + U˜2 d
dη
min
j
(D˜j)
)
(t, s)ds
+
∫ a
b
(
U˜1,η min
j
(D˜j) + U˜1 d
dη
min
j
(D˜j)
)
(t, s)ds
≤
∫ η2
a
(1
2
√
AA6 min
j
(D˜j)1/2 +O(1)A5|U˜2|
)
(t, s)ds
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+
∫ a
b
(1
2
√
AA6 min
j
(D˜j)1/2 +O(1)A5|U˜1|
)
(t, s)ds
≤
√
AA4
∫ η2
b
min
j
(D˜j)1/2(t, s)ds+O(1)A5
∫ η2
b
|U˜2|(t, s)ds
≤
√
AA4
∫ η2
η1
min
j
(D˜j)1/2(t, s)ds+O(1)A5
∫ η2
η1
|U˜2|(t, s)ds
≤ O(1)A7|η2 − η1|.
Note, in the case that U˜+1 (t, s) < U˜+2 (t, s) for all s ∈ [η1, η2], the estimate starts
with
0 ≤ d(t, η2)− d(t, η1) ≤ U˜1 min
j
(D˜j)(t, η2)− U˜1 min
j
(D˜j)(t, b),
where (b, η2] denotes the maximal interval such that U˜+1 (t, s) > 0 for all s ∈ (b, η2].
Thus we showed that
|d¯(t, η2)− d¯(t, η1)| ≤ O(1)A7|η2 − η1|,
or in other words d¯(t, · ) = minj(D˜j) minj(U˜+j )(t, · ) is Lipschitz continuous with
Lipschitz constant O(1)A7, which is independent of time, and thus differentiable
almost everywhere. Moreover a close look reveals that
|d¯(t, η2)− d¯(t, η1)| ≤ O(1)A5 min
j
(U˜+j )(t, η2)|η2 − η1|
+
√
AA4|
∫ η2
η1
min
j
(D˜j)1/2(t, s)ds|+O(1)A5|
∫ η2
η1
|U˜2|(t, s)ds|
Since both |U˜2|(t, · ) and minj(D˜j)1/2(t, · ) are continuous, the fundamental theorem
of calculus implies that∣∣∣∣ d¯(t, η2)− d¯(t, η1)η2 − η1
∣∣∣∣ ≤ O(1)A5 minj (U˜+j )(t, η2)
+
√
AA4 min
j
(D˜j)1/2(t, η˜) +O(1)A5|U˜2|(t, η˜)
for some η˜ between η1 and η2. Letting η2 → η1 we thus obtain for almost every η
that ∣∣∣∣ ddη minj (D˜j) minj (U˜+j )(t, η)
∣∣∣∣ = | ddη d¯(t, η)|
≤ O(1)
√
AA4(min
j
(D˜j)1/2 + |U˜2|)(t, η).
(ii) We have that
|min
j
(D˜j)(t, η)−min
j
(D˜j)(t, η˜)|
≤ max(|D˜1(t, η)− D˜1(t, η˜)|+ |D˜2(t, η)− D˜2(t, η˜)|)
≤ O(1)A5|η − η˜|,
and hence, for almost every η,
∗| d
dη
min
j
(D˜j)(t, η)| ≤ O(1)A5.
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This implies, for almost every η,
| d
dη
(min
j
(D˜j)U˜k)(t, η)| = |( d
dη
min
j
(D˜j))U˜k(t, η) + min
j
(D˜j)U˜k,η(t, η)|
≤ O(1)A7 + 2A
∥∥∥P˜k|U˜k,η|∥∥∥
≤ O(1)A7.

Lemma A.5. The function η 7→ a ∫ η
0
minj(e
− 1a (Y˜j(t,η)−Y˜j(t,θ))) minj(U˜+j )(t, θ)dθ is
Lipschitz continuous with a uniformly bounded Lipschitz constant and thus differ-
entiable almost everywhere with
| d
dη
(
a
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)dθ
)
| ≤ O(1)A2.
Proof. To prove the existence and boundedness of the derivative, we will prove
Lipschitz continuity. Let 0 ≤ η1 < η2 ≤ 1, then
a|
∫ η1
0
min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)dθ
−
∫ η2
0
min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)dθ|
≤ a
∫ η2
η1
min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))) min
j
(U˜+j )(t, θ)dθ
+ a
∫ η1
0
(
min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ)))
−min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ)))
)
min
j
(U˜+j )(t, θ)dθ
≤ aA
2
√
2
|η2 − η1|
+ a
∫ η1
0
(e−
1
a (Y˜1(t,η1)−Y˜1(t,θ)) − e− 1a (Y˜1(t,η2)−Y˜1(t,θ))) min
j
(U˜+j )(t, θ)dθ
+ a
∫ η1
0
(e−
1
a (Y˜2(t,η1)−Y˜2(t,θ)) − e− 1a (Y˜2(t,η2)−Y˜2(t,θ)) min
j
(U˜+j )(t, θ)dθ
≤ aA
2
√
2
|η2 − η1|
+
∫ η1
0
∫ η2
η1
e−
1
a (Y˜1(t,s)−Y˜1(t,θ))Y˜1,η(t, s)dsmin
j
(U˜+j )(t, θ)dθ
+
∫ η1
0
∫ η2
η1
e−
1
a (Y˜2(t,s)−Y˜2(t,θ))Y˜2,η(t, s)dsmin
j
(U˜+j )(t, θ)dθ
≤ aA
2
√
2
|η2 − η1|
+
∫ η2
η1
(∫ s
0
e−
1
A1
(Y˜1(t,s)−Y˜1(t,θ))U˜+1 (t, θ)dθ
)
Y˜1,η(t, s)ds
+
∫ η2
η1
(∫ s
0
e−
1
A2
(Y˜2(t,s)−Y˜2(t,θ))U˜+2 (t, θ)dθ
)
Y˜2,η(t, s)ds
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≤ aA
2
√
2
|η2 − η1|+ 1
A51
∫ η2
η1
(∫ s
0
e−
1
A1
(Y˜1(t,s)−Y˜1(t,θ))
× ( 1
A1
P˜21 Y˜1,η +A1U˜21 Y˜1,η + U˜+1 H˜1,η
)
(t, θ)dθ
)
Y˜1,η(t, s)ds
+
1
A52
∫ η2
η1
(∫ s
0
e−
1
A2
(Y˜2(t,s)−Y˜2(t,θ)
× ( 1
A2
P˜22 Y˜2,η +A2U˜22 Y˜2,η + U˜+2 H˜2,η
)
(t, θ)dθ
)
Y˜2,η(t, s)ds
≤ aA
2
√
2
|η2 − η1|+O(1) 1
A31
∫ η2
η1
P˜1Y˜1,η(t, s)ds+O(1) 1
A32
∫ η2
η1
P˜2Y˜2,η(t, s)ds
≤ O(1)A2|η2 − η1|.

Lemma A.6. The function
η 7→ min
k
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )Y˜k,η(t, θ)dθ
)
is Lipschitz continuous with a uniformly bounded Lipschitz constant and thus dif-
ferentiable almost everywhere. The derivative satisfies,
| d
dη
min
k
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )Y˜k,η(t, θ)dθ
)
| ≤ O(1)A7.
(A.9)
Proof. Introduce
a˜(t, η) = min
k
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )Y˜k,η(t, θ)dθ
)
b˜(t, η) =
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
c˜(t, η) =
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ.
Thus
a˜(t, η) = min(b˜, c˜)(t, η).
Then we have to show that a˜(t, · ) is Lipschitz continuous with a Lipschitz constant,
which only depends on A. Clearly we have that
|a˜(t, η1)− a˜(t, η2)| ≤ max(|b˜(t, η1)− b˜(t, η2)|, |c˜(t, η1)− c˜(t, η2)|),
and it suffices to show that both b˜(t, · ) and c˜(t, · ) are Lipschitz continuous with a
Lipschitz constant, which only depends on A. We are only going to establish the
Lipschitz continuity for b˜, since the argument for c˜ follows the same lines.
Let 0 ≤ η1 < η2 ≤ 1. Then we have to consider two cases
0 ≤ b˜(t, η1)− b˜(t, η2) and 0 ≤ b˜(t, η2)− b˜(t, η1).
(i): 0 ≤ b˜(t, η2)− b˜(t, η1): By defintion we have
b˜(t, η2)− b˜(t, η1) =
∫ η2
0
min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))) min
j
(P˜j)
×min
j
(U˜+j )Y˜1,η(t, θ)dθ
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−
∫ η1
0
min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ))) min
j
(P˜j)
×min
j
(U˜+j )Y˜1,η(t, θ)dθ
=
∫ η2
η1
min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))) min
j
(P˜j)
×min
j
(U˜+j )Y˜1,η(t, θ)dθ
+
∫ η1
0
(min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ)))
−min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ))))
×min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
≤
∫ η2
η1
min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))) min
j
(P˜j)
×min
j
(U˜+j )Y˜1,η(t, θ)dθ,
where we used in the last step that 0 ≤ minj(P˜j) minj(U˜+j )Y˜1,η(t, η) and that
Y˜1(t, η) is increasing, which implies
min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ))) ≥ min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))).
Moreover, note that minj(e
− 1a (Y˜j(t,η2)−Y˜j(t,θ))) ≤ 1, for 0 ≤ η1 ≤ θ ≤ η2 and that
0 ≤ 2
√
2 min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ) ≤ A71 ≤ A7,
by (4.15b) and (4.15e). Thus
0 ≤ b˜(t, η2)− b˜(t, η1)
≤
∫ η2
η1
min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
≤ A
7
2
√
2
|η2 − η1|.
(ii): 0 ≤ b˜(t, η1)− b˜(t, η2): By definition we have
0 ≤ b˜(t, η1)− b˜(t, η2)
=
∫ η1
0
min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
−
∫ η2
0
min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
=
∫ η1
0
(min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ)))−min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))))
×min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
−
∫ η2
η1
min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))) min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
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≤
∫ η1
0
(min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ)))−min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))))
×min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ.
Now we have to be much more careful then before. Namely, we have (as before)
0 ≤ min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ)))−min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ)))
≤ 1
a
∫ η2
η1
(e
1
a (Y˜1(t,θ)−Y˜1(t,s))Y˜1,η(t, s) + e 1a (Y˜2(t,θ)−Y˜2(t,s))Y˜2,η(t, s))ds.
Hence
b˜(t, η1)− b˜(t, η2)
≤
∫ η1
0
(min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ)))−min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))))
×min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
≤ 1
a
∫ η1
0
∫ η2
η1
e−
1
a (Y˜1(t,s)−Y˜1(t,θ))Y˜1,η(t, s)dsmin
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
+
1
a
∫ η1
0
∫ η2
η1
e−
1
a (Y˜2(t,s)−Y˜2(t,θ))Y˜2,η(t, s)dsmin
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
=
1
a
∫ η2
η1
Y˜1,η(t, s)
(∫ η1
0
e−
1
a (Y˜1(t,s)−Y˜1(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
ds
+
1
a
∫ η2
η1
Y˜2,η(t, s)
(∫ η1
0
e−
1
a (Y˜2(t,s)−Y˜2(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
ds
≤ 1
a
∫ η2
η1
Y˜1,η(t, s)
(∫ s
0
e−
1
a (Y˜1(t,s)−Y˜1(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
ds
+
1
a
∫ η2
η1
Y˜2,η(t, s)
(∫ s
0
e−
1
a (Y˜2(t,s)−Y˜2(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
ds
=
∫ η2
η1
B˜1(t, s)ds+
∫ η2
η1
B˜2(t, s)ds.
As far as B˜1(t, s) is concerned, we have∫ η2
η1
B˜1(t, s)ds
=
1
a
∫ η2
η1
(∫ s
0
e−
1
a (Y˜1(t,s)−Y˜1(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
Y˜1,η(t, s)ds
≤ 1√
2
∫ η2
η1
(∫ s
0
e−
1
A1
(Y˜1(t,s)−Y˜1(t,θ))P˜3/41 U˜+1 Y˜1,η(t, θ)dθ
)
Y˜1,η(t, s)ds
≤ 1√
2
∫ η2
η1
(∫ s
0
e−
1
A1
(Y˜1(t,s)−Y˜1(t,θ))P˜3/21 Y˜1,η(t, θ)dθ
)1/2
×
(∫ s
0
e−
1
A1
(Y˜1(t,s)−Y˜1(t,θ))U˜21 Y˜1,η(t, θ)dθ
)1/2
Y˜1,η(t, s)ds
≤ 3A2
∫ η2
η1
P˜1Y˜1,η(t, s)ds
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≤ 3
2
A7|η2 − η1|,
using (4.16k).
As far as B˜2(t, s) is concerned, we have to be more careful. Therefore recall that
we have, cf. (4.13), that
A52 = 2P˜2Y˜2,η(t, η)− U˜22 Y˜2,η(t, η) + H˜2,η(t, η) ≤ 2P˜2Y˜2,η(t, η) + H˜2,η(t, η).
Therefore we can write
1
a
∫ s
0
e−
1
a (Y˜2(t,s)−Y˜2(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
≤
√
2
a
∫ s
0
e−
1
A2
(Y˜2(t,s)−Y˜2(t,θ)) min
j
(P˜j)3/2Y˜1,η(t, θ)dθ
≤
∫ s
0
e−
1
A2
(Y˜2(t,s)−Y˜2(t,θ))P˜1/42 P˜1Y˜1,η(t, θ)dθ
≤ A
5
1
2A52
∫ s
0
e−
1
A2
(Y˜2(t,s)−Y˜2(t,θ))P˜1/42 (2P˜2Y˜2,η + H˜2,η)(t, θ)dθ
≤ A
5
1
2A52
∫ s
0
e−
1
A2
(Y˜2(t,s)−Y˜2(t,θ))(2P˜5/42 Y˜2,η +
A2√
2
H˜2,η)(t, θ)dθ
≤ A
5
1
2A52
(
2
√
2A22P˜2(t, s) + 2
∫ s
0
e−
1
A2
(Y˜2(t,s)−Y˜2(t,θ))P˜5/42 Y˜2,η(t, θ)dθ
)
.
Note that the integral term can be bounded by O(1)P˜2(t, s) since∫ s
0
e−
1
A2
(Y˜2(t,s)−Y˜2(t,θ)|P˜5/42 Y˜2,η(t, θ)dθ ≤
15√
2
A22P˜2(t, s)
by (4.16k). We end up with∫ η2
η1
B˜2(t, s)ds =
1
a
∫ η2
η1
Y˜2,η(t, s)
×
(∫ s
0
e−
1
a (Y˜2(t,s)−Y˜2(t,θ)) min
j
(P˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
ds
≤ 17√
2
A51
A32
∫ η2
η1
P˜2Y˜2,η(t, s)ds
≤ 17
2
√
2
A7|η2 − η1|.
Moreover,
b˜(t, η1)− b˜(t, η2) ≤
∫ η2
η1
B˜1(t, s)ds+
∫ η2
η1
B˜2(t, s)ds
≤ O(1)A7|η2 − η1|,
where O(1) denotes some constant, which only depends on A and which remains
bounded as A→ 0.
Finally combining both cases yields that there exists a constant O(1), which only
depends on A and which remains bounded as A→ 0, such that
|b˜(t, η2)− b˜(t, η1)| ≤ O(1)A7|η2 − η1|
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and subsequently
|a˜(t, η2)− a˜(t, η1)| ≤ O(1)A7|η2 − η1|.
This proves that the derivative exists for almost every η and is bounded by (A.9).

Lemma A.7. The function
η 7→ min
k
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )Y˜k,η(t, θ)dθ
)
is Lipschitz continuous with uniformly bounded Lipschitz constant and thus differ-
entiable almost everywhere. The derivative satisfies,
| d
dη
min
k
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )Y˜k,η(t, θ)dθ
)
| ≤ O(1)A8.
(A.10)
Proof. We present the following argument. Introduce
a¯(t, η) = min
k
(∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )Y˜k,η(t, θ)dθ
)
,
b¯(t, η) =
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ,
c¯(t, η) =
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )Y˜2,η(t, θ)dθ.
Thus
a¯(t, η) = min(b¯, c¯)(t, η).
We have to show that a¯(t, · ) is Lipschitz continuous with a Lipschitz constant,
which only depends on A. Clearly, we have that
|a¯(t, η1)− a¯(t, η2)| ≤ max(|b¯(t, η1)− b¯(t, η2)|, |c¯(t, η1)− c¯(t, η2)|),
and it suffices to show that both b¯(t, · ) and c¯(t, · ) are Lipschitz continuous with
a Lipschitz constant, which only depends on A. We are only going to establish
the Lipschitz continuity for b¯ since the argument for c¯ follows the same lines. Let
0 ≤ η1 < η2 ≤ 1. Then we have to consider two cases
0 ≤ b¯(t, η1)− b¯(t, η2) and 0 ≤ b¯(t, η2)− b¯(t, η1).
(i): 0 ≤ b¯(t, η2)− b¯(t, η1): By definition we have
b¯(t, η2)− b¯(t, η1)
=
∫ η2
0
min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
−
∫ η1
0
min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
=
∫ η2
η1
min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
+
∫ η1
0
(min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ)))
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−min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ))))
×min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
≤
∫ η2
η1
min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ)))
×min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ,
where we used in the last step that 0 ≤ minj(D˜j) minj(U˜+j )Y˜1,η(t, η) and that
Y˜i(t, η) is increasing, which implies
min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ))) ≥ min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))).
Moreover, note that minj(e
− 1a (Y˜j(t,η2)−Y˜j(t,θ))) ≤ 1 for 0 ≤ η1 ≤ θ ≤ η2 and that
0 ≤ min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ) ≤
1√
2
A81 ≤
1√
2
A8
by (4.15b), (4.15e), and (4.15n). Thus
0 ≤ b¯(t, η2)− b¯(t, η1) ≤ 1√
2
A8|η2 − η1|.
(ii) 0 ≤ b¯(t, η1)− b¯(t, η2): By definition, we have
0 ≤ b¯(t, η1)− b¯(t, η2)
=
∫ η1
0
min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
−
∫ η2
0
min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
=
∫ η1
0
(min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ)))−min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))))
×min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
−
∫ η2
η1
min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))) min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
≤
∫ η1
0
(min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ)))−min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))))
×min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ.
Now we have to be much more careful then before. Namely, we have (as before)
0 ≤ min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ)))−min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ)))
≤ 1
a
∫ η2
η1
(e−
1
a (Y˜1(t,s)−Y˜1(t,θ))Y˜1,η(t, s) + e− 1a (Y˜2(t,s)−Y˜2(t,θ))Y˜2,η(t, s))ds.
Hence
b¯(t, η1)− b¯(t, η2)
≤
∫ η1
0
(min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ)))−min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))))
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×min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
≤ 1
a
∫ η1
0
∫ η2
η1
e−
1
a (Y˜1(t,s)−Y˜1(t,θ))Y˜1,η(t, s)dsmin
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
+
1
a
∫ η1
0
∫ η2
η1
e−
1
a (Y˜2(t,s)−Y˜2(t,θ))Y˜2,η(t, s)ds
×min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
=
1
a
∫ η2
η1
Y˜1,η(t, s)
×
(∫ η1
0
e−
1
a (Y˜1(t,s)−Y˜1(t,θ)) min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
ds
+
1
a
∫ η2
η1
Y˜2,η(t, s)
×
(∫ η1
0
e−
1
a (Y˜2(t,s)−Y˜2(t,θ)) min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
ds
≤ 1
a
∫ η2
η1
Y˜1,η(t, s)
×
(∫ s
0
e−
1
a (Y˜1(t,s)−Y˜1(t,θ)) min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
ds
+
1
a
∫ η2
η1
Y˜2,η(t, s)
×
(∫ s
0
e−
1
a (Y˜2(t,s)−Y˜2(t,θ)) min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
ds
=
∫ η2
η1
B¯1(t, s)ds+
∫ η2
η1
B¯2(t, s)ds.
As far as B¯1(t, s) is concerned, we have∫ η2
η1
B¯1(t, s)ds
=
1
a
∫ η2
η1
(∫ s
0
e−
1
a (Y˜1(t,s)−Y˜1(t,θ)) min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
Y˜1,η(t, s)ds
≤
√
2A
∫ η2
η1
(∫ s
0
e−
1
A1
(Y˜1(t,s)−Y˜1(t,θ))P˜3/41 U˜+1 Y˜1,η(t, θ)dθ
)
Y˜1,η(t, s)ds
≤
√
2A
∫ η2
η1
(∫ s
0
e−
1
A1
(Y˜1(t,s)−Y˜1(t,θ))P˜3/21 Y˜1,η(t, θ)dθ
)1/2
×
(∫ s
0
e−
1
A1
(Y˜1(t,s)−Y˜1(t,θ))U˜21 Y˜1,η(t, θ)dθ
)1/2
Y˜1,η(t, s)ds
≤ 6A3
∫ η2
η1
P˜1Y˜1,η(t, s)ds
≤ 3A8|η2 − η1|,
where we used (4.15n).
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As far as B¯2(t, s) is concerned, we have to be more careful. Therefore recall that
we have cf. (4.13), that
A52 = 2P˜2Y˜2,η(t, η)− U˜22 Y˜2,η(t, η) + H˜2,η(t, η) ≤ 2P˜2Y˜2,η(t, η) + H˜2,η(t, η).
Therefore we can write
1
a
∫ s
0
e−
1
a (Y˜2(t,s)−Y˜2(t,θ)) min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
≤ 2
√
2A
a
∫ s
0
e−
1
A2
(Y˜2(t,s)−Y˜2(t,θ)) min
j
(P˜j)3/2Y˜1,η(t, θ)dθ
≤ 2A
∫ s
0
e−
1
A2
(Y˜2(t,s)−Y˜2(t,θ))P˜1/42 P˜1Y˜1,η(t, θ)dθ
≤ AA
5
1
A52
∫ s
0
e−
1
A2
(Y˜2(t,s)−Y˜2(t,θ))P˜1/42 (2P˜2Y˜2,η + H˜2,η)(t, θ)dθ
≤ AA
5
1
A52
∫ s
0
e−
1
A2
(Y˜2(t,s)−Y˜2(t,θ))(2P˜5/42 Y˜2,η +
A2√
2
H˜2,η)(t, θ)dθ
≤ AA
5
1
A52
(
2
√
2A22P˜2(t, s) + 2
∫ s
0
e−
1
A2
(Y˜2(t,s)−Y˜2(t,θ))P˜5/42 Y˜2,η(t, θ)dθ
)
.
Note that the integral term can be bounded by O(1)P˜2(t, s) since∫ s
0
e−
1
a (Yˆ2(t,s)−Y˜2(t,θ))P˜5/42 Y˜2,η(t, θ)dθ ≤
15√
2
A22P˜2(t, s)
by (4.16k). We end up with∫ η2
η1
B¯2(t, s)ds
=
1
a
∫ η2
η1
Y˜2,η(t, s)
(∫ s
0
e−
1
a (Y˜2(t,s)−Y˜2(t,θ)) min
j
(D˜j) min
j
(U˜+j )Y˜1,η(t, θ)dθ
)
ds
≤ 17
√
2A6
A32
∫ η2
η1
P˜2Y˜2,η(t, s)ds
≤ 17A
8
√
2
|η2 − η1|.
Moreover,
b¯(t, η1)− b¯(t, η2) ≤
∫ η2
η1
B¯1(t, s)ds+
∫ η2
η1
B¯2(t, s)ds
≤ O(1)A8|η2 − η1|,
where O(1) denotes some constant, which only depends on A and which remains
bounded as A→ 0.
Finally, combining both cases yields that there exists a constant O(1), which
only depends on A and which remains bounded as A→ 0, such that
|b¯(t, η2)− b¯(t, η1)| ≤ O(1)A8|η2 − η1|
and subsequently
|a¯(t, η2)− a¯(t, η1)| ≤ O(1)A8|η2 − η1|.
This proves that the derivative exists for almost every η and is bounded by (A.10).

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Lemma A.8. The function
η 7→ min
k
[ ∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜k,η(t, θ)dθ
]
is Lipschitz continuous with a uniformly bounded Lipschitz constant and thus dif-
ferentiable almost everywhere. The derivative satisfies
(A.11) | d
dη
min
k
[ ∫ η
0
min
j
(e−(Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜k,η(t, θ)dθ
]
| ≤ O(1)A6,
where O(1) denotes a constant, which only depends on A and which remains bounded
as A→ 0.
Proof. To that end, we present the following argument. Introduce
a(t, η) = min
k
[
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜k,η(t, θ)dθ],
b(t, η) =
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜1,η(t, θ)dθ,
c(t, η) =
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜2,η(t, θ)dθ.
Thus
a(t, η) = min(b, c)(t, η).
Then we have to show that a(t, · ) is Lipschitz continuous with a Lipschitz constant,
which only depends on A and hence on C. Clearly we have that
|a(t, η1)− a(t, η2)| ≤ max(|b(t, η1)− b(t, η2)|, |c(t, η1)− c(t, η2)|),
and it suffices to show that both b(t, · ) and c(t, · ) are Lipschitz continuous with
a Lipschitz constant, which only depends on A. We are only going to establish
the Lipschitz continuity for b, since the argument for c follows the same lines. Let
0 ≤ η1 < η2 ≤ 1. Then we have to consider two cases
0 ≤ b(t, η1)− b(t, η2) and 0 ≤ b(t, η2)− b(t, η1).
(i): 0 ≤ b(t, η2)− b(t, η1): By definition we have
b(t, η2)− b(t, η1)
=
∫ η2
0
min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
−
∫ η1
0
min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
=
∫ η2
η1
min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
+
∫ η1
0
(
min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ)))
−min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ)))
)
×min
j
(U˜+j )3Y˜1,η(t, θ)dθ
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≤
∫ η2
η1
min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜1,η(t, θ)dθ,
where we used in the last step that 0 ≤ minj(U˜+j )3Y˜1,η(t, η) and that Y˜1(t, · ) is
increasing, which implies
min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ)))
= min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,η2)+Y˜j(t,η2)−Y˜j(t,θ)))
≥ min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))) min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,η2)))
≥ min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))).
Moreover, note that minj(e
− 1a (Y˜j(t,η2)−Y˜j(t,θ))) ≤ 1 since η1 ≤ θ ≤ η2, and that
0 ≤ min
j
(U˜+j )3Y˜1,η(t, η) ≤ |U˜31 |Y˜1,η(t, η) ≤
1√
2
A71 ≤
1√
2
A7
by (4.15b) and (4.15g). Thus
0 ≤ b(t, η2)− b(t, η1)
≤
∫ η2
η1
min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
≤ 1√
2
A7|η2 − η1|.
(ii): 0 ≤ b(t, η1)− b(t, η2): By definition we have
b(t, η1)− b(t, η2)
=
∫ η1
0
min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
−
∫ η2
0
min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
=
∫ η1
0
(min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ)))
−min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))))
×min
j
(U˜+j )3Y˜1,η(t, θ)dθ
−
∫ η2
η1
min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ)) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
≤
∫ η1
0
(min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ)))
−min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))))
×min
j
(U˜+j )3Y˜1,η(t, θ)dθ.
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Now we have to be much more careful than before. Namely, if minj(Y˜j(t, θ) −
Y˜j(t, η2)) = Y˜i(t, θ)− Y˜i(t, η2), we have
0 ≤ min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ)))−min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ)))
= min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ)))− e 1a (Y˜i(t,θ)−Y˜i(t,η2))
≤ e 1a (Y˜i(t,θ)−Y˜i(t,η1)) − e 1a (Y˜i(t,θ)−Y˜i(t,η2))
=
1
a
∫ η2
η1
e
1
a (Y˜i(t,θ)−Y˜i(t,s))Y˜i,η(t, s)ds
≤ 1
a
∫ η2
η1
(
e
1
a (Y˜1(t,θ)−Y˜1(t,s))Y˜1,η(t, s) + e 1a (Y˜2(t,θ)−Y˜2(t,s))Y˜2,η(t, s)
)
ds.
Hence
b(t, η1)− b(t, η2)
≤
∫ η1
0
(
min
j
(e−
1
a (Y˜j(t,η1)−Y˜j(t,θ)))
−min
j
(e−
1
a (Y˜j(t,η2)−Y˜j(t,θ))
)
×min
j
(U˜+j )3Y˜1,η(t, θ)dθ
≤ 1
a
∫ η1
0
∫ η2
η1
e−
1
a (Y˜1(t,s)−Y˜1(t,θ))Y˜1,η(t, s)dsmin
j
(U˜+j )3Y˜1,η(t, θ)dθ
+
1
a
∫ η1
0
∫ η2
η1
e−
1
a (Y˜2(t,s)−Y˜2(t,θ))Y˜2,η(t, s)dsmin
j
(U˜+j )3Y˜1,η(t, θ)dθ
=
1
a
∫ η2
η1
Y˜1,η(t, s)
(∫ η1
0
e−
1
a (Y˜1(t,s)−Y˜1(t,θ) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
)
ds
+
1
a
∫ η2
η1
Y˜2,η(t, s)
(∫ η1
0
e−
1
a (Y˜2(t,s)−Y˜2(t,θ)) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
)
ds
≤ 1
a
∫ η2
η1
Y˜1,η(t, s)
(∫ s
0
e−
1
a (Y˜1(t,s)−Y˜1(t,θ)) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
)
ds
+
1
a
∫ η2
η1
Y˜2,η(t, s)
(∫ s
0
e−
1
a (Y˜2(t,s)−Y˜2(t,θ)) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
)
ds
=
∫ η2
η1
B1(t, s)ds+
∫ η2
η1
B2(t, s)ds.
As far as B1(t, s) is concerned, recall that
P˜i(t, s) = 1
4Ai
∫ 1
0
e
− 1Ai |Y˜i(t,s)−Y˜i(t,θ)|(2(U˜2i − P˜i)Y˜i,η(t, θ) +A5i )dθ
=
1
4Ai
∫ 1
0
e
− 1Ai |Y˜i(t,s)−Y˜i(t,θ)|(U˜2i Y˜i,η + H˜i,η)(t, θ)dθ,
which implies that∫ η2
η1
B1(t, s)ds
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=
1
a
∫ η2
η1
Y˜1,η(t, s)
(∫ s
0
e−
1
a (Y˜1(t,s)−Y˜1(t,θ)) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
)
ds
≤ 1
a
∫ η2
η1
Y˜1,η(t, s)
(∫ s
0
e−
1
a (Y˜1(t,s)−Y˜1(t,θ)) min
j
(U˜+j )U˜21 Y˜1,η(t, θ)dθ
)
ds
≤ a√
2
∫ η2
η1
Y˜1,η(t, s)
(∫ s
0
e−
1
a (Y˜1(t,s)−Y˜1(t,θ))U˜21 Y˜1,η(t, θ)dθ
)
ds
≤ 4√
2
A2
∫ η2
η1
P˜1Y˜1,η(t, s)ds
≤
√
2A7|η2 − η1|.
As far as B2(t, s) is concerned, we have to be more careful. Therefore recall that
we have
A52 = 2P˜2Y˜2,η(t, η)− U˜22 Y˜2,η(t, η) + H˜2,η(t, η) ≤ 2P˜2Y˜2,η(t, η) + H˜2,η(t, η).
Therefore we can write
1
a
∫ s
0
e−
1
a (Y˜2(t,s)−Y˜2(t,θ)) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
≤ 1
a
∫ s
0
e−
1
a (Y˜2(t,s)−Y˜2(t,θ))|U˜2|U˜21 Y˜1,η(t, θ)dθ
≤ A
5
1
aA52
∫ s
0
e−
1
a (Y˜2(t,s)−Y˜2(t,θ))|U˜2|(2P˜2Y˜2,η + H˜2,η)(t, θ)dθ
≤ A
5
1
aA52
∫ s
0
e−
1
a (Y˜2(t,s)−Y˜2(t,θ))
(
A2U˜22 Y˜2,η +
1
A2
P˜22 Y˜2,η +A22H˜2,η
)
(t, θ)dθ
≤ A
5
1
aA52
∫ 1
0
e−
1
A2
|Y˜2(t,s)−Y˜2(t,θ)|(A2U˜22 Y˜2,η +A22H˜2,η + 1A2 P˜22 Y˜2,η)(t, θ)dθ
≤ A
5
1
aA52
(
4A22P˜2(t, s) + 4A32P˜2(t, s)
+
1
A2
∫ 1
0
e−
1
A2
|Y˜2(t,s)−Y˜2(t,θ)|P˜22 Y˜2,η(t, θ)dθ
)
.
Note that the integral term can is bounded by O(1)P˜2(t, s) since∫ 1
0
e−
1
A2
|Y˜2(t,s)−Y˜2(t,θ)|P˜22 Y˜2,η(t, θ)dθ
= A72
∫ 1
0
e−|Y2(t,A
2
2s)−Y2(t,A22θ)|P22Y2,η(t, A22θ)dθ
= A52
∫ A22
0
e−|Y2(t,A
2
2s)−Y2(t,θ)|P22Y2,η(t, θ)dθ
≤ O(1)A52P2(t, A22s) = O(1)A32P˜2(t, s)
by (3.34). We end up with∫ η2
η1
B2(t, s)ds
=
1
a
∫ η2
η1
Y˜2,η(t, s)
(∫ s
0
e−
1
a (Y˜2(t,s)−Y˜2(t,θ)) min
j
(U˜+j )3Y˜1,η(t, θ)dθ
)
ds
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≤ A
5
1
aA52
∫ η2
η1
Y˜2,η(t, s)
×
(
A22O(A)P˜2(t, s) +
1
A2
∫ 1
0
e−
1
A2
|Y˜2(t,s)−Y˜2(t,θ)|P˜22 Y˜2,η(t, θ)dθ
)
ds
≤ O(1)A
5
1A
2
2
aA52
∫ η2
η1
P˜2Y˜2,η(t, s)ds
≤ O(1)A6|η2 − η1|.
Moreover,
b(t, η1)− b(t, η2) ≤
∫ η2
η1
B1(t, s)ds+
∫ η2
η1
B2(t, s)ds
≤ O(1)A6|η2 − η1|,
where O(1) only depends on A and hence on C = A22 , and remains bounded as
A→ 0.
Finally, combining both cases yields that
|b(t, η2)− b(t, η1)| ≤ O(1)A6|η2 − η1|
and subsequently
|a(t, η2)− a(t, η1)| ≤ O(1)A6|η2 − η1|,
where O(1) remains bounded as A → 0. This proves that the derivative exists for
almost every η and is bounded by (A.11). 
We need to estimate the pointwise difference between two functions D˜j , j = 1, 2.
This is the content of the following lemma.
Lemma A.9. We have that
|D˜1(t, η)− D˜2(t, η)| ≤ 2A3/2 max
j
(D˜1/2j )(t, η)|Y˜1(t, η)− Y˜2(t, η)|
+ 2
√
2A3/2 max
j
(D˜1/2j )(t, η)
∥∥∥Y˜1 − Y˜2∥∥∥
+ 4A3
(∫ η
0
e−
1
A (Y˜j(t,η)−Y˜j(t,θ))(U˜1 − U˜2)2(t, θ)dθ
)1/2
+ 2
√
2A3
(∫ η
0
e−
1
A (Y˜j(t,η)−Y˜j(t,θ))(P˜1/21 − P˜1/22 )2(t, θ)dθ
)1/2
+
3A4√
2
(∫ η
0
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
)1/2
+
12
√
2A4√
3e
(∫ η
0
e−
3
4A (Y˜j(t,η)−Y˜j(t,θ))dθ
)1/2
|A1 −A2|
+ U˜2j |Y˜1 − Y˜2|(t, η)
+ P˜j |Y˜1 − Y˜2|(t, η)
+
3A4
2
∫ η
0
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))|Y˜1 − Y˜2|(t, θ)dθ
+ 6A4
∫ η
0
e−
3
4A (Y˜j(t,η)−Y˜j(t,θ))dθ|A1 −A2|,
for any value of j = 1, 2.
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Proof. Direct calculations yield
|D˜1(t, η)−D˜2(t, η)|
= |
∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))((U˜21 − P˜1)Y˜1,η(t, θ) +
1
2
A51)dθ
−
∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))((U˜22 − P˜2)Y˜2,η(t, θ) +
1
2
A52)dθ|
≤ |
∫ η
0
(e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ)) − e− 1A1 (Y˜2(t,η)−Y˜2(t,θ)))
× ((U˜21 − P˜1)Y˜1,η(t, θ) +
1
2
A51)1B(η)c(t, θ)dθ|
+ |
∫ η
0
(e−
1
A2
(Y˜1(t,η)−Y˜1(t,θ)) − e− 1A2 (Y˜2(t,η)−Y˜2(t,θ)))
× ((U˜22 − P˜2)Y˜2,η(t, θ) +
1
2
A52)1B(η)(t, θ)dθ|
+ |
∫ η
0
min
j
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ)))((U˜21 − P˜1)Y˜1,η(t, θ) +
1
2
A51)dθ
−
∫ η
0
min
j
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))(U˜22 − P˜2)Y˜2,η(t, θ) +
1
2
A52)dθ|
= d¯11(t, η) + d¯12(t, η) + d¯13(t, η),
where B(η) is defined in (5.11).
For d¯11(t, η) we immediately obtain
d¯11(t, η) ≤ 1
A1
∫ η
0
(|Y˜1(t, η)− Y˜2(t, η)|+ |Y˜1(t, θ)− Y˜2(t, θ)|)
× e− 1A1 (Y˜1(t,η)−Y˜1(t,θ))((U˜21 − P˜1)Y˜1,η(t, θ) +
1
2
A51)dθ
≤ D˜1(t, η)
A1
|Y˜1(t, η)− Y˜2(t, η)|+
√
2A
3/2
1 D˜1/21 (t, η)
∥∥∥Y˜1 − Y˜2∥∥∥
≤ A3/21 D˜1/21 (t, η)|Y˜1(t, η)− Y˜2(t, η)|+
√
2A
3/2
1 D˜1/21 (t, η)
∥∥∥Y˜1 − Y˜2∥∥∥ .(A.12)
Following the same lines we end up with
d¯12(t, η) ≤ 1
A2
∫ η
0
(|Y˜1(t, η)− Y˜2(t, η)|+ |Y˜1(t, θ)− Y˜2(t, θ)|)
× e− 1A2 (Y˜2(t,η)−Y˜2(t,θ))|(U˜22 − P˜2)Y˜2,η(t, θ) +
1
2
A52|dθ
≤ A3/22 D˜1/22 (t, η)|Y˜1(t, η)− Y˜2(t, η)|+
√
2A
3/2
2 D˜1/22 (t, η)
∥∥∥Y˜1 − Y˜2∥∥∥ .(A.13)
The last term d¯13(t, η) needs a bit more work. Indeed,
d¯13(t, η) = |
∫ η
0
min
j
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ)))((U˜21 − P˜1)Y˜1,η(t, θ) +
1
2
A51)dθ
−
∫ η
0
min
j
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))((U˜22 − P˜2)Y˜2,η(t, θ) +
1
2
A52)dθ|
≤ |
∫ η
0
(min
j
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ)))U˜21 Y˜1,η(t, θ)
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−min
j
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))U˜22 Y˜2,η)(t, θ))dθ|
+ |
∫ η
0
(min
j
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ)))P˜1Y˜1,η(t, θ)
−min
j
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))P˜2Y˜2,η)(t, θ))dθ|
+ |
∫ η
0
(min
j
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ)))
1
2
A51
−min
j
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))
1
2
A52)dθ|
= T¯1(t, η) + T¯2(t, η) + T¯3(t, η).
To estimate T¯1(t, η), recall (3.40), (A.4), (A.5), and Lemma A.1 (ii), which imply
T¯1(t, η) = |
∫ η
0
(min
j
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ)))U˜21 Y˜1,η(t, θ)
−min
j
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))U˜22 Y˜2,η(t, θ))dθ|
≤ |
∫ η
0
min
j
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ)))(U˜21 − U˜22 )Y˜1,η(t, θ)1U˜22≤U˜21 (t, θ)dθ|
+ |
∫ η
0
min
j
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))(U˜21 − U˜22 )Y˜2,η(t, θ)1U˜21<U˜22 (t, θ)dθ|
+ 1A1≤A2 |
∫ η
0
(min
j
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ)))
−min
j
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))) min
j
(U˜2j )Y˜2,η(t, θ)dθ|
+ 1A2<A1 |
∫ η
0
(min
j
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ)))
−min
j
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))) min
j
(U˜2j )Y˜1,η(t, θ)dθ|
+ |
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜2j )(Y˜1,η − Y˜2,η)(t, θ)dθ|
≤ 2
∫ η
0
min
j
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ)))|U˜1|Y˜1,η|U˜1 − U˜2|(t, θ)dθ|
+ 2
∫ η
0
min
j
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))|U˜2|Y˜2,η|U˜1 − U˜2|(t, θ)dθ|
+ 1A1≤A2
4
ae
|
∫ η
0
min
j
(e−
3
4A (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜2j )Y˜2,η(t, θ)dθ||A1 −A2|
+ 1A2<A1
4
ae
|
∫ η
0
min
j
(e−
3
4A (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜2j )Y˜1,η(t, θ)dθ||A1 −A2|
+ |min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜2j )(Y˜1 − Y˜2)|ηθ=0
−
∫ η
0
d
dθ
(min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(U˜2j ))(Y˜1 − Y˜2)(t, θ)dθ|
≤ 2
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))U˜21 Y˜21,η(t, θ)dθ
)1/2
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×
(∫ η
0
e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ))(U˜1 − U˜2)2(t, θ)dθ
)1/2
+ 2
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜22,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ))(U˜1 − U˜2)2(t, θ)dθ
)1/2
+
2
√
2A
e
(∫ η
0
e−
3
4A2
(Y˜2(t,η)−Y˜2(t,θ))U˜22 Y˜22,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
3
4A (Y˜j(t,η)−Y˜j(t,θ))dθ
)1/2
|A1 −A2|
+
2
√
2A
e
(∫ η
0
e−
3
4A1
(Y˜1(t,η)−Y˜1(t,θ))U˜21 Y˜21,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
3
4A (Y˜j(t,η)−Y˜j(t,θ))dθ
)1/2
|A1 −A2|
+ U˜2j |Y˜1 − Y˜2|(t, η)
+
1
a
∫ η
0
e−
1
a (Y˜j(t,η)−Y˜j(t,θ)) min
j
(U˜2j )(Y˜1,η + Y˜2,η)|Y˜1 − Y˜2|(t, θ)dθ
+A4
∫ η
0
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))|Y˜1 − Y˜2|(t, θ)dθ
≤ 4A3
(∫ η
0
e−
1
A (Y˜j(t,η)−Y˜j(t,θ))(U˜1 − U˜2)2(t, θ)dθ
)1/2
+
8
√
2A4√
3e
(∫ η
0
e−
3
4A (Y˜j(t,η)−Y˜j(t,θ))dθ
)1/2
|A1 −A2|
+ U˜2j |Y˜1 − Y˜2|(t, η)
+
√
2A4
(∫ η
0
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
)1/2
+A4
∫ η
0
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))|Y˜1 − Y˜2|(t, θ)dθ.
(A.14)
Following the same lines one has
T¯2(t, η) = |
∫ η
0
(min
j
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ)))P˜1Y˜1,η(t, θ)
−min
j
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))P˜2Y˜2,η(t, θ))dθ|
≤ |
∫ η
0
min
j
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ)))(P˜1 − P˜2)Y˜1,η(t, θ)1P˜2≤P˜1(t, θ)dθ|
+ |
∫ η
0
min
j
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))(P˜1 − P˜2)Y˜2,η(t, θ)1P˜1<P˜2(t, θ)dθ|
+ 1A1≤A2 |
∫ η
0
(min
j
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ)))
−min
j
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))) min
j
(P˜j)Y˜2,η(t, θ)dθ|
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+ 1A2<A1 |
∫ η
0
(min
j
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ)))
−min
j
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))) min
j
(P˜j)Y˜1,η(t, θ)dθ|
+ |
∫ η
0
min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j)(Y˜1,η − Y˜2,η)(t, θ)dθ|
≤ 2
∫ η
0
min
j
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ)))|P˜1/21 |Y˜1,η|P˜1/21 − P˜1/22 |(t, θ)dθ|
+ 2
∫ η
0
min
j
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))|P˜1/22 |Y˜2,η|P˜1/21 − P˜1/22 |(t, θ)dθ|
+ 1A1≤A2
4
ae
|
∫ η
0
min
j
(e−
3
4A (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j)Y˜2,η(t, θ)dθ||A1 −A2|
+ 1A2<A1
4
ae
|
∫ η
0
min
j
(e−
3
4A (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j)Y˜1,η(t, θ)dθ||A1 −A2|
+ |min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j)(Y˜1 − Y˜2)|ηθ=0
−
∫ η
0
d
dθ
(min
j
(e−
1
a (Y˜j(t,η)−Y˜j(t,θ))) min
j
(P˜j))(Y˜1 − Y˜2)(t, θ)dθ|
≤ 2
(∫ η
0
e−
1
A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1Y˜21,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ))(P˜1/21 − P˜1/22 )2(t, θ)dθ
)1/2
+ 2
(∫ η
0
e−
1
A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜22,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ))(P˜1/21 − P˜1/22 )2(t, θ)dθ
)1/2
+
2A
e
(∫ η
0
e−
3
4A2
(Y˜2(t,η)−Y˜2(t,θ))P˜2Y˜22,η(t, θ)dθ
)1/2
×
(∫ η
0
e−
3
4A (Y˜j(t,η)−Y˜j(t,θ))dθ
)1/2
|A1 −A2|
+
2A
e
(∫ η
0
e−
3
4A1
(Y˜1(t,η)−Y˜1(t,θ))P˜1Y˜21,η(t, θ)dθ
)2
×
(∫ η
0
e−
3
4A (Y˜j(t,η)−Y˜j(t,θ))dθ
)1/2
|A1 −A2|
+ P˜j |Y˜1 − Y˜2|(t, η)
+
1
a
∫ η
0
e−
1
a (Y˜j(t,η)−Y˜j(t,θ)) min
j
(P˜j)(Y˜1,η + Y˜2,η)|Y˜1 − Y˜2|(t, θ)dθ
+
A4
2
∫ η
0
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))|Y˜1 − Y˜2|(t, θ)dθ
≤ 2
√
2A3
(∫ η
0
e−
1
A (Y˜j(t,η)−Y˜j(t,θ))(P˜1/21 − P˜1/22 )2(t, θ)dθ
)1/2
+
4
√
2A4√
3e
(∫ η
0
e−
3
4A (Y˜j(t,η)−Y˜j(t,θ))dθ
)1/2
|A1 −A2|
224 J. A. CARRILLO, K. GRUNERT, AND H. HOLDEN
+ P˜j |Y˜1 − Y˜2|(t, η)
+
A4√
2
(∫ η
0
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
)1/2
+
A4
2
∫ η
0
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))|Y˜1 − Y˜2|(t, θ)dθ.
(A.15)
For the last term T¯3(t, η), we have
2T¯3(t, η) = |
∫ η
0
(min
j
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ)))A51 − (min
j
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))A52)dθ|
≤ 1A1≤A2 |
∫ η
0
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))(A51 −A52)dθ|
+ 1A2<A1 |
∫ η
0
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ)))(A51 −A52)dθ|
+ a5
∫ η
0
|min
j
(e−
1
A1
(Y˜j(t,η)−Y˜j(t,θ)))−min
j
(e−
1
A2
(Y˜j(t,η)−Y˜j(t,θ)))|dθ
≤ 10A4
∫ η
0
e−
1
A (Y˜j(t,η)−Y˜j(t,θ))dθ|A1 −A2|
+
4a4
e
∫ η
0
e−
3
4A (Y˜j(t,η)−Y˜j(t,θ))dθ|A1 −A2|
≤ 12A4
∫ η
0
e−
3
4A (Y˜j(t,η)−Y˜j(t,θ))dθ|A1 −A2|.(A.16)
Thus we end up with
|D˜1(t, η)− D˜2(t, η)| ≤ 2A3/2 max
j
(D˜1/2j )(t, η)|Y˜1(t, η)− Y˜2(t, η)|
+ 2
√
2A3/2 max
j
(D˜1/2j )(t, η)
∥∥∥Y˜1 − Y˜2∥∥∥
+ 4A3
(∫ η
0
e−
1
A (Y˜j(t,η)−Y˜j(t,θ))(U˜1 − U˜2)2(t, θ)dθ
)1/2
+ 2
√
2A3
(∫ η
0
e−
1
A (Y˜j(t,η)−Y˜j(t,θ))(P˜1/21 − P˜1/22 )2(t, θ)dθ
)1/2
+
3A4√
2
(∫ η
0
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))(Y˜1 − Y˜2)2(t, θ)dθ
)1/2
+
12
√
2A4√
3e
(∫ η
0
e−
3
4A (Y˜j(t,η)−Y˜j(t,θ))dθ
)1/2
|A1 −A2|
+ U˜2j |Y˜1 − Y˜2|(t, η)
+ P˜j |Y˜1 − Y˜2|(t, η)
+
3A4
2
∫ η
0
e−
1
a (Y˜j(t,η)−Y˜j(t,θ))|Y˜1 − Y˜2|(t, θ)dθ
+ 6A4
∫ η
0
e−
3
4A (Y˜j(t,η)−Y˜j(t,θ))dθ|A1 −A2|,
which proves the lemma. 
METRIC FOR CH EQUATION 225
Lemma A.10. We have the following estimates∫ η
0
e−
3
2A (Y˜(t,η)−Y˜(t,θ))P˜Y˜η(t, θ)dθ ≤ 2AP˜(t, η),(A.17) ∫ η
0
e−
3
2A (Y˜(t,η)−Y˜(t,θ))H˜η(t, θ)dθ ≤ 4AP˜(t, η),(A.18) ∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))U˜2(t, θ)dθ ≤ 6P˜(t, η),(A.19) ∫ η
0
e−
5
4A (Y˜(t,η)−Y˜(t,θ))P˜Y˜η(t, θ)dθ ≤ 4AP˜(t, η),(A.20) ∫ η
0
e−
3
2A (Y˜(t,η)−Y˜(t,θ))P˜(t, θ)dθ ≤ 7P˜(t, η),(A.21) ∫ η
0
e−
1
2A (Y˜(t,η)−Y˜(t,θ))P˜2Y˜η(t, θ)dθ ≤ AO(1)P1/2(t, η),(A.22) ∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))P˜1+βY˜η(t, θ)dθ ≤ 31 + β
β
A1+4β
4β
P˜(t, η), β > 0.(A.23)
Proof. The proof of (A.17) goes as follows∫ η
0
e−
3
2A (Y˜(t,η)−Y˜(t,θ))P˜Y˜η(t, θ)dθ
=
2
3
AP˜(t, η)− 2
3A
∫ η
0
e−
3
2A (Y˜(t,η)−Y˜(t,θ))Q˜Y˜η(t, θ)dθ
≤ 2
3
AP˜(t, η) + 2
3
∫ η
0
e−
3
2A (Y˜(t,η)−Y˜(t,θ))P˜Y˜η(t, θ)dθ
which implies ∫ η
0
e−
3
2A (Y˜(t,η)−Y˜(t,θ))P˜Y˜η(t, θ)dθ ≤ 2AP˜(t, η).
Next, we use that∫ η
0
e−
3
2A (Y˜(t,η)−Y˜(t,θ))H˜η(t, θ)dθ ≤
∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))H˜η(t, θ)dθ
≤ 4AP˜(t, η),
see (4.16d), showing (A.18).
For (A.19) we find∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))U˜2(t, θ)dθ
= θe−
1
A (Y˜(t,η)−Y˜(t,θ))U˜2(t, θ)
∣∣∣η
θ=0
−
∫ η
0
θe−
1
A (Y˜(t,η)−Y˜(t,θ))(
1
A
U˜2Y˜η + 2U˜ U˜η)(t, θ)dθ
= ηU˜2(t, η)−
∫ η
0
θe−
1
A (Y˜(t,η)−Y˜(t,θ))(
1
A
U˜2Y˜η + 2U˜ U˜η)(t, θ)dθ
≤ U˜2(t, η) +
∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))(
1
A
U˜2Y˜η + 2|U˜ U˜η|)(t, θ)dθ
≤ U˜2(t, η) + 4P˜(t, η)
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≤ 6P˜(t, η).
The proof of (A.20)∫ η
0
e−
5
4A (Y˜(t,η)−Y˜(t,θ))P˜Y˜η(t, θ)dθ ≤ 4AP˜(t, η)
follows in the same manner as (A.17).
Furthermore, for (A.21) we find∫ η
0
e−
3
2A (Y˜(t,η)−Y˜(t,θ))P˜(t, θ)dθ
= θe−
3
2A (Y˜(t,η)−Y˜(t,θ))P˜(t, θ)
∣∣∣η
θ=0
−
∫ η
0
θe−
3
2A (Y˜(t,η)−Y˜(t,θ))(
3
2A
P˜Y˜η + 1
A2
Q˜Y˜η)(t, θ)dθ
≤ ηP˜(t, η) + 3
A
∫ η
0
e−
3
2A (Y˜(t,η)−Y˜(t,θ))P˜Y˜η(t, θ)dθ
≤ 7P˜(t, η),
which follows from (A.17).
In order to prove (A.22) we do as follows:∫ η
0
e−
1
2A (Y˜(t,η)−Y˜(t,θ))P˜2Y˜η(t, θ)dθ
= 2AP˜2(t, η)− 8P˜Q˜(t, η)
+ 8
∫ η
0
e−
1
2A (Y˜(t,η)−Y˜(t,θ))(P˜2 + 1
A2
Q˜2)Y˜η(t, θ)dθ
+ 8
∫ η
0
e−
1
2A (Y˜(t,η)−Y˜(t,θ))((P˜ − U˜2)Y˜η(t, θ)− 1
2
A5)P˜(t, θ)dθ,
and hence∫ η
0
e−
1
2A (Y˜(t,η)−Y˜(t,θ))P˜2Y˜η(t, θ)dθ
≤ 8P˜Q˜(t, η) + 8
∫ η
0
e−
1
2A (Y˜(t,η)−Y˜(t,θ))((U˜2 − P˜)Y˜η(t, θ) + 1
2
A5)P˜(t, θ)dθ
≤ 8AP˜2(t, η) + 8
(∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))((U˜2 − P˜)Y˜η(t, θ) + 1
2
A5)dθ
)1/2
×
(∫ η
0
((U˜2 − P˜)Y˜η(t, θ) + 1
2
A5)P˜2(t, θ)dθ
)1/2
≤ AO(1)P˜1/2(t, η).
As for the proof of (A.23), we proceed as follows.∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))P˜1+βY˜η(t, θ)dθ
= Ae−
1
A (Y˜(t,η)−Y˜(t,θ))P˜1+β∣∣η
θ=0
−A(1 + β)
∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))P˜βP˜η(t, θ)dθ
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= AP˜1+β(t, η)− 1
A
(1 + β)
∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))P˜βQ˜Y˜η(t, θ)dθ
= AP˜1+β(t, η)− (1 + β)e− 1A (Y˜(t,η)−Y˜(t,θ))P˜βQ˜(t, θ)∣∣η
θ=0
+ (1 + β)
∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))
(
βP˜β−1P˜ηQ˜+ P˜βQ˜η
)
(t, θ)dθ
= AP˜1+β(t, η)− (1 + β)P˜βQ˜(t, η)
+ (1 + β)
∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))
(
βP˜β−1Q˜2Y˜η 1
A2
+ P˜βQ˜η
)
(t, θ)dθ.(A.24)
Recall (4.6), (4.9), and (4.10), which together imply
Q˜η(t, η) = 1
2
(E˜η − D˜η)(t, η) = −(U˜2 − P˜)Y˜η(t, η)− 1
2
A5 + P˜Y˜η(t, η).
Thus
βP˜β−1Q˜2Y˜η 1
A2
+ P˜βQ˜η
=
β
A2
Q˜2P˜β−1Y˜η + P˜β+1Y˜η + P˜β
(− (U˜2 − P˜)Y˜η − 1
2
A5
)
.
Inserting this expression in (A.24) and re-ordering the terms, we find
β
∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))P˜1+βY˜η(t, θ)dθ
+
1 + β
A2
∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))P˜β−1Q˜2Y˜η(t, θ)dθ
= (1 + β)P˜βQ˜(t, η)−AP˜1+β(t, η)
+ (1 + β)
∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))P˜β((U˜2 − P˜)Y˜η + 1
2
A5
)
(t, θ)dθ.
Estimating this, using (4.5b), we find
β
∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))P˜1+βY˜η(t, θ)dθ
≤ (1 + β)P˜β |Q˜|(t, η)
+ (1 + β)
∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))P˜β((U˜2 − P˜)Y˜η + 1
2
A5
)
(t, θ)dθ
≤ (1 + β)
∥∥∥P˜∥∥∥β
∞
AP˜(t, η)
+ (1 + β)
∥∥∥P˜∥∥∥β
∞
∫ η
0
e−
1
A (Y˜(t,η)−Y˜(t,θ))
(
(U˜2 − P˜)Y˜η + 1
2
A5
)
(t, θ)dθ
≤ (1 + β)
∥∥∥P˜∥∥∥β
∞
AP˜(t, η) + (1 + β)
∥∥∥P˜∥∥∥β
∞
D˜(t, η)
≤ 3(1 + β)
(A4
4
)β
AP˜(t, η),
where we used (4.15c), (4.8), and (4.15a).
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Appendix B. The antisymmetric peakon-antipeakon example
Fortunately, one can compute explicitly the quantities described in this paper in
the important case of an antisymmetric peakon-antipeakon solution.
More precisely, consider the function [36]
u(t, x) =
{
β(t) sinh(x), |x| ≤ γ(t),
sign(x)α(t)e−|x|, |x| ≥ γ(t), =

−α(t)ex, x ≤ −γ(t),
β(t) sinh(x), −γ(t) ≤ x ≤ γ(t),
α(t)e−x, γ(t) ≤ x,
where
α(t) =
E
2
sinh(
E
2
(t−t0)), β(t) = E 1
sinh(E2 (t− t0))
, γ(t) = ln(cosh(
E
2
(t−t0))).
Here E = ‖u(t)‖H1 , t 6= t0, denotes the total energy. The corresponding energy
density is given by
µ(t, x) = (u2 + u2x)(t, x) =

2α2(t)e2x, x ≤ −γ(t),
β2(t) cosh(2x), −γ(t) ≤ x ≤ γ(t),
2α2(t)e−2x, γ(t) ≤ x,
t 6= t0,
with µ(t0, x) = E
2δ0(x) for t = t0. Hence C = µ(t,R) = E2, and
F (t, x) =

α(t)2e2x, x < −γ(t),
E2
4 tanh
2(E2 (t− t0)), x = −γ(t),
1
2E
2 + 12β(t)
2 sinh(2x), −γ(t) < x < γ(t),
E2 − E24 tanh2(E2 (t− t0)), x = γ(t),
E2 − α(t)2e−2x, γ(t) < x.
In particular, this solution experiences wave breaking at time t = t0, that is, ux(t, 0)
tends to −∞ as t→ t0− and
F (t0−, x) =
{
0, x ≤ 0,
E2, 0 < x.
The corresponding function px(t, x), which can be computed using px(t, x) = −ut(t, x)−
uux(t, x), is given by
px(t, x) =

α′(t)ex − α(t)2e2x, x < −γ(t),
E2
4 − E
2
4 tanh
2(E2 (t− t0)), x = −γ(t),
−β′(t) sinh(x)− 12β(t)2 sinh(2x), −γ(t) < x < γ(t),
−E24 + E
2
4 tanh
2(E2 (t− t0)), γ(t) = x,
−α′(t)e−x + α(t)2e−2x, γ(t) < x.
In particular, one obtains at wave breaking time t = t0 that
px(t0−, x) =
{
E2
4 e
x, x < 0,
−E24 e−x, 0 < x.
Here it is important to note that px(t0−, x) has a (negative) jump of height −E22
at x = 0 at time t = t0. For all other points x ∈ R, the function px(t0−, x) is
continuous.
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Figure 3. Time evolution of u(t, x) with C = E2 = 4 and t0 = 2
at t = 0, 1.5, 2, 4.
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Figure 4. Time evolution of G(t, x) with C = E2 = 4 and t0 = 2
at t = 0, 1.5, 2, 4.
Thus the function G(t, x) = 2px(t, x) + 2F (t, x) is given by
G(t, x) =

2α′(t)ex, x < −γ(t),
E2
2 , x = −γ(t),
E2 − 2β′(t) sinh(x), −γ(t) < x < γ(t),
3E2
2 , x = γ(t),
2E2 − 2α′(t)e−x, γ(t) < x.
In particular, one observes that Gx(t, x) > 0 for all x ∈ R,
lim
x→−∞G(t, x) = 0 and limx→∞G(t, x) = 2E
2 = 2C.
Thus the limits at ±∞ are independent of time. Moreover, one has
G(t0−, x) =
{
E2
2 e
x, x ≤ 0,
2E2 − E22 e−x, 0 < x.
Here it is important to note that G(t0−, x) has a jump of size E2 due to the wave
breaking at t = t0, i.e, µ(t0, x) = E
2δ0(x).
Direct computations using p = pxx +
1
2u
2 + 12dµ yield
p(t, x) =

α′(t)ex − 12α(t)2e2x, x ≤ −γ(t),
−β′(t) cosh(x)− 12β(t)2 cosh2(x), −γ(t) ≤ x ≤ γ(t),
α′(t)e−x − 12α(t)2e−2x, γ(t) ≤ x.
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Figure 5. Time evolution of p(t, x) with C = E2 = 4 and t0 = 2
at t = 0, 1.5, 2, 4.
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Figure 6. Time evolution of p1/2(t, x) with C = E2 = 4 and
t0 = 2 at t = 0, 1.5, 2, 4.
In the new coordinates the solution reads, using G(t,Y(t, η)) = η,
Y(t, η) =
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and, applying U(t, η) = u(t,Y(t, η)),
U(t, η) =
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2
2 ,
β(t)
2β′(t) (E
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and, by invoking P(t, η) = p(t,Y(t, η)),
P(t, η) =
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1
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2
8α′(t)2 η
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2
2 ,
1
2 (2E
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2 ≤ η < 2E2,
where we used the convention that sinh−1(x) denotes the inverse of sinh(x).
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Figure 7. Time evolution of Y(t, η) with C = E2 = 4 and t0 = 2
at t = 0, 1.5, 2, 4.
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Figure 8. Time evolution of U(t, η) with C = E2 = 4 and t0 = 2
at t = 0, 1.5, 2, 4.
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<latexit sha1_base64="VWHchDgOd5ysHvdgAXt7XA4PpbE=">AAAB8HicbV BNS8NAEJ3Ur1q/qh69BKvgqSQq6LHgxWMFWyttKJvtpF26uwm7G6GE/govHhTx6s/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T9o6zhVFF s05rHqhEQjZxJbhhmOnUQhESHHh3B8k/sPT6g0i+W9mSQYCDKULGKUGCs99tCQSo5+tebVvRncZeIXpAYFmv3qV28Q01SgNJQTrbu+l5ggI8owynFa6aUaE0LHZ IhdSyURqINsdvDUPbXKwI1iZUsad6b+nsiI0HoiQtspiBnpRS8X//O6qYmug4zJJDUo6XxRlHLXxG7+vTtgCqnhE0sIVcze6tIRUYQam1Eegr/48jJpn9f9i7p3d 1lrnBRxlOEIjuEMfLiCBtxCE1pAQcAzvMKbo5wX5935mLeWnGLmEP7A+fwBDVWOgA==</latexit>
P
<latexit sha1_base64="Ddf032/SG SnsGJJQljQOLuG4+zo=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDFbBVUmsoMuCG 5cV7APaUCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO0iy09cDA4Zx7uWeOH3OmtON 8W6W19Y3NrfJ2ZWd3b//Arh52VJRIQtsk4pHs+VhRzgRta6Y57cWS4tDntOtPb zK/+0ClYpG417OYeiEeCxYwgrWRhnZ1EGI9IZinrXklx9CuOXUnB1olbkFqUKA 1tL8Go4gkIRWacKxU33Vi7aVYakY4nVcGiaIxJlM8pn1DBQ6p8tI8+hydGWWE gkiaJzTK1d8bKQ6VmoW+mcyCqmUvE//z+okOrr2UiTjRVJDFoSDhSEco6wGNmK RE85khmEhmsiIywRITbdrKSnCXv7xKOhd1t1F37i5rzdOijjIcwwmcgwtX0IRb aEEbCDzCM7zCm/VkvVjv1sditGQVO0fwB9bnD0s2kfM=</latexit>
P
<latexit sha1_base64="Ddf032/SG SnsGJJQljQOLuG4+zo=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDFbBVUmsoMuCG 5cV7APaUCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO0iy09cDA4Zx7uWeOH3OmtON 8W6W19Y3NrfJ2ZWd3b//Arh52VJRIQtsk4pHs+VhRzgRta6Y57cWS4tDntOtPb zK/+0ClYpG417OYeiEeCxYwgrWRhnZ1EGI9IZinrXklx9CuOXUnB1olbkFqUKA 1tL8Go4gkIRWacKxU33Vi7aVYakY4nVcGiaIxJlM8pn1DBQ6p8tI8+hydGWWE gkiaJzTK1d8bKQ6VmoW+mcyCqmUvE//z+okOrr2UiTjRVJDFoSDhSEco6wGNmK RE85khmEhmsiIywRITbdrKSnCXv7xKOhd1t1F37i5rzdOijjIcwwmcgwtX0IRb aEEbCDzCM7zCm/VkvVjv1sditGQVO0fwB9bnD0s2kfM=</latexit>
P
<latexit sha1_base64="Ddf032/SGSnsGJJQljQOLuG4+zo=">AAAB+nicbV DLSsNAFL2pr1pfqS7dDFbBVUmsoMuCG5cV7APaUCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO0iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJRIQt sk4pHs+VhRzgRta6Y57cWS4tDntOtPbzK/+0ClYpG417OYeiEeCxYwgrWRhnZ1EGI9IZinrXklx9CuOXUnB1olbkFqUKA1tL8Go4gkIRWacKxU33Vi7aVYakY4n VcGiaIxJlM8pn1DBQ6p8tI8+hydGWWEgkiaJzTK1d8bKQ6VmoW+mcyCqmUvE//z+okOrr2UiTjRVJDFoSDhSEco6wGNmKRE85khmEhmsiIywRITbdrKSnCXv7xKO hd1t1F37i5rzdOijjIcwwmcgwtX0IRbaEEbCDzCM7zCm/VkvVjv1sditGQVO0fwB9bnD0s2kfM=</latexit>
P
<latexit sha1_base64="Ddf032/SGSnsGJJQljQOLuG4+zo=">AAAB+nicbV DLSsNAFL2pr1pfqS7dDFbBVUmsoMuCG5cV7APaUCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO0iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJRIQt sk4pHs+VhRzgRta6Y57cWS4tDntOtPbzK/+0ClYpG417OYeiEeCxYwgrWRhnZ1EGI9IZinrXklx9CuOXUnB1olbkFqUKA1tL8Go4gkIRWacKxU33Vi7aVYakY4n VcGiaIxJlM8pn1DBQ6p8tI8+hydGWWEgkiaJzTK1d8bKQ6VmoW+mcyCqmUvE//z+okOrr2UiTjRVJDFoSDhSEco6wGNmKRE85khmEhmsiIywRITbdrKSnCXv7xKO hd1t1F37i5rzdOijjIcwwmcgwtX0IRbaEEbCDzCM7zCm/VkvVjv1sditGQVO0fwB9bnD0s2kfM=</latexit>
Figure 9. Time evolution of P(t, η) with C = E2 = 4 and t0 = 2
at t = 0, 1.5, 2, 4.
For the scaled quantities we find, when we introduce A =
√
2C =
√
2E, that
Y˜(t, η) = AY(t, A2η) =
√
2C

ln
(
Cη
α′(t)
)
, 0 < η ≤ 14 ,
sinh−1(C(1−2η)2β′(t) ),
1
4 ≤ η ≤ 34 ,
ln
(
α′(t)
C(1−η)
)
, 34 ≤ η < 1,
U˜(t, η) = AU(t, A2η) =
√
2C

− α(t)α′(t)Cη, 0 < η ≤ 14 ,
β(t)
2β′(t)C(1− 2η), 14 ≤ η ≤ 34 ,
α(t)
α′(t)C(1− η), 34 ≤ η < 1,
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P1/2
<latexit sha1_base64="y+ZTA3rRd r1BlGkV3wh+5JTECCw=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFmsgqeaVEG PBS8eK9gPaGPZbDft4mYTdjdCCbn4V7x4UMSrP8Ob/8ZN2oO2Phh4vDfDzDw /5kxpx/m2SkvLK6tr5fXKxubW9o69u9dWUSIJbZGIR7LrY0U5E7Slmea0G0u KQ5/Tjv9wnfudRyoVi8SdnsTUC/FIsIARrI00sA/6IdZjgnnazO5T96yeVQo M7KpTcwqgReLOSBVmaA7sr/4wIklIhSYcK9VznVh7KZaaEU6zSj9RNMbkAY9 oz1CBQ6q8tHggQydGGaIgkqaERoX6eyLFoVKT0Ded+blq3svF/7xeooMrL2U iTjQVZLooSDjSEcrTQEMmKdF8YggmkplbERljiYk2meUhuPMvL5J2veae15z bi2rjeBZHGQ7hCE7BhUtowA00oQUEMniGV3iznqwX6936mLaWrNnMPvyB9fk DOUuUFw==</latexit>
P1/2
<latexit sha1_base64="y+ZTA3rRd r1BlGkV3wh+5JTECCw=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFmsgqeaVEG PBS8eK9gPaGPZbDft4mYTdjdCCbn4V7x4UMSrP8Ob/8ZN2oO2Phh4vDfDzDw /5kxpx/m2SkvLK6tr5fXKxubW9o69u9dWUSIJbZGIR7LrY0U5E7Slmea0G0u KQ5/Tjv9wnfudRyoVi8SdnsTUC/FIsIARrI00sA/6IdZjgnnazO5T96yeVQo M7KpTcwqgReLOSBVmaA7sr/4wIklIhSYcK9VznVh7KZaaEU6zSj9RNMbkAY9 oz1CBQ6q8tHggQydGGaIgkqaERoX6eyLFoVKT0Ded+blq3svF/7xeooMrL2U iTjQVZLooSDjSEcrTQEMmKdF8YggmkplbERljiYk2meUhuPMvL5J2veae15z bi2rjeBZHGQ7hCE7BhUtowA00oQUEMniGV3iznqwX6936mLaWrNnMPvyB9fk DOUuUFw==</latexit>
P1/2
<latexit sha1_base64="y+ZTA3rRdr1BlGkV3wh+5JTECCw=">AAACAHicb VBNS8NAEJ3Ur1q/oh48eFmsgqeaVEGPBS8eK9gPaGPZbDft4mYTdjdCCbn4V7x4UMSrP8Ob/8ZN2oO2Phh4vDfDzDw/5kxpx/m2SkvLK6tr5fXKxubW9o69u 9dWUSIJbZGIR7LrY0U5E7Slmea0G0uKQ5/Tjv9wnfudRyoVi8SdnsTUC/FIsIARrI00sA/6IdZjgnnazO5T96yeVQoM7KpTcwqgReLOSBVmaA7sr/4wIklIh SYcK9VznVh7KZaaEU6zSj9RNMbkAY9oz1CBQ6q8tHggQydGGaIgkqaERoX6eyLFoVKT0Ded+blq3svF/7xeooMrL2UiTjQVZLooSDjSEcrTQEMmKdF8Yggmk plbERljiYk2meUhuPMvL5J2veae15zbi2rjeBZHGQ7hCE7BhUtowA00oQUEMniGV3iznqwX6936mLaWrNnMPvyB9fkDOUuUFw==</latexit>
P1/2
<latexit sha1_base64="y+ZTA3rRdr1BlGkV3wh+5JTECCw=">AAACAHicb VBNS8NAEJ3Ur1q/oh48eFmsgqeaVEGPBS8eK9gPaGPZbDft4mYTdjdCCbn4V7x4UMSrP8Ob/8ZN2oO2Phh4vDfDzDw/5kxpx/m2SkvLK6tr5fXKxubW9o69u 9dWUSIJbZGIR7LrY0U5E7Slmea0G0uKQ5/Tjv9wnfudRyoVi8SdnsTUC/FIsIARrI00sA/6IdZjgnnazO5T96yeVQoM7KpTcwqgReLOSBVmaA7sr/4wIklIh SYcK9VznVh7KZaaEU6zSj9RNMbkAY9oz1CBQ6q8tHggQydGGaIgkqaERoX6eyLFoVKT0Ded+blq3svF/7xeooMrL2UiTjQVZLooSDjSEcrTQEMmKdF8Yggmk plbERljiYk2meUhuPMvL5J2veae15zbi2rjeBZHGQ7hCE7BhUtowA00oQUEMniGV3iznqwX6936mLaWrNnMPvyB9fkDOUuUFw==</latexit>
⌘
<latexit sha1_base64="iIDMb60Zv 6JgtQj2dZb+Pfu3ZvM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LFbBU0lU0GP Bi8cK9gPaUDbbSbt0swm7E6GE/gwvHhTx6q/x5r9x0+agrQ8GHu/NMDMvSKQ w6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqDi0ey1h3A2ZACgUtFCihm2hgUSC hE0zucr/zBNqIWD3iNAE/YiMlQsEZWqnXB2SVBQbVmlt356CrxCtIjRRoDqp f/WHM0wgUcsmM6Xlugn7GNAouYVbppwYSxidsBD1LFYvA+Nn85Bk9t8qQhrG 2pZDO1d8TGYuMmUaB7YwYjs2yl4v/eb0Uw1s/EypJERRfLApTSTGm+f90KDR wlFNLGNfC3kr5mGnG0aaUh+Atv7xK2pd176ruPlzXGmdFHGVyQk7JBfHIDWm Qe9IkLcJJTJ7JK3lz0Hlx3p2PRWvJKWaOyR84nz95KY6o</latexit>
⌘
<latexit sha1_base64="iIDMb60Zv6JgtQj2dZb+Pfu3ZvM=">AAAB8nicb VBNS8NAEN3Ur1q/qh69LFbBU0lU0GPBi8cK9gPaUDbbSbt0swm7E6GE/gwvHhTx6q/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61T ZxqDi0ey1h3A2ZACgUtFCihm2hgUSChE0zucr/zBNqIWD3iNAE/YiMlQsEZWqnXB2SVBQbVmlt356CrxCtIjRRoDqpf/WHM0wgUcsmM6Xlugn7GNAouYVbpp wYSxidsBD1LFYvA+Nn85Bk9t8qQhrG2pZDO1d8TGYuMmUaB7YwYjs2yl4v/eb0Uw1s/EypJERRfLApTSTGm+f90KDRwlFNLGNfC3kr5mGnG0aaUh+Atv7xK2 pd176ruPlzXGmdFHGVyQk7JBfHIDWmQe9IkLcJJTJ7JK3lz0Hlx3p2PRWvJKWaOyR84nz95KY6o</latexit>
⌘
<latexit sha1_base64="iIDMb60Zv6JgtQj2dZb+Pfu3ZvM=">AAAB8nicb VBNS8NAEN3Ur1q/qh69LFbBU0lU0GPBi8cK9gPaUDbbSbt0swm7E6GE/gwvHhTx6q/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61T ZxqDi0ey1h3A2ZACgUtFCihm2hgUSChE0zucr/zBNqIWD3iNAE/YiMlQsEZWqnXB2SVBQbVmlt356CrxCtIjRRoDqpf/WHM0wgUcsmM6Xlugn7GNAouYVbpp wYSxidsBD1LFYvA+Nn85Bk9t8qQhrG2pZDO1d8TGYuMmUaB7YwYjs2yl4v/eb0Uw1s/EypJERRfLApTSTGm+f90KDRwlFNLGNfC3kr5mGnG0aaUh+Atv7xK2 pd176ruPlzXGmdFHGVyQk7JBfHIDWmQe9IkLcJJTJ7JK3lz0Hlx3p2PRWvJKWaOyR84nz95KY6o</latexit>
⌘
<latexit sha1_base64="iIDMb60Zv6JgtQj2dZb+Pfu3ZvM=">AAAB8nicb VBNS8NAEN3Ur1q/qh69LFbBU0lU0GPBi8cK9gPaUDbbSbt0swm7E6GE/gwvHhTx6q/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61T ZxqDi0ey1h3A2ZACgUtFCihm2hgUSChE0zucr/zBNqIWD3iNAE/YiMlQsEZWqnXB2SVBQbVmlt356CrxCtIjRRoDqpf/WHM0wgUcsmM6Xlugn7GNAouYVbpp wYSxidsBD1LFYvA+Nn85Bk9t8qQhrG2pZDO1d8TGYuMmUaB7YwYjs2yl4v/eb0Uw1s/EypJERRfLApTSTGm+f90KDRwlFNLGNfC3kr5mGnG0aaUh+Atv7xK2 pd176ruPlzXGmdFHGVyQk7JBfHIDWmQe9IkLcJJTJ7JK3lz0Hlx3p2PRWvJKWaOyR84nz95KY6o</latexit>
Figure 10. Time evolution of P1/2(t, η) with C = E2 = 4 and
t0 = 2 at t = 0, 1.5, 2, 4.
⌘
<latexit sha1_base64="iIDMb60Zv 6JgtQj2dZb+Pfu3ZvM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LFbBU0lU0GPB i8cK9gPaUDbbSbt0swm7E6GE/gwvHhTx6q/x5r9x0+agrQ8GHu/NMDMvSKQw6 LrfTmltfWNzq7xd2dnd2z+oHh61TZxqDi0ey1h3A2ZACgUtFCihm2hgUSChE0 zucr/zBNqIWD3iNAE/YiMlQsEZWqnXB2SVBQbVmlt356CrxCtIjRRoDqpf/WH M0wgUcsmM6Xlugn7GNAouYVbppwYSxidsBD1LFYvA+Nn85Bk9t8qQhrG2pZDO 1d8TGYuMmUaB7YwYjs2yl4v/eb0Uw1s/EypJERRfLApTSTGm+f90KDRwlFNLG NfC3kr5mGnG0aaUh+Atv7xK2pd176ruPlzXGmdFHGVyQk7JBfHIDWmQe9IkLc JJTJ7JK3lz0Hlx3p2PRWvJKWaOyR84nz95KY6o</latexit>
⌘
<latexit sha1_base64="iIDMb60Zv6JgtQj2dZb+Pfu3ZvM=">AAAB8nicb VBNS8NAEN3Ur1q/qh69LFbBU0lU0GPBi8cK9gPaUDbbSbt0swm7E6GE/gwvHhTx6q/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZx qDi0ey1h3A2ZACgUtFCihm2hgUSChE0zucr/zBNqIWD3iNAE/YiMlQsEZWqnXB2SVBQbVmlt356CrxCtIjRRoDqpf/WHM0wgUcsmM6Xlugn7GNAouYVbppwYSx idsBD1LFYvA+Nn85Bk9t8qQhrG2pZDO1d8TGYuMmUaB7YwYjs2yl4v/eb0Uw1s/EypJERRfLApTSTGm+f90KDRwlFNLGNfC3kr5mGnG0aaUh+Atv7xK2pd176r uPlzXGmdFHGVyQk7JBfHIDWmQe9IkLcJJTJ7JK3lz0Hlx3p2PRWvJKWaOyR84nz95KY6o</latexit>
⌘
<latexit sha1_base64="iIDMb60Zv6JgtQj2dZb+Pfu3ZvM=">AAAB8nicb VBNS8NAEN3Ur1q/qh69LFbBU0lU0GPBi8cK9gPaUDbbSbt0swm7E6GE/gwvHhTx6q/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZx qDi0ey1h3A2ZACgUtFCihm2hgUSChE0zucr/zBNqIWD3iNAE/YiMlQsEZWqnXB2SVBQbVmlt356CrxCtIjRRoDqpf/WHM0wgUcsmM6Xlugn7GNAouYVbppwYSx idsBD1LFYvA+Nn85Bk9t8qQhrG2pZDO1d8TGYuMmUaB7YwYjs2yl4v/eb0Uw1s/EypJERRfLApTSTGm+f90KDRwlFNLGNfC3kr5mGnG0aaUh+Atv7xK2pd176r uPlzXGmdFHGVyQk7JBfHIDWmQe9IkLcJJTJ7JK3lz0Hlx3p2PRWvJKWaOyR84nz95KY6o</latexit>
⌘
<latexit sha1_base64="iIDMb60Zv6JgtQj2dZb+Pfu3ZvM=">AAAB8nicb VBNS8NAEN3Ur1q/qh69LFbBU0lU0GPBi8cK9gPaUDbbSbt0swm7E6GE/gwvHhTx6q/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZx qDi0ey1h3A2ZACgUtFCihm2hgUSChE0zucr/zBNqIWD3iNAE/YiMlQsEZWqnXB2SVBQbVmlt356CrxCtIjRRoDqpf/WHM0wgUcsmM6Xlugn7GNAouYVbppwYSx idsBD1LFYvA+Nn85Bk9t8qQhrG2pZDO1d8TGYuMmUaB7YwYjs2yl4v/eb0Uw1s/EypJERRfLApTSTGm+f90KDRwlFNLGNfC3kr5mGnG0aaUh+Atv7xK2pd176r uPlzXGmdFHGVyQk7JBfHIDWmQe9IkLcJJTJ7JK3lz0Hlx3p2PRWvJKWaOyR84nz95KY6o</latexit>
Y˜
<latexit sha1_base64="vs5qa64Qp NiT1dP9lwQi3u6O/bo=">AAACBHicbVBNS8NAEN3Ur1q/oh57WayCp5KooMeC F48V7Ic0oWw2k3bpZhN2N0IJOXjxr3jxoIhXf4Q3/41Jm4O2Phh4vDfDzDwv5 kxpy/o2Kiura+sb1c3a1vbO7p65f9BVUSIpdGjEI9n3iALOBHQ00xz6sQQSeh x63uS68HsPIBWLxJ2exuCGZCRYwCjRuTQ0645m3IfUCYkeU8LT+yyrlRiaDat pzYCXiV2SBirRHppfjh/RJAShKSdKDWwr1m5KpGaUQ1ZzEgUxoRMygkFOBQlB uensiQyf5IqPg0jmJTSeqb8nUhIqNQ29vLO4VS16hfifN0h0cOWmTMSJBkHni 4KEYx3hIhHsMwlU82lOCJUsvxXTMZGE6jy3IgR78eVl0j1r2udN6/ai0Tou46 iiOjpCp8hGl6iFblAbdRBFj+gZvaI348l4Md6Nj3lrxShnDtEfGJ8/ZtaV2g= =</latexit>
Y˜
<latexit sha1_base64="vs5qa64Qp NiT1dP9lwQi3u6O/bo=">AAACBHicbVBNS8NAEN3Ur1q/oh57WayCp5KooMeC F48V7Ic0oWw2k3bpZhN2N0IJOXjxr3jxoIhXf4Q3/41Jm4O2Phh4vDfDzDwv5 kxpy/o2Kiura+sb1c3a1vbO7p65f9BVUSIpdGjEI9n3iALOBHQ00xz6sQQSeh x63uS68HsPIBWLxJ2exuCGZCRYwCjRuTQ0645m3IfUCYkeU8LT+yyrlRiaDat pzYCXiV2SBirRHppfjh/RJAShKSdKDWwr1m5KpGaUQ1ZzEgUxoRMygkFOBQlB uensiQyf5IqPg0jmJTSeqb8nUhIqNQ29vLO4VS16hfifN0h0cOWmTMSJBkHni 4KEYx3hIhHsMwlU82lOCJUsvxXTMZGE6jy3IgR78eVl0j1r2udN6/ai0Tou46 iiOjpCp8hGl6iFblAbdRBFj+gZvaI348l4Md6Nj3lrxShnDtEfGJ8/ZtaV2g= =</latexit>
Y˜
<latexit sha1_base64="vs5qa64QpNiT1dP9lwQi3u6O/bo=">AAACBHicb VBNS8NAEN3Ur1q/oh57WayCp5KooMeCF48V7Ic0oWw2k3bpZhN2N0IJOXjxr3jxoIhXf4Q3/41Jm4O2Phh4vDfDzDwv5kxpy/o2Kiura+sb1c3a1vbO7p65f9B VUSIpdGjEI9n3iALOBHQ00xz6sQQSehx63uS68HsPIBWLxJ2exuCGZCRYwCjRuTQ0645m3IfUCYkeU8LT+yyrlRiaDatpzYCXiV2SBirRHppfjh/RJAShKSdKD Wwr1m5KpGaUQ1ZzEgUxoRMygkFOBQlBuensiQyf5IqPg0jmJTSeqb8nUhIqNQ29vLO4VS16hfifN0h0cOWmTMSJBkHni4KEYx3hIhHsMwlU82lOCJUsvxXTMZG E6jy3IgR78eVl0j1r2udN6/ai0Tou46iiOjpCp8hGl6iFblAbdRBFj+gZvaI348l4Md6Nj3lrxShnDtEfGJ8/ZtaV2g==</latexit>
Y˜
<latexit sha1_base64="vs5qa64QpNiT1dP9lwQi3u6O/bo=">AAACBHicb VBNS8NAEN3Ur1q/oh57WayCp5KooMeCF48V7Ic0oWw2k3bpZhN2N0IJOXjxr3jxoIhXf4Q3/41Jm4O2Phh4vDfDzDwv5kxpy/o2Kiura+sb1c3a1vbO7p65f9B VUSIpdGjEI9n3iALOBHQ00xz6sQQSehx63uS68HsPIBWLxJ2exuCGZCRYwCjRuTQ0645m3IfUCYkeU8LT+yyrlRiaDatpzYCXiV2SBirRHppfjh/RJAShKSdKD Wwr1m5KpGaUQ1ZzEgUxoRMygkFOBQlBuensiQyf5IqPg0jmJTSeqb8nUhIqNQ29vLO4VS16hfifN0h0cOWmTMSJBkHni4KEYx3hIhHsMwlU82lOCJUsvxXTMZG E6jy3IgR78eVl0j1r2udN6/ai0Tou46iiOjpCp8hGl6iFblAbdRBFj+gZvaI348l4Md6Nj3lrxShnDtEfGJ8/ZtaV2g==</latexit>
Figure 11. Time evolution of Y˜(t, η) with C = E2 = 4 and t0 = 2
at t = 0, 1.5, 2, 4.
U˜
<latexit sha1_base64="1oulsS3N wxASAkB7LVG9KyV4KEU=">AAAB/HicbVBNS8NAFNzUr1q/oj16CVbBU0lU0G PBi8cKpi00oWw2m3bpZhN2X4QS4l/x4kERr/4Qb/4bN20O2jqwMMy8x5udIO VMgW1/G7W19Y3Nrfp2Y2d3b//APDzqqSSThLok4YkcBFhRzgR1gQGng1RSHA ec9oPpben3H6lULBEPMEupH+OxYBEjGLQ0MpseMB7S3IsxTAjmuVsUI7Nlt+ 05rFXiVKSFKnRH5pcXJiSLqQDCsVJDx07Bz7EERjgtGl6maIrJFI/pUFOBY6 r8fB6+sM60ElpRIvUTYM3V3xs5jpWaxYGeLDOqZa8U//OGGUQ3fs5EmgEVZH EoyrgFiVU2YYVMUgJ8pgkmkumsFplgiQnovhq6BGf5y6ukd9F2Ltv2/VWrc1 rVUUfH6ASdIwddow66Q13kIoJm6Bm9ojfjyXgx3o2PxWjNqHaa6A+Mzx99cJ U2</latexit>
U˜
<latexit sha1_base64="1oulsS3N wxASAkB7LVG9KyV4KEU=">AAAB/HicbVBNS8NAFNzUr1q/oj16CVbBU0lU0G PBi8cKpi00oWw2m3bpZhN2X4QS4l/x4kERr/4Qb/4bN20O2jqwMMy8x5udIO VMgW1/G7W19Y3Nrfp2Y2d3b//APDzqqSSThLok4YkcBFhRzgR1gQGng1RSHA ec9oPpben3H6lULBEPMEupH+OxYBEjGLQ0MpseMB7S3IsxTAjmuVsUI7Nlt+ 05rFXiVKSFKnRH5pcXJiSLqQDCsVJDx07Bz7EERjgtGl6maIrJFI/pUFOBY6 r8fB6+sM60ElpRIvUTYM3V3xs5jpWaxYGeLDOqZa8U//OGGUQ3fs5EmgEVZH EoyrgFiVU2YYVMUgJ8pgkmkumsFplgiQnovhq6BGf5y6ukd9F2Ltv2/VWrc1 rVUUfH6ASdIwddow66Q13kIoJm6Bm9ojfjyXgx3o2PxWjNqHaa6A+Mzx99cJ U2</latexit>
U˜
<latexit sha1_base64="1oulsS3NwxASAkB7LVG9KyV4KEU=">AAAB/Hic bVBNS8NAFNzUr1q/oj16CVbBU0lU0GPBi8cKpi00oWw2m3bpZhN2X4QS4l/x4kERr/4Qb/4bN20O2jqwMMy8x5udIOVMgW1/G7W19Y3Nrfp2Y2d3b//APDzq qSSThLok4YkcBFhRzgR1gQGng1RSHAec9oPpben3H6lULBEPMEupH+OxYBEjGLQ0MpseMB7S3IsxTAjmuVsUI7Nlt+05rFXiVKSFKnRH5pcXJiSLqQDCsVJD x07Bz7EERjgtGl6maIrJFI/pUFOBY6r8fB6+sM60ElpRIvUTYM3V3xs5jpWaxYGeLDOqZa8U//OGGUQ3fs5EmgEVZHEoyrgFiVU2YYVMUgJ8pgkmkumsFplg iQnovhq6BGf5y6ukd9F2Ltv2/VWrc1rVUUfH6ASdIwddow66Q13kIoJm6Bm9ojfjyXgx3o2PxWjNqHaa6A+Mzx99cJU2</latexit>
U˜
<latexit sha1_base64="1oulsS3NwxASAkB7LVG9KyV4KEU=">AAAB/Hic bVBNS8NAFNzUr1q/oj16CVbBU0lU0GPBi8cKpi00oWw2m3bpZhN2X4QS4l/x4kERr/4Qb/4bN20O2jqwMMy8x5udIOVMgW1/G7W19Y3Nrfp2Y2d3b//APDzq qSSThLok4YkcBFhRzgR1gQGng1RSHAec9oPpben3H6lULBEPMEupH+OxYBEjGLQ0MpseMB7S3IsxTAjmuVsUI7Nlt+05rFXiVKSFKnRH5pcXJiSLqQDCsVJD x07Bz7EERjgtGl6maIrJFI/pUFOBY6r8fB6+sM60ElpRIvUTYM3V3xs5jpWaxYGeLDOqZa8U//OGGUQ3fs5EmgEVZHEoyrgFiVU2YYVMUgJ8pgkmkumsFplg iQnovhq6BGf5y6ukd9F2Ltv2/VWrc1rVUUfH6ASdIwddow66Q13kIoJm6Bm9ojfjyXgx3o2PxWjNqHaa6A+Mzx99cJU2</latexit>
⌘
<latexit sha1_base64="npt5Aoqy HLlOBAmyU63ltbmFpRY=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LFbBU0lU0G PBi8cKpi20oWy2k3bpZhN2J0Ip/Q1ePCji1R/kzX/jps1BWx8MPN6bYWZemE ph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTHHyeyER3QmZACgU+CpTQSTWwOJ TQDsd3ud9+Am1Eoh5xkkIQs6ESkeAMreT3AFmlX625dXcOukq8gtRIgWa/+t UbJDyLQSGXzJiu56YYTJlGwSXMKr3MQMr4mA2ha6liMZhgOj92Rs+tMqBRom 0ppHP198SUxcZM4tB2xgxHZtnLxf+8bobRbTAVKs0QFF8sijJJMaH553QgNH CUE0sY18LeSvmIacbR5pOH4C2/vEpal3Xvqu4+XNcaZ0UcZXJCTskF8cgNaZ B70iQ+4USQZ/JK3hzlvDjvzseiteQUM8fkD5zPHzYujjA=</latexit>
⌘
<latexit sha1_base64="npt5AoqyHLlOBAmyU63ltbmFpRY=">AAAB7Hic bVBNS8NAEN3Ur1q/qh69LFbBU0lU0GPBi8cKpi20oWy2k3bpZhN2J0Ip/Q1ePCji1R/kzX/jps1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxq mSTTHHyeyER3QmZACgU+CpTQSTWwOJTQDsd3ud9+Am1Eoh5xkkIQs6ESkeAMreT3AFmlX625dXcOukq8gtRIgWa/+tUbJDyLQSGXzJiu56YYTJlGwSXMKr3M QMr4mA2ha6liMZhgOj92Rs+tMqBRom0ppHP198SUxcZM4tB2xgxHZtnLxf+8bobRbTAVKs0QFF8sijJJMaH553QgNHCUE0sY18LeSvmIacbR5pOH4C2/vEpa l3Xvqu4+XNcaZ0UcZXJCTskF8cgNaZB70iQ+4USQZ/JK3hzlvDjvzseiteQUM8fkD5zPHzYujjA=</latexit>
⌘
<latexit sha1_base64="npt5AoqyHLlOBAmyU63ltbmFpRY=">AAAB7Hic bVBNS8NAEN3Ur1q/qh69LFbBU0lU0GPBi8cKpi20oWy2k3bpZhN2J0Ip/Q1ePCji1R/kzX/jps1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxq mSTTHHyeyER3QmZACgU+CpTQSTWwOJTQDsd3ud9+Am1Eoh5xkkIQs6ESkeAMreT3AFmlX625dXcOukq8gtRIgWa/+tUbJDyLQSGXzJiu56YYTJlGwSXMKr3M QMr4mA2ha6liMZhgOj92Rs+tMqBRom0ppHP198SUxcZM4tB2xgxHZtnLxf+8bobRbTAVKs0QFF8sijJJMaH553QgNHCUE0sY18LeSvmIacbR5pOH4C2/vEpa l3Xvqu4+XNcaZ0UcZXJCTskF8cgNaZB70iQ+4USQZ/JK3hzlvDjvzseiteQUM8fkD5zPHzYujjA=</latexit>
⌘
<latexit sha1_base64="npt5AoqyHLlOBAmyU63ltbmFpRY=">AAAB7Hic bVBNS8NAEN3Ur1q/qh69LFbBU0lU0GPBi8cKpi20oWy2k3bpZhN2J0Ip/Q1ePCji1R/kzX/jps1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxq mSTTHHyeyER3QmZACgU+CpTQSTWwOJTQDsd3ud9+Am1Eoh5xkkIQs6ESkeAMreT3AFmlX625dXcOukq8gtRIgWa/+tUbJDyLQSGXzJiu56YYTJlGwSXMKr3M QMr4mA2ha6liMZhgOj92Rs+tMqBRom0ppHP198SUxcZM4tB2xgxHZtnLxf+8bobRbTAVKs0QFF8sijJJMaH553QgNHCUE0sY18LeSvmIacbR5pOH4C2/vEpa l3Xvqu4+XNcaZ0UcZXJCTskF8cgNaZB70iQ+4USQZ/JK3hzlvDjvzseiteQUM8fkD5zPHzYujjA=</latexit>
Figure 12. Time evolution of U˜(t, η) with C = E2 = 4 and t0 = 2
at t = 0, 1.5, 2, 4.
P˜(t, η) = A2P(t, A2η)
= 2C

Cη − α(t)22α′(t)2C2η2, 0 < η ≤ 14 ,
−β′(t)
√
1 + C
2(1−2η)2
4β′(t)2 − 12β(t)2(1 + C
2(1−2η)2
4β′(t)2 ),
1
4 ≤ η ≤ 34 ,
C(1− η)− α(t)22α′(t)2C2(1− η)2, 34 ≤ η < 1.
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Figure 13. Time evolution of P˜(t, η) with C = E2 = 4 and t0 = 2
at t = 0, 1.5, 2, 4.
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